PAGES MISSING 
WITHIN THE 
BOOK ONLY 

TEXT PROBLEM 
WITHIN THE 
BOOK ONLY 



UNIVERSAL 

LIBRARY 


OU 156727 


UNIVERSAL 

LIBRARY 






OSMANIA UNIVERSITY LIBRARY 




Call No. No. 

This book should be returned oniRr before the < tc 



last marked below. 






CAMBRIDGE 

ELEMENTARY SCHOOL CLASS BOOKS. 

Tlie Volumes of this Series of Elementary School Class Books, 
are handsomely printed in a form thaty it is hoped, will assist the 
you7ig student wS much as clearness of type and distinctness of 
arrangement can effect. They arc puhlisked at a low price to 
ensure an extensive sale in the Schools of the United Kingdom 
and the Colonies, 

1. An Elementary Latin Grammar. 

By H. J. BODY, M.A., Under Master of Dulwich College 
U}»per School, late Fellow and Classical Lectur^jr Af St John’s 
College, Cambridge. 2 s. 6d. 

2. Euclid for Colleges and Schools. 

By I, TODIIUNTER, M.A., F.R.S., Fellow and Principal 
Mathematical Lecturer of St John’s College, Cambridge, 3 s. 6d. 

3. An Elementary History of the Eooh of 

Common Prayer. 

By FRANCIS PROCTER, M.A., Vicar of Witton, Norfolk, 
late Fellow of St Catharine’s College, Cambridge. 28. 6d, 

4. Algehra for Beginners. 

By I. TODHUNTER, M.A., F.R.S. Nearly ready. 

5. The School Class Booh of Arithmetic. 

By BARNARD SMITH, M.A., late Fellow of St Peter’s 
College, Cambridge. In the Press, 

6 . The Bible Word-Book. 

A Glossary of Old English Bible Words with Illustrations. 
By J. EASTWOOD, M.A.J St John’s CoUege, Cambridge, and 
Incumbent of Hope in Hanley, Stafford, and W. ALDIS 
WRIGHT, M.A., Librarian of Trinity College, Cambridge. 

Preparing. 


Other Volumes will he announced in due course. 



By the same Author, 


FouiiTii Edition. Crown 8vo. Cloth, 5.y. 

THE CAMBRIDGE COURSE OF 

ELEMENTARY NATURAL PHILOSOPHY. 

0 

BEING THE PROPOSITIONS IN MECHANICS ANI) 
HYDROSTATICS 

In whicli those Persons who are not Candidates for Honours are examined 
for the Degree op B.A. 

ADAPTED FOR THE DSE OP COLLEGES AND SCHOOLS. 

To which are now added Examples and Problems from the XTniversity Exami- 
nation Papers and Original. 

WITH HINTS FOR THEIR SOLUTION. 


MACMILLAN AND Co. CAMBKIDGE AND LONDON. 



PREFACE TO THE EIGHTH EDITION. 


In preparing the present edition for the press, the 
text has been subjected to a careful revision ; the 
proofs of some of the more important propositions 
have been rendered more strict and general ; and a 
considerable addition, of more tlian two hundred ex- 
amples, taken principally from the questions set of late 
years in the public examinations of the University and 
of individual Colleges, has been made to the collection 
of Examples and Problems for practice. 

The original design of the work has still been kept 
in view, — namely, to present to the student who is 
reading for University Honours, in a plain, clear, and 
intelligible form, the main Principles of Trigonometry; 
without, on the one hand, giving too much space to 
tlie niceties of the practical api)lication of Theory ; or, 
on the other, introducing investigations that require 
considerable proficiency in Algebraical Analysis. 

The Book now appear^» in a more commodious form, 
and its price has been reduced. 


St John’s College, Cambridge, 
1852. 




INDE.X. 


PLANE TEiaONOMEIEY. 

CHAPTER I. 

AETICIM. 

Os THE Methods of Measuring Lines and Angles 1 — 12 

CHAPTER II. 

Definitions of the Ooniometrical Ratios, and For- 
mula!: CONNECTING THEM WITH EACH OTHER 13 — 33 

Definitions 14 

Changes of the Sine, &c. in magnitude and sign 20, 21 

Formulae involving one angle only 22 — 29 

Sines, &c. of 46", 30", 00" 32 

Examples 33 

CHAPTER III. 

Formulae involving more Angles than one 34 — 67 

Sines and Cosines of A 34 — 36 

Sin2A and Cos2A in terms of Sin A and (’os A, and conversely 38 — 41 

Formulae deduced from the Sines and Cosines of A 43 — 50 

Sines and Cosines of 18", 72", 36", 54® 68 

Increments of the Sine, &c. of an angle 59 — 63 

Inverse Goniometric Ratios 64, 65 

Examples 67 

CHAPTER IV. 

The Solution of Triangles and of Plane Rectilineal 

Figures 69 — 96 

Subsidiary Angles 97, 98 

CHAPTER V. 

Analytical Trigonometry 99 — 125 

The Circumference of a Circle varies as the Radius 99 

Circular Measure of an angle 100 — 103 

0>8inO, and < tan 0 104 

Sin0>0- 163 105 



Vlll 


INDEX. 


ARTICLBS. 

0 

Number of seconds in 1^7 

sin 1" 

Area of Circle of Radius r — irr^ 108 

Demoivue’s TnEOREM 109, 110 

Sine and Cosine in terms of the Sines and Cosines of the multiples of 

the angle 111,112 

Tan nd in terms of Tan 0 113 

Sino and Cos a in terms of a 114, 115 

Series for finding the value of tt 110 — 118 

MiSCELI AN^EOUS pROrOSITIONS 119 — 125 

CHAPTER VI. 

On the Solution of Equations by means of the Tmoo- 
NOMETRic Tables, ANo the resolution of .r^dtl, 8in0, 

AND Cos0 INTO Factors 120 — 133 

APPENDIX I. 

On THE Logarithms of Numbers, and the Construc tion and use 
OF Tables of Logarithms of Numbers. 

APPENDIX 11. 

On the Construction of the Tables of Natural Gonjometri- 
CAL Ratios. 

APPENDIX III. 

On the Construction of the Logarithmic Tables of the 
Goniometrical Ratios. 

APPENDIX IV. 

The General Proof of the Formulae for Sin (A ± B) and 

Cos (A±J?). 

A Collection of Examples for Practice. 

The Student is recommended to confine his attention at first to 
the Articles, 

1—27; 30—32 ; 34; 38—43; 48; 50; 61; 58; 64. 

Appendix I. 1—13; II. 1—8; III. 1, 4,6, 12. 

Arte. 69— 76; 78; 81—83; 86; 87; 90; 99— 109 omitting Cor. ; 

110; 113—116; 118. 



INDEX. 


IX 


Sl^HEEICAL I’EiaONOMETEY. 

CHAPTER I. 

^ ARTICLF^ . 

Explanation of the objects of Spherical Trigonometry .... 1 — r» 

Certain preliminary general properties of Spherical Triangles establish- , 

ed by means of Solid Geometry 6 — 20 

Recapitulation of the results established in this Chapter 27 

CHAPTER II. 

General Formula: connecting the sides and avgles or 

Triangles with one another 28 — 35 

Values of the Angles in terms of the Sides of a Triangle, and vice versa, 

adapted to Logarithmic Computation 31. 32 

Napier’s Analogies 33 

Gauss’ Theorem 35 

CHAPTER III. 

The Solution of right-angled, and quadrantal, Tri- 

angles 36—43 

CHAPTER IV. 

On the Solution or oblique-angled Triangles 44—55 

The radii of the small circles found which can be described within and 

about a given Triangle 66 — 53 

CHAPTER V. 

On the Areas of spherical Triangles; and the Solution 
or Triangles whose sides are small compared with 

THE radius of THE SPHERE 60—67 

Cagnoli’s and Lhuillier’s Theorems for finding the Spherical 

Excess 63, 64 

Solution of Triangles whose sides are small compared with the radius 

of the Sphere 66—76 

Legendre’s Theorem 73 

The Chordal Triangle 7*1) 76 



X 


INDEX. 


CHAPTER VI. 

AILTICLKB. 

On Geodetic Measurements; the Instruments employed, 

AND the manner OF USING THEM 77 — 86 

CHAPTER VI L 

On the small corresponiiing A’'ahiations of the parts 
OF A Spherical Triangle; and the connexion exist- 
ing RETWEEN CERTAIN FoRMUL.T OF SPHERICAL TRIGO- 
NOMETRY AND ANALOGOUS FORMULiE OF PlANE TRIGO- 
NOMETRY 87— 


CHAPTER VIII. 

The Regiti.ah Polyhedrons: certain properties of them inves- 
tigated 82-— 


Examples for Practice. 


The Student is recommended to confine his attention at first to 
these Articles; 1 — 41; 44 — 55 ; 60 — 



PLANE TRIGONOMETRY. 


3 


the direction of Y'AY is positive, because it lies on the upper 
side of X'AX. 

Similarly, the ordinates of and measured in the direction 
of XAX are negative and positive respectively; and the ordinates 
measured in the direction of Y'A Y are negative in both cases. 

4. Def. If a straight line revolve 
in one plane round its extremity A 
from a given position, as AB^ into any 
other position, as AC, the inclination 
of AC to AB is called an angle (z); ^ 
and the angle is signified by the letters 
BAC or CAB, the middle letter being 
that placed at the point in which the 
two lines meet. 

By continuing this revolving motion, the angle may be sup- 
posed to become of any magnitude whatever. 

5. Def. If AJ> be equally inclined to the parts AB, A B ol 
the straight line BAB', each of the angles BAD, B'AD is called 
a right angle. 

0. Def. An acute angle is less, and an obtuse angle is 
greater, than a right angle. 

7. If the aufjles formed by AC remlvlny in one direction, 
{as IjGD) from the Ji.red line AH, be considered positive, then 
if AO revdre. hi the contrary direction from iVB, it loill trace 
out neyatirc angles. 

If to the angle BAC, Fig. Art. 4, it be required to add a 
given angle, CA must move in the direction BCD through an 
angle CAE equal to the given angle, and the whole BAE will be 
the angle required. And if it be required to take a given angle 
from BAC, CA must evidently move in a contrary direction 
till it come into a position JEl'A, such that z CAE' is equal to the 
angle to be subtracted. 

Then z CAE+ z E'AB^ z BAC; 

.-. zE'AB=^zBAC-^CAE\ 



Now if z CAE' be greater than z CAB, 
E'A lies on the other side of AB, 

and z E'AB ^^BAC-z CAEi 

CAE'- z BAC), 

a negative quantity, whose magnitude is 
the difference between the angles CAE' 
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and BAC; which difference lies in this case on the lower side 
AB, 

Hence, when an angle is called negative^ it is meant that it is 
formed />?/ the rcvotvmq tine moving from, the ^fixed line in a di- 
rection contrary to that in which it revolved to trace out positive 
angles. 

8. A right angle is divided by the English into .QO equal 
angles which are called degrees; a degree is subdivided into 6’0 
minutes, and a minute into 60 seconds. And the magnitude of 
an angle is expressed by stating how many degrees and subdi- 
visions of a degree are contained in the angle. If great accuracy 
be required, the parts of an angle which are less than a second 
are expressed in decimal parts of a second. 

A degree and its subdivisions are thus indicated, 24", 50, 
which denotes an angle containing 24 degrees, 50 minutes, .S4 
seconds, and seven tenths of a second. 

0. By the French and other Continental Mathematicians, a 
right angle is divided into 100 equal angles called grades, a grade 
into 100 minutes, and a minute into 100 seconds; and the divi- 
sions are thus marked, 26^', 24', S2"*47^ 

Now since l'=il= -01*. and -0001- 

The above angle might have been written thus, 2()^'24.‘1247- 

Whence it appears that if the French division be adopted, 
arithmetical operations can be performed on angles in the same 
manner as on any other decimal fractions; an advantage which 
does not attend the English division. 


10. To find the relation between E and F, the number 
of Degrees and of Grades contained in the same angle BA(/. 
(Art. 14 . Fig. 1 .) 

In the English division, ^ - ^ '^right^^^’ 


In the French division, — 


given i BAC 
right z ^ 


E 

yo 100" 


and 
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Note. In empl«»ying the latter of these formulae it will be necessary to 
express the minutes and seconds of the ar^gle in decimal parts of a degree, 
since E represents Aie number of degrees in the angle. 

Ex, 1. To find how many degrees, minutes and seconds are 
contained in the angle 42*^, 34', 36‘". 

/• = 42-3456 
4*23456 

.*. J? = /^-^ = 3« lll04 
66 

0*6624 

m 

36/44 


Or 38^ 6', 39"‘74, retaining the tenths and hundredths and neglecting the 
thousartdth parts of a second. 

Ex. 2. Find how many grades, minutes and seconds are con- 
tained in the angle 24®, 5l\ 45'. 

First reducing the minutes and seconds to the decimal parts of a degree, 

00; 45" .*. A:*24 «625 

00;5l'-75 2*7625 

*8625; A +^ = 27*6250 

and F — 27S, 62', 60". 

]1. Dep. The Complement of an angle is its defect from 
a right angle. 

Thus, 90“ - 24®, 32' = 65®, 28', is the complement of 24®, 32'. 

90«-110«, 15'=-(20«, 15') is the complement of 110®, 15'. 

12. Dep. The Supplement of an angle is its defect from 
two right angles. * 

Thus, 180®— 56®, 20'= 123®, 40', is the supplement of 56®, 20'. 

180®- 186®, 12' = - (6®, 12'), is the supplement of 186®, 12'. 


A Collection of Examples and Problems is placed after the 
fourth Appendix. 



CHAPTER IT. 


THE OONIOMETRICAL RATIOS, AND SOME F01{MIJL.E CONNECTING 
THEM WITH EACH OTHER. 


13. Dee. PlanG Trigonometry^ in its original meaning, 
im])lics the measuring of plane triangles; in its extended sig- 
nitication it treats of tlie formula) connecting the relations of 
angles witli each other, and of the determination of the parts 
of plane rectilineal figures from sufiicieut data. 

14. Let a straight line revolve from the fixed line AB round 
tlie point A, in the direction of the letters B, 1), B', D\ and 
come into the position AC. 



From any point C m AC draw CN at right angles to AB ^ — 
produced either way if necessary; and through A draw DAD' at 
right angles to AB. 

Now, for the reasons given in Arts. 2 and S, in these figures 
the signs of NC are +, +, — , — respectively, and those of AN 
are +, — , — , + respectively. 


1 . 


15. Definitions. See the figures of the last Article. 

is the Sine of the ^ BJC; or. Sin ^ BA C = ^; 
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4 AT • AX! 

2. " . is the Cosine of the z BAC; or, Cos z BAC = — . 

Aiy • • A(^ 

NO . * Nr 

■ AN Tangent of the z BAC; or. Tan z j y* 

4. is the Secant of the z BAC; or, Sec z BAC^^.i',, 
-dtxV an 

.0. ] - cos z BAC is the Verscd-shic of the z BAC; 

or, Versiii z BAC- \ - cos z BAC» 

• 

(). The Tangent of the Complement of the z BAC is called the 
Cotangent of the z BAC; 

or, Cot z ABC- tan (90®— z BAC"^. 

Cor. If 90‘'-z BAC be the original angle, its Complement 
is z BAC^ Art. 11, 

Cotan (90®-z il^r) = tan z BAC, 

or. Tan z BAC - cotan (90®- z BAC)» 

7. The Secant of the Complement of the z BAC is called the 
Cosecant of the z BAC; 

or. Cosec z BAC=sec{0^'^— i BAC), 

CoR. If 90®— z BAC be the onViiial angle, its Complement 
iszL’AC, Art. 11, ^ ^ 

/. Cosec (90®- z BAC) = sec z BAC; 

or. Sec z BAC= cosec (90®- z BAC). 

16. The cosine of iBAC might have been defined to be the Sine of the 
Complement of z BAC, 

For Cos Z BAC = ^ = sin Z ACN= 8in(90® - Z BAC), Art. 14 : Fig. 1. 

Also, Sin Z = ^ = cos Z ^ CAT = cos (90® - Z BAC), 

or the Sine of an angle is equal to the Cosine of its Complement, 

For the sake of convenience an angle will generally hereafter 
be indicated by a single letter, as Sin Coszl, Tani?, where 
z/, B respectively represent the number of degrees contained in 
the angle. 
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17- So lon^ as the magnitude of the angle is unaltered, its 
Sine, Cosine, Tangent, &c. remain the same, v^hatever be the 
magnitude of AC^ 


For let D be any other point in AC, and perpendicular to AB. 

NC MB 

Then, by definition, Sin A - ; or Sin A • 

AC AD 

„ , . . NC MD ^ 

But by similar triangles = ~a7) ’ ^ 

the same wherever in the line AC the point C be 
situated. Similarly it may be shewn that i'osA, ^ 

Tan A, Sec^ ... are invariable quantities so long as 

the magnitude of A remains unaltered. A 


D/ 


Ai n 


Hence, if any of the quantities Sin A, Cos A, Tan A, Sec A... 
be given, the angle A may be determined. 


Id. Def. The Ratios which are called the Sine, Cosine, 
Tangent, See., of any angle are termed The Goniometrical 
Ratios,*' because when any one of them is given the angle may 
be determined to which it belongs. These Ratios are also called 
“Trigonometrical Functions** of angles. 


19. To express Versin A, Cot A, Cosec A, tn terms of the 
sides of the triangle ANC. (Fig- J- Art. 20.) 

(1) Versm ^ = 1 - cos ^ = 1 — . 

(2) Cot A = tan (90®— A) - tan A CN 

NA 

— ^^5 hy def. of the tangent, 

(5) Cosec A - sec (90® - A) = sec A CN 

— by def. of the secant. 

20. To trace the variation in the algebraic signs of Sin A, 
Cos A, Tan A, Sec A, as A increases jrom 0® to 360®. 

NC 

(1) Sin A- : y and therefore has the same sign in any case 
A C 

as NC has; for AC which lies in the direction of neither of the 
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lines AB and cannot change its sign, and is always to be 
reckoned as positive. 

Hence (14) Sin A is positive if A be an angle between 0" and 
180*’ (figs. 1, 2); and is negative if A be between 180*’ and 860". 
(Figs. S, 4.) 

AN 

(2) Cos A j and therefore has the same sign as AN 

Hence (14) Cos A is positive if A be between 0'^ and 90^ or 
between 270® and 860® (figs. 1, 4); and is negative if A be be- 
tween 90® and 270®. (Figs. 2, 3 .) • 



(8) Tan A = and is therefore positive or negative ac- 
cording as NC and .4 have the same or different signs. 


Hence (14) Tan A is positive if A be between 0® and 90®, or 
between 180° and 270® (figs. 1, 3 ); and it is negative if A be 
between 90® and 180®, or between 270® and 360®. (Figs. 2, 4.) 


(4) Sec A = , and therefore has the same sign as A N 

Hence Sec A is positive if A be between 0® and 90®, or between 
270® and S60®; and it is negative if A be between 90® and 270°. 


21. To trace the variations in the magnitudes of the 
Sine, Cosine, Tangent, and Secant, as the angle increases from 
0*^ to 360®. (Figs. Art. 20.) 

Since (17) the values of the Sine, Cosine, Tangent, and Secant 
are not affected by the magnitude of AC, suppose this line to 
remain of the same magnitude while the angle A increases from 
0® to S60®. 
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Now (fig. 1) as AC revolves from the position AB into the 
position AD^ NC increases hi magnitude from 0 to AC, and is 
positive; and AA^ decreases from -4C to 0, and is positive. 

As (fig. 2) AC revolves from the position ylD into the position 
AB', JVC decreases in magnitude from AC to 0, and is positive; 
and AA^ increases from 0 to AC, and is negative. 

As (fig. 5) AC revolves from AB' to AD'^ NC increases in 
magnitude from 0 to AC, and is negative; and AN decreases 
from AC to 0, and is negative. 

As (fig. 4) AC revolves from AJV to AB, NC decreases in 
magnitude from A 0 to 0, and is negative ; and AN increases from 
0 to AC, and is })ositive. 

Hence it appears, that as 


A clianges fj'om 

0" to 

9(r 

to 1 80" 

1 S0<^ to 

270" 

270" 

to 


/NC\ 

0 

+AC 

+AC 

0 

0 

-AC 

-AC 

0 

Sin A 

U)- 


AC 


AC 

AC^‘> 

AC 

AC^'^JC 

Cos A 

(AN) 

+AC 

0 

0 

-AC 

-AC 

0 

0 

-kAC^ 


\AC)- 

AC'" 

AC 

AC"' 

AC 

AC " 

AC 

AC 

• AC 


(NC\ 

0 

+ 

+AC 

0 

' 0 

-AC 

-AC 

0 

JL an /i 

Kan)- 

+AC"' 

0 


-AC 

1 

-AC"' 

6 

0 

’"+AC 


(AC\ 

AC 

AC 

AC 

A a 

AC 

AC 

AC 

AC 

Sec A 

\an)- 

-hAC' 

0 

0 

-Ac: 

-AC"' 

0 

“t)~ 

'"Wac 


These changes in sign and magnitude of the Sine, Cosine, 
Tangent, and Secant may be thus exhibited ; the signs which 
belong to them in each right angle being written in a bracket. 
The symbol oo indicates an infinitely large quantity. 


A being 1 
between ( * 

0" and 90 " 

90 " and 180" 

180" 

and 270" 

270" and 360" 

Sin A 

0 and 1, (+) 

1 and 0, (+) 

0 and - 1 , (-) 

- 1 and 0, (-) 

Cos A 

1 ... 0, (+) 

0 (-) 

-1 .. 

..■.o,(-) 

0 l.(+) 

Tan A 

0 . . . eo, (+) 

eo.... 0, (-; 

0 .. 

... CO, (-) 

« 0. (-) 

SeCi4 

1 ...»,(+) 

(-) 

-1 .. 

•••»(-) 

CO 1, (+) 
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Since Cos A is'never greater than unity, Versin A (or 1 — cos A) 
is always positive; and its greatest value is when A becomes 180°, 
when Cos A becomes — 1, and Versin A becomes 2. 


22. To ffhew that Sin A = sin (180” — A), or sin (1 80” 
4- A), or — — sin (300” — A), or — — sin (— A) ; where A is an 
(i))gh‘ less titan a, right angle'‘\ 

Let BAG, =^A = B'AC,^ B'A C,== BAC, ; 
and AC,= A AC,^A C\. 

Join CiC 4 y and 6\Ca. 


at M and N arc right angles; and that 
JVCii JJCg, AC4, are equal in 

magnitude, — as are also AN and AM. 



. NC, MG, . 

^«ow, SmJ= , ,, = ~sm BACo 
A C\ A C2 


= sin {BAD 4- DAB' - B'AC,) 


= sin (180”— A) 


• 0 ). 


. . . NO, -MC, . 

Again, Sin J = - — A n ’ since AC, =— MCg, 

AL/\ ACg 

^_MC, 

AC, 

~ - sin {BAD+ DAB' + B' AC,) 

= -sin(180”+ J) (2). 

AC\~' AC\~ AC 4 ' 

but is either the sine of the positwc angle 

{BAD + DAB' + B'Ap' + {D'AB- BAC^)}, 
or the sine of the negative angle BAC^.^ (7); 

Sin ^ =— sin (S60”- (3), 

or =-sin(— (4). 


Again, Sin A~- 
NC, . 


• In strictness these angles ought to be written thus, (180 -A)^, (180^--^)^^ 
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23. Ill like manner it might be shewn that ' 

» 

(1) Cos^=~cos(180^-^),= — cos(180®+^),=cos(360®— cos(^A), 

(2) Tan-4=“tan(l 80^~-/I),=tan(l80^+^)^=~tan(360®->^),=-tan(— -4). 

(3) Sec ^ =- sec (1 80^- J) =- sec (1 SO^+A),= sec(3600-^),-sec (- J). 

24. If any angle, as BAC^^ be increased by 3()0^, the line 
which bounds it will come into the same position again, and the 
sine of the angle will therefore remain unaltered. Wherefore 
sin A is in all cases the same with sin (360^+^); and in like 
manner, sin(36’GO-i. A) = sin (2 x SbO^-hA), and so on. If, there- 


fore, n be anj/ positive integer. 

Sin J =sin (w.360® + ^) = sin(2//. 180+ A) (1). 

Similarly, Sin ^4 = sin (180®- ^), Art. 22, (I), 

« sin {2;i . 1 80® + (1 80® - A)} 

= sin {(2;i + 1). 180« -A} ..(2). 

In like manner it appears from (2) and (4) of Art. 22, that 

Sin y4 = - sin {(2;e + 1) , 180® + ^4} (3), 

Sin .4 = -sin (2«. 180®- .4) (4). 


25. By the same process of reasoning it may be proved from 
the formula? of (23) that 

Cos A = cos (2n . 1 80® + A), or = — cos {(2« + 1) . 1 80®-^), 

or = -cos{(2» + l).180® + .4}, or= cos(2« . 180®- ^). 
And, Tan A = tan (2n . 180® + A), or * — tan {(2n + 1) . 1 80®— .4} , 
or =tan {(2« + l). 180” + ^4}, or = — tan(2». 180® — ^). 
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Similarly it might be proved that 
Sec A = sec (2» .180” + A), of = - sec {(2w + 1 ) . 1 80^ - A] , 

or = ~sec {(2w+ 1). 180” + ^}, or= sec (2w . 180^- J)*. 

* The relations, similar to those priven in Arts. 22 — 25, between the trigono- 
metrical functions of w. lM0“iA and those of A may be established directly, 
whatever be the magnitude of A, as follows. [See Figure to Art. 22,] 

All angles are supposed (Art. 4) to be described by a line revolving from the 
initial position AB to some other position AC. Let AB be called the initial 
line, and AC the terminal line of the angle BAC. 

Then it will be seen that * 

1. The S'mcs of all angles whose terminal lines lie on the same side of B' AB 
will have the same algebraical sign ; 

2. The Cosines will have the same sign for all angles whose terminal lines 

lie on the same side of JJ'AD; • 

3. The Tangents will have the same sign for all angles whose terminal lines 
lie in the same quadrant, or in the alternate (or opposite) quadrant. 

Now A and 2n.l80''+A, (where n is any integer, positive or negative), 
have the same terminal line, and therefore all the trigonometrical functions of 
2/i,180‘’ + A are the same as those of A. 

Again, the terminal line of (2« + 1) . \S0^-^A will be the terminal line of A 
produced, and will therefore be in the alternate quadrant and on the sides of both 
B' AB and IT AD that are opposite to that in which the terminal line of A lies, 
lienee, the magnitudes of the trigonometrical ratios remaining the same, 

Sin |(2« + 1) . 180‘’ + s= - sin Cos {(2w+ 1). 180" + A} = — cos .<4, Tan 
{r2n + 1) . 1 8l)" 4- ^ { = tan A. 

Again, A and — A will have their terminal lines in the adjacent quadrants 
that are on the same side of D' AD but on opposite sides of B' AB. Hence, 

Sin(— A) = — sin A, Cos (- A) — cos A, Tan (- A) = - tan A. 

Also (—A) and 2n.l80"- A will have the same terminal line, and there- 
fore 

Sin (2n . 180" — A) = — sin A, Cos (2n . 180" - A) = cos A, 

Tan (2». 180" - A) =r — tan A. 

Again, A and (27> + 1) . 180®— A have their terminal lines in the adjacent 

? uadrants which lie on the same side of B'AB and on opposite sides ot 1)' AD. 
lence 

Sin {{2n + 1) . 180" - A} « sin A, Cos {(2n + 1 ) . 180" - A} = - cos A, 

Tan {(2n + 1) . 180"- A} = - tan A. 

Collecting the above results, * 

Sin A = sin (2». 180" + A ) = sin {(2n + 1 ) . 180" — A] 

=8 - sin (2n. 180" - A) = — sin {(2n + 1) . 180" + A] ; 

Cos A = cos (2n , 180" + A ) = cos ( 2n , 180" —A) 

= - cos {(2n + 1 ) . 180" + A} = - cos {(2n + 1). 180" - AJ ; 

Tan A = tan (2n . 180" + A ) = — tan {(2n + 1) . 1 80" - A} 

« - tan (2n. 180® - A> = tan {(2n + 1) . 180" + A}. 
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26. From Arts. 16, 22, 23, it will appear that 
Sin .4 = cos (90*’ - J) CosA= sin (90®-^) 

Sin A — sin (180® — ^4). Cos A = — cos (180° — A). 

Tan A- cot (90® — A) Sec A = cosec (90® — A) 

Tan A =-tan (180®- .^). Sec A =- sec (180®- A), 

Tliat is, 

Tlie Sine of an angle = cosine of its complement, 
or, = sine of its sup])lcment. 

Cosine of an angle = sine of its complement, 
or, = — cosine of its siip))lcinent. 
Tangent of an angle = cotangent of its complement, 
or, = —• tangent of its supplement. 
Secant of an angle = cosecant of its complement, 
or, = — secant of its supplement. 

Note. These relations between the sine, cosine, tangent, and 
secant of an angle and the sine, cosine, tangent, and secant of 
its conipleincnt and supplement, are perpetually occurring in 
practice, and will often be made use of in the following pages. 

These two formuhe also are often useful ; 

Sin A = cos (90® — 4) = - cos { 1 80® — (90® - A)} = - cos (90® + A) ; 

Cos A = sin (90 ®- A) == sin [180® - (90 ®- A)} = sin ( 90 ® -f A). 


27. It will be found necessary to cany in memory the 
following expressions, 



sin A 
cos A * 
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{- 2 ) 

AV 

AN 

fc>\ 4 . 1 cos^ 

( 5 ) = 

AC 

No NO tMiA’ 


Cos A = 


1 

sec A ’ 


.*. TanA = 


AN 

1 


cotxl 
AO 1 1 


Sin A = — . . 

cosec A 


{;5)Cosec^=^^,=^ = ^^^--^; 

AO 

or 1 = (si n ) “ + (cos A)"; 

Sin yi = ^/(l — cos^A)j and Cosxl = ^/(l ~ sin*^). 




(7) 


AC^^AN^-hNO^; 


/Aoy 


fNC\^ 


\An)"'^'^[an)^ or Sec"^=l+tan^^; 

.*. Sec ^ = ^^(1 + tan®^); and Tan A ^J^sec^A - l). 

(8) AC<^ = AN^ + NC‘; 

acy /ANY " o. 

' ’ [no) “ ( Nc) Cosec- ^ = cotan® Jl + 1 ; 

.*. Cosec^ =:^(l4-cot®^); and Cot^ =y(cosec®^ -1). 


The powers of the gonxometncal ratios, as Tsin-^)®, (cos^)", (tan AY^ 
generally written thus, sin*^, cos® -4, tan"^. 


are 
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28. By means of the expressions proved in the last Article 
the value of any one of the quantities definedsin (15) may be 
found in terms of any other of them. For example: 

, . . sin 

(1) TanA=-r-; — —VTX* 

^ ^ COS A cos A 

sin J . 1 tan A 

(P}) Sin A == , • cos A = tan A. — ; = 2 ^ . 

^ cos A sec A ^(l + tairA) 

29. The formula- proved in the last Article will often be found useful to the 
analyst. The same method of proof is applicable to all other questions of tlie 
same kind. Thus, required to express the cosine of an angle in terms of Uie 
co>ec:int, and the cosecant in terms of the versed-sine: 


f ( 1 I \/(cosec®A - 1) 

(1) CosJ=V(l-sin’^) = = “co'secJ ’ 

( 2 ) Coscc A = A:; = -77T-~iT<T 


( 2 ) Cosec A ~ -r~ = -777"'---— o"^T 

1 

V 1 - (1 - veisin Af 

1 

{2 versin A — versin-^A) * 

30. It will be found useful to remember the following values 
of Sin A, Cos A, Tan A, Sec A. 


Sin A 

Cos A 

Tan A 

Sec A 

J(l-cosM) 

J{1 - sinM) 

sin A 

1 

tan A 

1 


^(1 -sin'vi) 

+ tan“^) 

^/(sec* J -1) 

^(1 + tan* .4) 

1 

JO - cos' A) 
cos A 

1 

cos A 

sec A 

sec A 

J{sec’ A -1) 

J(l + tan* A) 
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31. If A he less than half a right angle^ or 45^ Cos A is 
greater than Sin^A. , 

Let z NAC be less than 45V 


Then, since z NAC+z NCA—QO^, z. NCA 
is greater than 45®. Anti in every triangle 
the greater side is opposite to the greater 
angle (Eucl. i. 19): 



AN^NC; 


AN NC 


or Cos A > sin A. 


Similarly, for angles between 45® and 9b”) may be shewn that 
the Cosine is less than the Sine. 


32. To find the Sines^ Cosines, and Tangents of 45®, 30®, 
and 60®. 

(1) (Fig. Art. 27)Let z A"AC-45®; .'. ^ A^CA- 90 ®--^ iVAC-45®; 
A TV NC 

45®= Cos 45®. 

Also, A C== AN‘+ CN^ = 2 A 

Sin45'’=~^=4--; Cos 45'’= Tan 45»=T^^’= 1. 

AC J2 ^2 AN 


(2) Let ABC he an equilateral and equi- 
angular triangle; each of its angles, therefore, 
being i of two right angles, contains 60®. 

Let AD he perpendicular to BC; 

.-. BD = DC^},BC= lAB; 

and ^ BAD = z Z)AC=30®; 


.*. Sin 30®= 


Dli 

AB 


^iAB 

AB 


1 

o' 



Cos 30"= ^{1 - sin* 30} =./(! - 1) = '/?, 


Tan 30"= 


sin 30® 
cos 30“ 



2 
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( 3 ) Sin 60*= cos (90"- 60“), by (IC), =cos30" = '^, 

Cos 60"- sin (90" - CO") = sin SO" = ^ , 

Tan 60«=*L" = 75; 

COS oO" ^ 

33. Equations like the following may often be solved by 
means of the relations established in ( 27 ) between the different 
Goniornetrical Ratios. 

Ex. 1. /^rom ihc cquaiioiiy Sin^A + 5 cos^A = 5, required the 
value of Sin A. 

Since - 1 - the equation becomes Sin-M + 5 [1 - sin^-lj - 3; 

whence 4 siirVi = 2 ; and Sin xi— , - . 

Ex. ^2. From ihc equaiious Sin A - in. sin and Tan A - 
n.taii B, required I he values of Sin A and Cos B. 

For Siiw/ put a-, and for Cos i? put y \ .*. sin Jl =. sj I - y'\ 
sin xi a’ 

= (30). 

COS Ji y 

3Iaking these substitutions, the equations become 

/, T , 

^ = 7« V 1 - ; and — . . — 71 . j 

y 

. . ^ firi^ — n- , _ H /I— 

whence, j = sin A~ . / — and v - cos i? = - . / r . 

Ex. 3 . Given ^ required lo find an cqua- 

( 11 = see A — cos A j ' ‘ ^ 

tlon hebveen m and n in jvhlch ihc angle A shall ?wl appear, 

. cos^xi , sin-^ 

The equations severally give, m = — . , and m = . ; 

‘ o / con A 

71 sin®vt , ^ ^ 

. •. — = - r — = tan‘^^'1 ; tan ^ = — . 

7u cos-^A 

. - „ cos^ A cos^ A 1 

Also, rn- = — — ■ = — - = — — . 

kin- A um^A tan-* A sec* A 

Wi*tan*A.(l +tan®A)- 1; 
whence, by substituting its value for tan A, 

( 7h^ + = 1. 



CHAPTER III, 


GONIOMETKICAL FORMULiE INVOLVING MORE THAN ONE ANGLE. 


34. Given the Smes and Coxines of fivo a77glex^ to ^find the 
Siiirs and Cosines of the angles equal to their Sum and to their 
Difference, 


Let BA(\ CAD be two angles repre- 
sented by A and 7> respectively. 

From Di any point in AD^ draw DB 
and DC perpendiculars on AB and AC; 
and from C draw CD and CF perpen- 
diculars on AB and DB. 

Then FE is a rectangle; FB=CEy 
and FC^ BE. 

. CDF=^ 90°- z DCF r- z FCA 

^A, since FC is parallel to A.E. 



Now, Sin {A + B) = 


BD BF^FD^ EC FD 
AD~ AD ~ Ai)^ AD 


J:C AC FD DC 
AC AD'^ DC' AD 


- sin A cosB + cos A sin B, 


r. n rA T>\ AE-EB 

Also, Cos(A-,B) = -^^ = ~jjj- 


A^_FC 

Ad ad 


AE AC _ FC CD 
ACAD CD' AD 


(O- 


= cos A cos B—ain A sin B. 


( 2 ). 

2—2 
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Again; letz BAC-A^ and z CAD=^B, 

From Z), any point in AD^ draw DB 
and DC perpendiculars on AB sx\(\ ACy 
CE a perpendicular from C on A DF 
perpendicular to CE. 

FB is a rectangle; FE = DB, and 
FD^EB; 

z DCF ACE A. 



Then, Sin (A -B)~ 


BD 

AD 


EC-CF EC 
AD ~ ~ AD 


EC AC OF CD 
^AC' AD CD ' AD 


CF 

AD 


= sin A cos B - cos A sin B (3). 


Also, 


Cos (zl-J5) = 


AB 

AD 


AE-^ EB 
AD ” 


AE 

AD 


FD 

AD 


AE Aj: FD CD 
~ AC AD CD ' AD 


— cos A cos B -h sin A sin B (4). 


Notk. The four formula* of this Article are provred gene- 
rally for all values of A and B in Appendix iv. 

Ex. Given the Signs and Cosines of 45® and 30®, required 
the Sine and Cosine of 75®, and of 15®. 

Sin 45"= cos 45" = — ; sin 30" = J, cos 30" = ^, (32). 

\/2 ^ 

Sin 75® = sin (45® + 30®) = sin 45® . cos 30® + cos 45® . sin 30® 

1 V3 1 I 1 
V2* 2 V2 ^ 2V2^ 3 + 1)* 

1 

Similarly, Cos 75® = cos (45® + 30®) = (V3 - 1 ), 

Sin 15®= sin (45® - 30®) = (\/ir_ l ), 

Cos 15" = cos (45» -30") = A: f Vs + n 
2V2' 



PLANE TRIGONOMETRY. 


21 


35. In the figures attached to the last Article, each of the simple angles 
A and B was represented as less than a r^ght angle, — as was also their sum. 
Hut of whatever ifiagnitude these simple angles are, if the same construction 
be made, and proper attention be paid to the signs of the sines and cosines of 
A and B, the same result will invariably be arrived at. For example, let it 
be required to prove the formula 

Sin (A - B) — sin A cos B -- cos A sin B 

from the annexed figure, where BAC — A^ and C'AI>-B% each angle being 
greater than a right angle. 

From il, any point in AD^ draw DC perpendicular to C'A produced; let 
CBF be perpendicular to AB, JJF parallel to AB, DB perpendicular to AB, 



but Cos FCB = cos EAC = - cos (1800 _ CAB), by Art. 28, 

= — cos CAB = ~ cos A, 

sin ilylC = sin (1800-. XI JC), 26, -sinC AB -s\nB^ 

sin CAE = sin CAB' = sin A, 

cos D AC = - cos (180® - DAC) = - cos/?; 

Sm(A ^B) = - cosA sin B + sin A cos B 
= sin A cos B — cos A sin B, 

36. If any one of ihe formulae of Art. 34*, as Sin (A + B) 
= sin A . cos B + cos A . sin B, he given, the others may he deduced 
from iL • 

For let B become (- B), then 

Sin(^ - 2?) = sin \A + (- 2?)} = sin .<4 .cos (- B) + cos .<4. sin (- B). 

But Cos (- B) = cos B, (23), and Sin (- J3) = - sin B, (22) ; 

Sin(.4 - J3) ==8in.4 cosjB - cosu4 sin^. 
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Again, Cos (^ + i?) = sin {90o - (^ + B)], (16) = sin {(90o - yl) + (- B)] 

= sin (90® - A), cos (— ^) + cos (90<> - A) . sin (- B) 

= cos A cos i? - sin A sin B, 

Similarly, Cos (A — B) may be proved = cos A cosB sin A sin B, 

37 . From the formulae of (34) the Sine or Cosine of the sum 
of three or more angles may easily be found in terms of the 
Sines and Cosines of the simple angles. 

Given ilic. Sines and Cosines of ihc angles A, B, C, rcqnired 
the Sine (f (A + B + C). 

^m(A + B + C) = sin [(A + B) + C] = s\n (A + B) cos C -f cos (A + B) sin C 
= (sin A cos B -f cos A sinB) cos C + (cos A cos B ~&m A sin B) sin C 
zz. sin A cos B cos C + sin R cos A cos C + sin C cos A cos J5 
- sin A sin B sin C, 

In libe manner Sin (A B -k T), and Cos (A + R ± C), may be found in 
terms of the Sines and Co.-.ines of A^ 7?, f and ihc same meihod may be applied 
to the sum of any number of simple angles. 

Con. If A + B + C = (2n + where ri is an integer, 

since sin (2/^ + 1) lb0'’ = 0, 
the above equation becomes 

Sin A sin B sin C = sin A cos B cos C 

+ sin B cos A cos C + sin C cos A cos B, 

lfn = 0, A + B ->r C = 160^, and therefore this equation expresses a relation 
which exists between the sines and cosines of the thiee angles of any plane 
triangle. 

»38. To shew that Sin 2A = 2 sin A . cos A. 

Sin {A + B) = sin A cos B + cos A sin B, 
which becomes, by writing A for'JE?, 

Sin 2A = sin A cos A + cos A sin A = 2 sin A cos A. 


t39. To shew that (1) Cos 2A = cos^A — sin® A; 

(2) Cos 2A = 2 cos* A — 1 ; (3) Cos 2A = 1 — 2 sin® A. 
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(1) Cos (J. 4-^) = cos cos i?--sin sm i?, 

and writing A for 

Cos 2 A = cos -4 cos ^ - sin A sin A ~ cos*J. - sin®J[. 
Again ; Cos 2 A = cos®A — sin°A, 

and 1 = cos®A + sin’^A ; 

1 + cos 2A = 2 cos*A, and 1 — cos 2A =2 sin®A. 

(2) Therefore, Cos 2A = 2 cosM ~ 1 . 

(3) And, Cos 2 A =1-2 sin^A. 


40. To shew that 


'Cos A 4* sin A = 4 ^(1 + sin 2A), 
Cos A — sin A = ± \/(l- — 2A). 


Since, Sin 2 A = 2 sin A . cos A, and 1 = cos^A + sin*A ; 
by addition and subtraction, 

1 + sin 2A = cos*A + 2 sin A cos A + sin*A, 

1 — sin 2A = cosM — 2 sin A cos A sin“A ; 

Cos A + sin A = ±^(1 + sin 2A), 

and Cos A — sin A ==^=^^(1 - sin 2 A). 


41. To shew llial if A he less than 45^ 

fCosA = -^ [^^(1 +sin2A) + ^(l -sin2A)}, 
iSin A = ^ {^(1 V sin2A) - J{1 ~ sin 2A)}. 

By (31) A < 45®, Cos ^ is > Sin Ay and they are both positive ; therefore 
Cos A sin A and Cos A — sin A are both positive quantities when ^ is < 45® ; 

Cos^ + sin ^ = + ^/(l + sin 2^), 

and Cos A - sin ^ = + -^^(1 — sin 2.4) ; 
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whence, by addition and subtraction, 

2 cos A =\/{\ + ^in 2J) + - sin 2./), .. 

2 sin y/ = v'(l + sin 2.1 > - \/(l - sin 2//) ; 

^ I Cosy/ = {y'('1 + sin 2.4) + 2.4)1, 

(Sin .4 = {v'(l -t- sin 2.4} - \/(l - sin 2.4)J. 

42. Tlic equaiums of Art. 40 cnji he apjihed in any ease l(f 
determine the Sine and Canine of A from the Sine of 2 A. 

For cxani]ilc, (1} If .4 be an anjjle r- ‘t x but 4 y 4.V’, {i.e. if it be 
any anf^le comprehended under the form IHb" - 7/, nhere li is-' 4.V^,) (k)s. 4 is 
negative, and greater in magnitude than Sin .1, ninth is a ])ositive quantity. 

In this case, therefore, 

Cos .4 4- sin A = — ^'(1 + sin 2./), 

Cos A - sin .4 — - (1 - sin 2./ ) ; 

.*. CosA-—}i\\\\ + sin 2./) + -^'(1 - sin 2.//,, 

Sin .4 - {v'(l - sin 2.1) — + sin 2./)}. 

If at first sight this value of Sin A appear to be negative, it is to be remembered 
that sin 2.4 is a negative quantity, (2A being between 27tF and .’hid") and there- 
fore 1 — sin 2.4 is greater than 1 + sin 2.1 ; wherefore the value of sin A is hert 
a positive quantity, as it ought to be. 

So (2), If A he a negati\e tingle which is lietwecn — 4o'' am! — Cos 
is a positive quantity, and is less in magnitude than Sm which is a negative 
quantity; wheretore tlie equations to be taken of Art. 4d are 

Cos A 4- sin A ■= - \'(1 4- sin 2.4), 

Cos A — sin .1 — + \ (I -sin2./;.* 


* Puoultm. To dcterwhie the limits beheren irhu'h the values of A mu.\t 
lift trhieh satisfy the ei/uations^ 

Sin A + cos .4 = - ^'(1 4 - sin 2./), 

Cos A - sin A - - ^/(l — sin 2.1 ). 

For TKisitive values of .4, 

The former equation is fulfilled if .4 be between 90^-1-40” and 180”: for the 
value of Cos .4, which is negative, is greater for such angles than the value of 
Sin y|, which is positive. So A may he between 180” and 270”; and between 
27 t>” and 270‘’4-4 cV'. 

Wherefore, if y| be between 135” and' 31 5”, the fonner equation is fulfilled. 
And it may be shewn, in like manner, that the latter equation is i^ulfilled if A lie 
between 45” and 225”. 

"Wherefore both equations will be fulfilled if A be between 135” and 225”. 
And as the Sine and ('osine of any angle remain the same if the angle itself be 
increased by 3fi0”, it follows that all the positive values of A which satisfy both 
the equations, lie between w . 380” 4 - 135” and «. 380” 4 - 225”, |i.e. between 
(U#i 4 - 3} . 45” and (811 + 5) , 45”}, where n is 0 or any positive integer. 

And in the same manner 
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43 . Gi'ren the Tangents of two ctnfi’s, to find the Tangentx 

of their Sum and their Jtiff'crence. ' 

• 

sin (^ + B) sin A cos B -f cos A sin B 
' cos {A 4 B) cos A cos B — sni A sin /> 

and dividing the numerator and tlie denominator by cos A cos B, 


Tan(A-^B) = 


sin A sin B 
cos ./ cos B 
sin A sin B 
cos A * cos B 


tan 4 tan B 
1 — tan A tan B 


Similarly, 


Tan (A - B) - 


tan A — tan B 
J 4 tan A tan B ' 


Coil. 1 . If li = A, Tan 2^ = 'f . . 

1 - tan M 

Coil. 2. If Ji = 4:»^, since Tan 4.V' r= 1 (32) ; 

Tan (./ 'Itl ( 1 ). 

1 ~ tmi .1 

sin .1 

* 4 1 . . f 

4 ros J 

^ sin - I cos .1 - MU .1 
cos 

C'ou. 3. Similarly, Tan (A - 4^’) = ('») ; 

sin A - cos A ... 

or = . , (4). 

sm A 4 cos A 

Con. 4. Tan (A + 4.V) + tan (J - 45") = ^ ''' ] + " ! 

J - tan .1 1 + tan A 

_ 4j^ J _ J 

1 - 


And in the same manner the negative values of A which satisfy both the 
equations may be shewn to lie between —m.SfiH'*— 136“ and — »i . 3#>0^ — 225*^, 
m being 0 or any positive integer; 

i. e. between - ( 8i» 4 3 ) , 45® and - (Bm 4 5) . 45®, 
which are of the same form as the limits obtained for the positive values of A, 
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If J be <45"; 

Since Tan (A + = tan — (45" — -4) = - tan (4Ai" - J), (23), 

the last expression becomes • 

Tan (45" + . -I) -tan (45"-^) = 2 tan 2 J 


a. 


To shew that 


Tan A + tan B 
Tan^-tan7i 


sin {A + T?') 
sin (-1 — Ji) 


sin A sin J? 

Tan A + tan U ros A ^ cos K 
Tan A - tun H " mu A 

cat, ^ / i‘o& Ji 

sin J cos 7? + coK A sin 7? sin (-4 + /?) 
Mil A cos 77 — cos A sin B sin ( A — Jt) 


ir». GIrni Tan A, Tan B, Tan C, io find Tan (A + B + C). 

Tan (./ . 7, ^ - .an + /.) + rj ■_ . (41.), 


_t.in A + tan 77 
1 tan ^ I tan ^ 


+ tan r 


_ tan A + tan 77 
1 — tan A tan JJ 


tan .7 + tan 77 f tan C - tan A tan 77 tan f * 

1 - tan -f tan Ji -- tan A tan ( ' — tan 77 tan C 


In tbe same manner tlie tanfjcnt of tlie sum of four or more angles might 
be Ibuiul in terms of the tangents of the simple angles. 

Coil. If -I + 77 + r ^2//+ll. lUO", n being 0 or an integer. Tan (.7+77 +r)=0; 
tan A + tan 77 + tan C - tan A tan 77 tan C - 0, 
or. Tan A + tan ^ + tan C - tan A tan 77 tan C. 

And since if w - 0, A ^ 11 -h r = li»0', this relation heiMcen the t.angents of 
A^ 77, C, is one which exists betneen the tangents of the angles of any plane 
triangle. 


4(). To fiml (liv valiK'S 2A, Ct»s 2A, in terms 

of Tan A. ' 

o cjp A 

Sin 2A = 2 sin A . cos A, (58), = — V * cos*.4. 

^ ' co> A 


2 tan A 
“aec'A ' 


_ 2 tan A 
“"l + tan^A* 


( 27 . 2 ), 


(27- 7). 
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Again, Cos 2 A - 2 cos' A - 1, 2), = — . 

• S0C A 

_ - * 1 ” tan" A 

i 4 taivA ” 1 + tan®J * 


- 1. 


47- The following values of Sin ‘’A, Cos2A, Tan 2 A are 
of fre(|iieiit oeeurrence, and necessary to be reiiiembered ; those 
whicli liave not been proved already are easily found after the 
method of the last Article. 


]. 

2 . 




Sin 2A = 2 sin A cos A- I 

I 


2 tan A 
1 f tair’A ‘ 

2j(soc^A- 1) 

.scc‘“A 


I . Cos 2A = cos*A - sihM . 

2 — 2 cos® A — 1 . 

n =1.-2 sin®A. 

^ 1 — tan®A 
1-1 taiiM * 


k 


Tan 2 A - 


2 tan A 
1 ^~tm'A • 


2 - sec®A 
sec A • 


48. In tile same way the following value's of Sin 2 A and 
('os2A can be found in terms of C'ot A, Cosec A, and Versin A. 


Sin 2.'/ 


2 cot .i 

r+a)t777’ 


(os 2.1 


cot ". / - 1 

tOt-'.i + t ’ 


or = 


2\'( cosc(-./ 
covec-yl 


- 1 ) 


or 2(1 — versin 2 vers./ -vers*.,/). 
ro'>cc*’ .'/ — 2 

or , . j or - 1 - 2(2 vers A - vers*//), 

cosec*.! 


49. 

is first 
C’os A. 


The easiest method of deducing such formulte as these, 
to express Sin 2A and Cos 2 A in terms of Sin A and 


Thus let it be required to prove that ('os 2.1 = 


cosec* A - 2 

CO.SCC“'.1 


Since Cos 2 A - cos*.-/ — sin* .4 — 1—2 sin* A ; and Sm A ~ 

_ „ . , 2 coser®.'/-2 

Cos 2.4 = 1 — . = ^ 14 ' 

co^ec'A cosec* A 


cosec A 


, (i?7); 


oO. Since Sin (A + i?) = sin A cos B + cos A sin /?, 
and Sin (A--B) = sin A cos B ~ cos A s\n B ; 
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by adding and subtracting. 

Sin (A + B) + sin (A - B)-2 sin A cos B (1). 

Sin {A + B) — sin (A — B)=^2 cos A%\u B (2). 

Similarly, 

Cos (yf + 7?) -f- cos (^A — B) = 2 cos A cos B (3). 

Cos {A — B) — cos (^A + B) ^2 sin A sin B (4). 

- To find ihe values of Sin A ± sin B, and Cos A + cos B, 
iu terms of the Hhics and (Josines of I (A -f- B) and (A — B). 

Since 

A - i 4- B) i {A - B), and B ^ ^ (A + B) ^ 

Sin A = sin I (A + B) cos \ {A —B)-r cos }, (A + B) sin i (A - B); 
Sin B ~ sin i ( A + B) cos I (A - B) - cos i ( A + B) sin -] (A - B), 

Sin A + sin = 2 sin (A 4- B) cos }, (A — B) (l ). 

Sin A - sin 77= 2 cos \ (A + 7i) sin }, (A — 77) (2). 

Siinilarh^ 

Cos A + cos B = 2 cos (A + B) cos }, (A - B) (3). 

Cos 7? — cos A = 2 sin }, ( A + 77) sin }j (A B) ( j-). 

Tliese four formiibc (which are of the very greatest utility) might 
have been deduced from the formulnp of the last Article, by 
making A + 7? = S and A — B = 1J\ in which case A = \ (S-^D) 
and B = I (S - 77). 


/>2. Dividing (2) of Art. 51 by ( I), 

Sin .4 - sin Jt _ '2 cos I (A -f i?) sin ^ (.4 - Z?) tan -^(A - B) 
Sin A + sin B ~ 2 sin A (^ + 1?) (-Z -7/) ~ tan -l(W + «) * 


Similarly, dividing (4) by (3), 


Cos B - cos A 
Cos A -f cos B 


^(A-hB)tAnl(A-B). 


„ - Sin A +fi\nB , ^ 

So also, = tan 4 (A ± B); 

tosA + conB ' 


and 


Sin A 4 sin ^ 
Cos B - cos A 


= cotan^ (A :!./?). 


(The upper of the double signs going together, and the lower together). 
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r>3. Tan ,<1 ± tan i? = j-i 

CON A cos B 
% •. 

sin A cos B 4 A sin Ji 

'~ cos cos B 

^ sin (A^ li) 

Similarh', Cot B ^ cot A = . 

’ sin A sin B 


sin (A i B) 
cos A cos B ' 


(The upper signs going together, and the lower together). 


54. fc>in (A + B) sin ( i — B) = sm^A cos*/? — cos^A sin®/? 

= sin®.4.(i — sin®/?) - (1 — sin®-/), sin®/?, 

= sin®-/ ~ sin®/?. 

Similarly, Sin (A B) sin (A — /?) = cos®/? — cos®-7. 

And in like manner it may be shewn that ^ 

Cos (A + B) cos {A — /?) = cos^A — sin®// ; or = cos®/? - sin®-/. 

To prove ihal 

rSiii nA -f- sin (h - ti) A -2 sin (« ~ 1 ) A , cos A, 

(Cos + cos(/i — 2) A ~2 cos — 1) A . cos A . 

.^in fiA = sin {(« — !)-/ + ^ 1 = s’n ( w — 1 ) A cos A + cos ( w - 1 ) ^/ sm A, 


So, Sin ( n. — 2) A = sin {n A cos A -cos{n—\)A sin A ; 

.*. Sin 11 A + sin (n — 2)A = 2 sin (n ■— 1) A cos A (1). 

Cos JtA = cos (w — I) A cos A - sin (u — 1) A sin A, 
and Cos {n - 2) A = cos ( — 1 ) -7 cos A + sin ( w - 1 ) /I sin A ; 

Cos uA + cos (n - 2) A = 2 cos (« — 1 ; .7 cos -7 (2). 

Con. If « = 2, then, from (1), Sin 2 A = 2 sin A cos A, 


from (2j, ('os 2-7 + 1-2 cos*y/, or, Cos 2 A — 2 cos® A — 1. 

If n = 3; from (1), Sin 3A = 2 sin 2 A cos A — sin A ~4 sin A cos^yl - sin A 
= 4 sin .7 (1 — sin®y/) - sin A =3sin A — 4 sin*-/. 

from (2), Cos 3-7 = 2 cos 2 A cos A — cos A 

5= 2 cos .7 (2 cos’.7 — 1 ) — cos // = 4 cos^A — 3 cos A ; 
and, by successive substitutions. Sin 4^,* Sin 5-7... Cos 4^, Cos5y/... might be 


found in terms of the Sines and (Josines of A respectively. 

56. In like manner. 

Sin 9iA - sin (» - 2) *= 2 cos (n — 1) -4 . sin .4 (1 ), 

Cos (n - 2) -4 - cos « = 2 sin (« - 1) .4 . sin -4 (2). 
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67. From the latter of these formulae, by means of successive substitutions, 
the Cosine ot'nJ may be found in terms of the Sines ol' A and its multiples. 

Suppose n to be an even positive integer and = 2m. 

Cos2(m — 1)^ — cos 2mA - 2 sin (2m — 1)^ sin^, 

so cos 2{m^2)A - cos 2 (m - 1) ^ = 2 sin {2m sin -4, 

cos2(m - 3)yi — C 08 2(m — 2) ^ = 2 sin (2m — 5) A sin A, 

&c. = &c. 

cos 2 ( 7» - m) A - cos 2 [m - (m - 1 )} A ~ 2 sin A sin A. 

M’'hence, by addition, Since cos2(7/i •-m)A, or cosO, = 1 ,... 

1 - cos 2mA — 2 sin A . {sin {2m - 1) y/ + sin {2m - 3) A + + sin 3 A + sin A\. 

Cos 2mA - 1 ~2siiiA . {(sin2/Ai- l)-i + sin (2m- 3) A+ ... + sin3.'/ + sin yl}...(l). 

In like manner, if 7i were odd and = 2m + 1, it would appear that 
Cos(2a« + 1)J --cos^'i-2sin./ .{sm2my/-}-sin2(w -1)./ -h-.+siiiJ J + sin2.^^). (2), 

Cott. If m = 1 1, these forniulfc give, 

Cos 2^4 - 1 - 2 sin A sin A =1 — 2 sin^A. 

Cos 3 A = cos A - 2 sin A sin 2 A = cos A - 2 sin . 2 sin A cos A 
= cos A - A cos A {I - cos-’-i ) = 4 cos^-l - 3 cos A, 

5S. Tojind the Sines and Cosines 72”, 30”, and 54”. 

Sin 5G” = cos ( 90 "- 3G”) - cos 54", 
or, if 18°= A, sin 2A - cos 3 A ; 

. *. 2 sin A cos A — ^ cos 2 A cos A - cos (55 ) ; 

2 sin *4 = 2 cos 2.4 - 1 = 2 (I - 2 sinM) - 1 ; 

4 sin*J. + 2 sin .4 = 1. 

db ^5 — 1 

And, solving this equation. Sin A = ; o£ which the posi- 

tive sign is to be taken, because sin 18® is a positive quantity, 
i (^5 - 1) = sin 18®= cos ( 90 ®- 18°) « cos 72 ® (l). 
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And Cos* 1 S“ = 1 - sin* 18" = 1 - ^ ; 

Cos 1 8"= i J(10 + 2^5) = sin 72" (2). 

Again; Sin 54?®= cos 36® = cos 2 x 18®= cos® 1S®~ sin* 18®. 

_io + 27^ 


i(j 


16 ‘ 


“d(l+v'5) (S). 

Cos* 5 1" = I - siii'3 1" = 1 - = - * (1 0 - 2^5) ; 

. Cos 5 r = \ J(l0-2 J5) = sin 36® (4*). 


59 . owif/c receive anxf increment, to find the corrcf>ponding 

increment of the ISine of the angle* 

Let tlie angle A receive an increineiit «, and let the corresponding increment 
of the 8iue of A be represented by sin A, 

Then, A sin A = sin (A + a) - sin A 

— hin A cos tt -f- cos ^ sin ct — sin A 
=: cos A sin a - sin A (1 - cos a) 

= cos A sin a (l tan A . \ (3il ). 

\ bill u / 

( 2sin2i\ff v 
1 - tan A . * -- — ; — I 

2 MU ,^ttCOS,ju/ 

= COS A i>in a (I — tan A tan }^a)* 

Con. If a be very small. Tan is very small. In this case, 
ii Tally/ be not exceedingly large, (that is, if A he not ncarUf 
equal to (2w + 1 ) 90 ®, n being 0 or an integer), tan A tan |a is a 
very small quantity, and may be neglected in comparison with 
unity. U hen, therefore, a is very small, and A is also not nearly 
equal to (fin + 1 ) 90 ®, • 

A sin A = cos A sin a, very nearly. 

Hence it appears that when A is an angle of a triangle, this 
result cannot be applied to determine the corresponding incre- 
ment of Sin A W'hich results from A receiving a small given Incre- 
ment, if A be nearly equal to a right angle. 
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00. If an angle receive an incremenly to find the corresponding 
decrement of the Cosine of the angle, 

A cos A = cos {A-\- a) — cos A — cos A cos a — sin A sin a — cos A 


= — smA sin a - cos ^ (1 — cos a) = - sin ^ sin a ^ 1 + cot A 
= - sin A sin a (1 + cot A tanjla). 


2sin2 4 rt\ 
sill a / 


Cor. 1. And as before, if a be very small, and also Cot A 
be not exceedingly large (i. e. if A he not = 2n . nearly),, 
cot A tan may be neglected with respect to unity, and 

A cos A — — sin A sin a, very nearly. 

Note. Hence it follows, that unless (1st) a be a very small 
angle, and also (i>nd) A be an angle which is not nearly equal to 0® 
or 180", this result cannot be applied to any particular case where 
A is an angle of a triangle. 

Cor. % If A be less than pO", Cos A is positive, and Sin A 
being also positive, in this case a cos A is necessarily negative. 
Wherefore, in angles less than a right angle, as the angle increases 
its cosine decreases. 

If A be greater than one right aiigle but less than two, 
Cos A is negative, and. Sin A being positive, a coj> A is negative. 
Wherefore, when the angle is greater than one right angle but 
less than two, as the angle increases the cosine also increases in 
magnitude, but is negative. 


61. If an angle receive any increment^ to find the corresponding 
increment of the Secant of the angle. 


A sec A - sec ( A + a) — sec ^ = 


1 


1 


cos (A + u) cos A 


cos A (cos A cos tt - sin A sin a) 


cos A - cos (A -i-a) 
cos A cos (A + a) 


sin A 1 sin rt 1 + cot A tan l+cot.4 tan 4 a 

. . . ^ - = tan A sec A tan a . - , . 

cos A cos A cos a 1 - tan A tan a 1 — tan A tan a 


Cor, If a be very small, and neither Tan A nor Cot A 
be very large (that is, if A be not nearly equal to n • pO^, 
when « is 0 or any positive or negative integer), cot A tan ia and 
tan A tan a will both be so small that they may be neglected 
when compared with unity. In this case therefore 

A sec A = tan A sec A tan a, very nearly. 
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Note. It is to be remarked that before this result can be 
applied in any case where A is an pn^le of a trianpfle, a must 
be a very small angle, and A must also not be nearly equal 
to 0, or pV, or 180^ 


62. 1/ an anslc receive am/ increment^ to Jind the coi'respond' 

ing increment of the Tangent of the angle. 


A tan A = tail {A + a)~ tan A 


sin (A + 
cos {A -j- a) 


sin A 
cos A 


sin (A-f-a) cos A - cos (A + o) sin A 
cos A ( cos A cos a - bin A sin a ) 


But Sin (A 4- a) cos A - cos(A +tt) sin A — sin [(A + a) - A} ^ sin a; 


^ sin a „ . 1 

A tan A = — , - scc^-l tana. , ^ — 

cu.s^-l cos a . ( 1 - tan A t^iiu) 1 - tan A tan a 


Cor. If a be very small, and also Tan A be not very large, 
(that is, if A he not (2ii + l)p0" nearly, ...n bemg 0, or an if 
integer, . . .), then 

A tan A «= seo^A tan a, very nearly. 

Note. If A be an angle of a triangle, this result will not 
hold when A is nearly equal to a right angle. 


63. For a given small increment of A, the increment of the 
Sine of the angle is >, =, < the decrement of the Cosine, according 
as Cos A is >, =, < Sin A; A not being verp small, or nearly a 
multiple of pO”. 

For A bin A = cos A sin a, if A be not nearly (2» + 1)90'*; Art. 69. Cor. 

L cos A = - sin A sin a, if A be not nearly 2n .90**; Art. 60. Cor. 1. 

M herefore (n being 0, or any integer), if A be not very small, or nearly 
a multiple of 90*', o » j 

A sin A is >, <(— A cos A), as cos A is >, =, < sin A. 

Coa. In angles less than 90**, A sin is > or < (- A cos 
as is < or > 45**.. .(31). 


3 
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f)4. Dkf. By Tan"*/ tlie ang^le is indicated of which tlie 
tangent is i; i. c. if / = tau then A = tair'/. ^ 

So Sin~\v, and Cos'V, /vc. Respectively indicate the angle of 
which the sine is .v, and that of which the cosine is v, &c. 


h*,*#. To shew that Tair*t| 4- tan“*ta^- tan * 

1 — t,ta 

Tan"*!, - tan ‘ta^ tail' . 

1 + t,t. 

Let Tan A - and Tan B = A,. 

Then, by dcfiiiiiion tan“*/,, and B tan-*/o. 

tan A + tnn B 


Now Tan(J + /?)- 


1 tuu^/tuiijR' 


by dcf. 


A + B = tan-’ 


tan A 4- fan B 
I - tan . / tall B ’ 


Or, Tan-' /, + tan-' L - taiH h 4 ' ■ ^ I 

1 - /j/.. 

Similarly, Tan-' /, - tan-’ is = tair’ ^ (2). 


(16. //’ t„ tj,, t„ be the tangents of anj/ angtes, then 


Tan'V, - tan"'/, = tan"' +tan' 


/>...+ tan"' 

1 + tJi 3 t 


For, Tan-’/j - tan-' A, = tan-' /* /" , 

•* + •l'2 

tan-'/^ - tan-'/j ■= tan-' 


by addition, 


tan-'/.-, — ton-*/. = tan-' - 
Tan-'/| - tan-'/. 




sr tan- ' 


/, — is 

1 -t t\tg 


+ tan-' 


1 + /a/s 


+ tan- 


1 '• 
1 + /*-i^i» 
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()7* Examples of questions solved by the application of 
Ibrimihr proved ii^this CJiapter and th* preceding. 

(1) To prove that ^ ^ ^ = sec 2A + taniiA. 

^ ^ ^ Cos A - sin A 

[It is htre required to brin^j the propoved fraetion into one of which the 
denoniiiiatol- >hall be cos -M, or cos- — sin-’./. 31uJtiply, therefore, the nu- 
iiicrator and denominator by tile numerator, and] 

( ’os A + sin . f (cos . / + sin _ cos-.-i 4 sin-. / f 2 cos - 1 sin A 

Cos - sin A ~ cos"./ - sin-V/ ~ cos- A - siirVI 

- ’ '’y “'x' (•'»*). 

1 sin 2A - . 

= - — T~< + « see 2 A 4- tan 2 A. 

cos 2. 1 cos 2 A 

(2) To prove /lia! Cos 2\ ^ \ 

- ^ I 1 4- tan « A. tan A 


(The equntion becomes, when inverted, ^ = 1 4tan2y/ tan ^ ; wherj if 

the Ti^'lit-hand side were ex]>rcssed in terms of the sines and cosines of .-f and 2W, 
and iheii put into a fractional form, thi* denominator would he cos 2. /. cow/, 
and the numerator would mv«ilve the sines and cosines of the same angles. Tl*e 


lirst step therefore is to express 


■ ^ cos 2 A 


Cos 2.1 cos 2- / cos. i cos 2../ cos .i 


in a fraction of such a form.] 
(2A-A) 


cos 2A cos A -f- sin 2 A sin A 


os 2A cos A 


Cos2yi = 


I 2A sin A 
s 2-i * cos A 


1 + tan 2 A tan A ’ 


= 1 4 tan 2 A tan A ; 


Note. In the following Examples it is required to determine 
an angle from some given relation between its Gonioinetrical 
Ratios and those of either a multiple of the angle sought^ or of 
some given angle; and conversely.* 

(.'i) Deiermine a value of A that ivlll satisfy the equation 
Sin 2A =: sin A. 


Sin A = sin 2A — 2 sin A cos A.. 


.*. 2 cos .df = 1, and cos.^f = M'^herefore A ~ 60®.. 
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(4) Determine values of B that will satisfy the equation, 

Sin A + sin (2B + A)--sin (2B — A) = sin (B + A) - sin (B - A) ; 
sin ^ + 2 cos 2B sin ^ = 2 cos B sin A ; Art. 50, (2). 

1 + 2 cos 2B = 2 cos ^ ; 

1+2 (2 cos^il - 1) = 2 cos B (39). 

Whence f^os B = \ (1 ± ^5) ; 
and, Art. 58, (3), J (i ^ ^5) cos 3G». 

Art. 58, (1 ), J (1 - V^) = - i (\/6 - 1 ) = - cos 72'» = cos ( 180*' - 72") = cos 108". 
B is 38", or 108". 


(5) To prove that 2 cos 1 1®, 15'= <y/2 + ^/{2 + ^2}. 


Cos 45" = A; 

2.{2cos%}.45‘’~lJ =,y2, .\ 


2 . {2 cos* 



2 cos 45*^ = 

2 cos 4 . 45 '' -- Jtl + J-l; 

3}--=V2+>; 


5 cos 




, or 2 cos 1 1*^, 15', -J2 + 




Cor. By repeating the same process n times, it would appear 
4,5" — 

in like manner that 2 cos-— = ^2 +^/(2 + &c.), where 2, with 

the sign of a square root over it, appears w + 1 times in the 
second member of the equation, the square root every time 
reaching to the end of the expression. 


(6) If x.tan A = (^1 + X — ~ x + 1), required to prove 

that X = sin4.\ satisfies the equation^ 

. # / i 1 \ / /» ^/l+^y + l \'^1— JI’+l 

^ ^ ^ Wi + .r + 1 Vl + a' + 1 

Vl - X + l = (Vl+a? + l)tan^; 


(1 - tan Af = {Vl + j? tan ^ -^s/l - 
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Whence, 2 tan ^ { 1 - tan^^} + 2\/l —d‘'^ tan A ; 

• • 

1 = ^ ^ ^i-***" = 1 - .r C0t2J„.(47); 

. *. 1 - <r® = 1 — 2a;' cot 2 J[ + a*® cot^ 2.i ; 

.*. a:’2(l + cot®2yi) — 2a;* cot2A = 0; 


2 cot 2y5f cot 2 A ^ 

.-. o-^O; or *** = - =2. =2sin2A cos 2^ = sin 4.4. 

J + cot" 2^1 cosec- 2.4 


(7) To prove that Tan~‘ ~ + tan"' \ + tan"' - + tan“' ^ = 45^ 
3 5 7 S 

1 I 

Tan-* + tan-' i = tan'* , (C 5 ). = tan-* | , 


8*5 


1 1 

+ 7i 


So Tan“^ i + tan~' i * tan“^ = tan“* ^ ; 


^ 7*5 


1111 

Tan“' - + tan“^ - + tan'^ - + tan“' - 


4 ^ 

^ -1 ^ ^ 1 ,L 1 7 n ^ ,65 

= tan ^ - + tan“^ — = tan'* = tan“* pr- = tan“‘ 1 = 45 . 

7 11 1 A 

711 


68. The Appendices i, ii, in, on the Logarithmic Tables 
of Numbers and of Goniometrical Ratios, ought to be read 
before entering on the next Chapter. 



CHAPTER IV. 


ON THE SOLUTION OF TKJ ANGLES. 


(i.'h A TRIANGLE coiisists of six parts, namely three sides 
and three angles. When three of these parts are given, (exce])t 
they be the three angles), it will be shewn that tlie otlier three 
can, generally, be determined. 

The nninber of degrees in the angles of a triangle will be 
designated by the letters J, C, which are placed at tlu angular 
points of the triangle; and the length of the sides respectively 
opposite to the angles A, B, C, by the letters a, h, c. 

70. The Sines of the A ngles of a Triangle are proportional 
to the Sides resjyecfivelg op 2 )osite to them. 

"Let ABC be the triangle. From C draw CD perpendicular 
to AB^ or AB produced either way. 



(With reference to the third figure, see Art. 26.) 

• 

Also, Sin CBA = sin CBD = ; 

CB 

si n CAB CB 
sin CBA CA * 

Sin A a Sin A Sin B 

IT' 
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In like manner, if a perpendicular were let fall from B upon 
the side opposite tt) it, or that side produced, it might be proved 
tliat • 


Sm A ^ Sin C 
a c 


-the magnitudes of the 


- Sin A Sin 7? Sin C 

Wherelore, - — , — ; 

a 0 c 

lines b, c being represented by the ntnnbcr of units of length 
they respectively contain: for otherwise Sin.l and a would not 
be (piaiitities of tlie same kind, and consequently no ratio could 
exist between them. 


71 . Since (Euclid, i. 32), the interior angles of a triangle arc 
together equal to two right angles ; .4 + 77 + C = 180”. 


Also, 


Sin A _a 
Sill is~' b* 


and 


Sin b 
Sin C~ c' 


And three of the parts of the triangle being given, the remaining 
three parts may be determined by these three equations. 


One, at least, of the three given parts must be r or the 
ratios only are given which a, b, c bear to eac*" other, and their 
magnitudes cannot be determined, because there are but livo cqua- 

. . , Sin A a , Sin h b „ , 

tions given, namely, determining 

the three unknown quantities a, 6, c. 


And this is also apparent from the consideration that an in- 
definite number of triangles having the same angles, of all pos- 
sible degrees of magnitude, m^ be formed by drawing lines 
parallel to the sides of a given triangle. 


72 . There is however one case, commonly called “ the am- 
biguous case,** in which the equations of the last Article are not 
sufficient to determine the triangle when three of the parts are 
given. 
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If two Sides he gwen, and an Angle, opposite to one of them 
(fi, b, A), the triangle can he determined only when the side 
opposite to the given angle is the greater of the tivo given sides ; 
i. e. when a is greater than b. 

The equations of the last Article are 

a) B + (li) (iii)c = i.^^. 

If B can be determined from (ii), C and c are known from 
(i) and (iii), and the triangle is determined But since the sine of 
an angle is equal to the sine of its supplement, there are two 
values of the angle B which satisfy (ii), the one greater and the 
other less than 

( 1 ) Let a be greater than h ; A > Eucl. i. 18 . 

Now B cannot be greater than 90”; for if it could, then A + B 
would be greater than 180 ”, which is impossible, (Eucl. i. 17): 
.*. il<90”, and the lesser angle which satisfies (ii) is to be taken 
for the value of B. 

( 2 ) Let a be less than h; A <B. 

In this case, since the only limitations, B + A 180 ”, and B ^ Ay 
may be satisfied whether B be greater or less than 90”, it is 
impossible to o Pennine from (ii) whether ^ be > or -c 90”. 

Thus, — taking ^■he annexed 
figure, — if CB - CB , h is evi- 
dent that both the triangles A BC, 

AB'C have a, by A of the same 
values; also, in this case, 

/ A is less than the exterior 
angle CBB\ or the exterior an- 
gle CB'D^ i. e. A is less than 
CBAy and therefore is less thab CBA ; and also a < Which 
agrees with what has been asserted above. 

73 , To find the Cosine of an angle of a Triangle in terms 
of the Sides. (Fig. Art. 70 .) 

Let ABC be a triangle, and from C draw CD perpendicular 
to A B, or A B produced either way. 
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Then, figs. 1, 2 of Art. 70, CB^ = AC^ ^ AB^ ^ ^AB • AD, 

• Eucl. II. 13. 

fig. 3y CB^ — AC^ -h AB^ + 2AB . AD, Eucl. ii. 12. 

AD 

And = cos CAD, =cos CAB in figs. 1, 2. 

--cos CAB in fig. 3... (20). 

Therefore, in each of these cases, 

CB^=^AC^-h AB^--2AB, AC, cos CAB; 

^ AC^+AB^-CB^ ^ ^ + 

.-.Cos CAB = ; Or, Cos A = . 


74. 7b 5//«o that Cos i A = ; 

S = |(a + b + c). 

+ c® - rt® _ + 2bc + c® - a® 

2bc 


where 


For 1 + cos A = 1 + 


2bc 


_{h + c)*- ^{h + c ->f a) {h + c - a) 

2bc 2bc 

Now, 1 + cos A = 2 cos® ^A, (39, 2). 

And S - a - ^ (a + b + c) — ^ {b + c - a) ; 

(b -i- c+a) . (b + c — a) _ 2*9. 2(S ~ a) 


.*. 2 cos® i A = 


26c 


26 c 


.*. Cos ^ A 


/SA^S-a) 

'V ' 


75. To that Sin ^ A = 4 ^^^ ^bc^^ * 

By Art. 39, (3), 

2bc 2bc 


2 sin® A A = 1 - cos A = 1 — 


(a + c — 6) (fl + 6 — c) 
26 c 
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Now ^ (a + i + c) — /> = (tf + c — h), 

and so A' — c = {/i + l> — c) ; 


... 

The positive si^n of tlie root must be taken both here and 
in the last Article; bceaiisc A, beint^ an anole of a trianp:le, is 
less than 180 ", and therefore Cos <^/l and Sin ,IA are necessarily 
positive quantities. 


7d. Sin’^yi = 1 — cosi^ A — (1 + cos A) .(1 — cos A) 

f'l'- * } 

= (6 + c — a) + c + a) {a +fj — c) (« + c - b) 

= f*^.-HS-a)(S-bXS-r); 


So, 


••• ^ (^- «) (-S’ - - c)}. 


Tan ^A^ 


sin ^A 
cos J A 



(S-b)(S-c) 
S{S-a) ' 


77- To explain the meaning of the douldo sign of the second 
member of the equation 

Since Cos (2n . 180« ±A)=co$A, (25) ; cos (2n. ISO® — . 

2 bc 

Whence it may be proved in the same manner as in (74), that 
Cos(».180»±4^)=± 


Now the first member of this equation ought to furnish two sets of angles whose 
cosines are of the same magnitude but are of different signs. 
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First. Let n be even, and =2m. 

Then Cos {n . ^A) = cos (2m . ^jA) =- cos (m . J ^A); which, 

by making w equal m 0, 1, 2, 3 . successively, gives the series of angles rt 

2x 3x3fJ0" L.VC all cosines of which are of 

the same magnitude as that of }jA^ or oi’ + ^^A. 

Second. Let n be odd, and =2m + ]. 

Then Cos Jii. 130'‘i ^^^ = cos(2m . 18<F+ 13(r'± ; which, by making 

VI equal to 0, 1, 2, 3 successively, gives the senes of angles A./, 

(ICO" »- \ 7), 2 X 300" 4- (100" \A)^ all the cosines of which are of 

the same magnitude as that of lll0"d A, which 

= cos(ia0"i J^) = -cos },A. 

Wherefore the first member of the equation furnish two sets of angles whose 
cosines are of the same magnitudes but are of different signs. 

And in like manner sets of angles may be determined corresponding to each 
of the signs affecting the expressions which have been obtained as the values 
of Sin ^A, Tan ^^A, and Sin A. 


I. ON THE SOLUTION OF RIGHT-ANGLED TRIANGLES. 


7^. TJfC rlcflit av(jle, a side, and anoilter •part heing given, 
to determine the remaining parts. 


Let ABC be a right-angled triangle, C being the 
right angle. 


(1) Let c and A he the other given parts. 

Then ~ = cos A ; and •- = sin A ; 
c c 

{ ^10^ = ^10^ + L cos A — 10 ; which determines b, 
= ^10^ + Z sin A — 10 ; which determines a. 



Also, z J 5 = 90®— A ; which determines B, 


In like manner, if B were the given angle, A might be determined. 
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(2) Let A and b he given, 

C CL 

Then y ~ sec A ; and y « A ; 

b 0 

= l,o 6 + LsecA-lO; which determines c, 

= ^ 10 ^ + L tan ^ - 10 ; which determines a. 

Also, B *= 90 ® - A ; which determines B. 

(3) Let A a7id a he given. 

Then y = tan A ; h = . ; and = lio« - X tan ^ + 10 . 

h tan A 

a . . a . 

Airain, = sin A ; .*. c ^ , or ~a . cosec A ; 

^ " c sm A 

And = ^ 10 ^ — L sin A + 10 . Also, B = 90 ® - A, 

(4) Ijet a and b be given. 

Then, tan A - j L tan A = -- lio^^ + 10 . 

Again, J5 = 90 ®~A. 

Again, ^ = sec A ; IjoC = + L sec A ~ 10 . 

The equation + h^) would give c; but the operation of determining 

c is tedious, particularly if a and b be large numbers. 

(5) Let c and a he given. 

Then, sin A = - ; and L sin A = — \qC + 10. 

t 

Again, - *= cos A ; = lio<? + L cos A — 10 . 

Or i“ = c»-a*»(c + a)(c~«); 

~ + fl) + lio(^ ““ ^)} f 

which determines b without previously finding A. 
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79 . Different methods must be used in different cases to deter- 
mine the unknown quantities; for what is said in Appendix in. 
11, must always be carefully bonne in mind, and such a formula 
must be selected in each case as is calculated to give the result 
with the greatest practical degree of accuracy. 

Thus in the last case, if b be very small compared with a and e, the angle A 
is nearly a right angle, and the increment of sin A corresponding to a small given 
increment a of the angle, [i. e. cos ^ . sin a . {1 — tan .4 . tan ^a}, (till)], is in- 

considerable, and does not, besides, vary nearly as the increment of the angle. In 
this case therefore the value of sin A cannot be determined from the Tables with 
any great degree of accuracy. (App. iii. 11.) • 

A better way of determining A in such a case is fitst to lind the value of 
6, and then to determine A from its cosine. 

Thus CosA = ~; L cos .4 = ln,& -l,yC+ 10, 

= ^loV ■“ 

= 'C2 + + +10— IjyC. 

80. Example. Given c = 365*1, afid a = 348*3, to find A. 

(The Logarithms employed in this Example and others, will generally be 
found in the three pages of Logarithms subjoined to Appendices 1 . and 11 .) 

Here, c-fa — 713*4, and c — « = 10*8, 

Performing the operations indicated in the last line of the last Article, 
lio713*4 = 2-8533331 
liu l«-8= 1-2253003 

2)4 0780424 

2-0393212 

10 


12*0393212 
liy365 1 = 2-5824118 


9*4789094 

And L cos 72 ^, 33' = 9vl789380 See App. iii. 9, Ex. 4. 
Difference = 286 

Now Diff. for 1" is in this case 67*016; 

2H6 

and = 4*207 = 4-27 nearly, 

^=72®, 38', 4"*27, nearly. 
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II. ON THE SOLUTION OP OBLUIUE-ANGLED TRIANGLES. 


81. Let two anriles and t^w. aide between them he gioen. 
(A, C, b.) 

.Since yl + Zf+r'=180'>, iJ^lSO'-CA + C); 
which determines ii. 

A • , sinA 

Ai?ain, ff = 6. . 

® ’ Sin IS 

Ij,// 1^,,^ + Ls,m A — L sin B ; whicli determines a. 



Again, 




sin C 
sm B ’ 


~ L sin C — L sin B ; which deti'rmines c* 


If + C be -^ 90 ®, the value of B is not required in order to 
determine a and c ; 

For since Sin B = sin [180" - (A 4 C)\ = sin (// + C) ; 

li„fl = + L aSIii A-L sin {A + O, 

and l^yC = + L sin C—L sin (^A 4 C). 

82. Let two anglcds and a side oiqwsite to one of them he 
given. (A, C, 11 .) 

Then, 2^ = 180"-(A +C). 

Again, h^a. ^ = Ijo^ + L sin /? - L .sin A^ 

or = Ixofl + I# sin (ii + C) - L sin A. 

Again, c « a . ; .% lioC= lio« 4 X sin C — L sin A. 

® sin A 

83. Let two sides and the angle included between them he 
given, (c, A, b.) 

First, to determine B and C. 
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^ - sin 7^ 

j\ 1 SO^ — • i ^ ^ 

c sni C 


s?n J{ 


-1 




MU 7^ 

sill 6’ 


,+ l 


h — c sin B — sin C t?m tj (77 ~ C) 


( 52 ). 


‘ h + c sin B + sin C tan ] (77 + Cy 
And Tan .] (7> + C) = tan ^ (1 SO'' - /7) - cot \ A ; 

Tan }, (K-C)^'‘~^ . cot A ; 

L tan I (B - C) = {h — c) — 1^,, (1) + c) + /. cot ^ A . (i?.). 

[B — C) being thus dctoniiined, and (Z7 ! C) being known, 


77=1 (77+C)+,l(77~C)l 
and C=}j (77 + O) - .] (77- C)\ 

And rt = c . determines a, 
sin C 


are known ; 


S4. TJid fiiild a can he detennined without precioiusJy deter^ 

niinlug B and, C. (c, A, b.) 

For c“ — 2bc . cos A 

= // 4- c* - (] - 2 sin' I A) 59, (5). 

— (b- cy + A.hc sin* .i A 

= (6-c)'U + (6%.-sin\M} 

= (6-c)'{l + (^7i;.sm.^2iy}. 

Now sin .4 may be of any magnitude and sign, and 

therefore there is some angle of which the tangent is equal to this 
quantity. Let 6 be the angle. 

Then Tan 0 = sin ^^4 (1). 
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And a® = (6 - c)* (1 + tan® 0) = (6 — c)® sec* 6 ; 

— c) sec § (2). 

From (1), L tan d = ^ J - c)+ L sin ^ A , 

= ^ (lio^ + \oc) + lio2 + L sin ^ A - lio(^ - c) ; 

which determines 6, 

From (2), ljo<z = ^loC^ — c) + Z sec 0 — 10 ; which determines «. 


2 V /jc 1 

fl5. If A = r nearly, ft — c is very small, and . sin ^.4, the value of tan d, 

is very large, (unless 7^ A, and therefore sin ^A, be very small. ) And since the 
tangents of angles which are nearly right angles are very large, 6 in this case is 
nearly a right angle. 


Now if it be required to find from its tangent, an angle which does not consist 
of a certain number of degrees and minutes exactly, the additional seconds have 
to be determined on the principle that the increment of the tabular logarithm 
varies as the increment of the angle. Hut when the angle is equal to (2n + 1).90" 
nearly, this principle does not obtain for the tangent, H2, Cor., A}>p. iii. 11; and 
therefore 0 cannot in this case be determined near enough to find a with any great 
degree of exactness from the equation a = (ft — r)secy. 

When therefore c is nearly equal to ft, and A is not a very small angle, the 
following method will give a with more exactness than the last Article does. 

a2 _ ^2+ <^2.. cos A = b“+ 2bc {2 cos® ^2 A - 1} 39, ( 2) 

= (i“+ c’+ 24f) - 44c cos^^ = (4 + c)»| 1 - . cos J | . 

Now (4^/ft - orft — 2V0C + C, being a square, is necessarily a positive 

quantity; therefore the positive part of it is greater than the negative part, or 

ft + c>2 v'ftc; is fractional, and a fortiori . cos 4 A is fractional, 

ft + o o + c ^ 


Let therefore <p be the angle whose sine = 


2 s/ be 
b +c 


. cos 


( 1 ). 


Then, a®=(ft + c)®(l -sin®</>), ^and a = (b + c) cos (2), 

from (1), L sin ^ = lio2 + ^ lioC — Ijo (ft + c) + Zf cos 

= + lio<?)+ ^io2 + L cos + 

(2), ^loO = lio (ft + c) + L cos 0 — 10: 

which give 0 and a respectively. 



PLANE TRIGONOMETRY. 


49 


86. Let two sides he given and an angle opposite to one of 
them, (a, b, A.) 

It has been shewn in (72) that with these data the solution is 
ambiguous unless a be greater than h. But if a be greater than 
then 

Sin i? = - .sin A, where B is an angle less than 90 ®. 

Also, 1 80® - (^ + 2?) ; and, a, 

sin yx 



• When the three sides of a triangle are given, the angle A is more easily 
found in practice by dividing the triangle into two right-angled triangles in the 
following manner, than from the formulae in the text. 

If a perpendicular CD be let fall from the vertex on the base or the base pro- 
duced, it may be shewn from the results arrived at in Euclid ii. 12, 13, that 

Base 

: Sum of the other two sides , 

:: Difference of the sides 


: Difference, or Sum, of the segments of the base; 

the fourth term of the proportion being the Difference of the segments of the base, 
or their Sum, according as the perpenaicular cuts the base or the base produced. 


And the fourth term of this proportion being found, AD(^AB^BD) is 


known, and thence Cos^ 



may be determined. 


4 
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80. 0«s. If A be nearly 80®, the first formula of (Oy) will not give the 
value of A very exactly, hecarse the increment of sin yl does not in that case 
vary as the increment of A, and it is also very small; App. iir. II. In this 
case any one of the last three forms may be used, and the second or the third form 
must be taken according as cos ^A or sini.^ is the greater, i.e. as ■}jA is less or 
greater than 4.5”, (fi.*!). The fourth form is applicable in all cases except where 
},A is nearly 90”, (02). 


[)!). Exaaiples. 1. If 7?(7 be a perpendicular object stand- 
ing on a horizontal plane, its height may be deter- 
mined by measuring in that jilane a line AC\ which 
is called a f)ase, and observing the angle BAG wdth 
a proper instrument 

For nr AC .iVi\\nAC\ 

1,„ nr = l,„.ir + l tan bac - lo. 



2. If it be not practicable to come to the foot of the object, 
let a base DA be measured, such that the points />, C" may 
be in the same straight line; and let the angles BDA, BAG he 
observed. 


Here two angles and a side of the S\BAJ) are known, 
lly first determining tlie side BA the height BC can be 
found from the right-angled triangle BAC. 

Thus BT>A 

'ad ~ &mDBA "" sin (ZfylC- BDA) ' 



A C 


And BC = BA.smBAC^AD. 


sin BDA sin BAC 


* ^\i\{BAC - BDA) ’ 

1,0 J5C = + L sin BDA + L sin BAC - L sin (BAC - BDA) - 10. 


3. If D be not in the line AC, the height BC can still be 
determined. 


At A let the angles BAC and BAD be 
observed, and at D the angle BDA, 

Then in the A BDA, the angles BDA, 
BAD and the side AD are given. If then 
BA be determined from these data, BC can 
be found from the right-angled triangle BAC, 



Thus — = sin BDA 

AD sin DBA sin {im^ ^ (BDA + BAD)] ^ 
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BA=An.- 


sin BDJ 


rsm{BDA\ BAD) 


And BC = BA .sinBAC =^AD . 


sin BDA sin BAC 


Ein{BDA -\-BADy 
\oJiC =^\oAI) + L sin BDA + L sin BAC - L sin {BDA + BAD) - 10. 


[It is evident that this determination of BC is not affected by the circum- 
stance of 7> lying out of the hori/.untal plane which passes through A and C. 
Hence it follows that if a straight base AD be measured in atij/ diiection from A^ 
and the angles BA(\ BAJ)^ BDA be observed, these data will be sufHcient for 
hading the height of B above the horizontal plane passing througli A and t’.J 

4. Required to find the breadth of a river AD, from ob- 
servations made from the top of a tower BC of which the height 
is known. (Figure to Ex. i2.) 

At B let there he observed the angles of depression of the points D and A 
below a horizontal line passing thiough B and parallel to CD. The angles BDC 
and BAC are equal to these angles of depression ; and 

DA = = BA 

’ sin BDA " * sin BDA 

BC sm (BAC - BDA) 
bin BAC' bin BDA 


5. Required the error in height arising from a small given 
error in an observation of the angle in Example 1. 

Let BC=^h, AC=a, ^IhiC^A. 

Let k be the error in height produced by an error a of the observed angle. 
Then A = a. tan ^4, A + = a . tan + a) ; 


. r. „ j \ . 4. mn(A + a) sin A 

. . K = a, {tan {A + a) — tan A\ == a, — 


cos (A -fa) cos A) 

x=za + g) cos A - cos (A + a) sin A sin {(A f a) — 

cos(A + a)cobA ' cob{A + a) cob A 

sin a 

— ® » since cos A = cos (A + a) nearly, when a is very small, (60). 


^ Cor. Hence it can be determined when the error in height, 
arising from a small given error in the observed anffle, will be 
the least. 


4—2 
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For k 


a 


sin a 4 sin a h sin a 2h sin a 2h sin a 

‘ cos*u4 tan A ' cos^A ~ sin A cos A 2 sin A cos A sin 2 A 


Now h beinp constant, and a being given, this expression, (which is the error 
in altitude,) will be the least when sin 2^ is the greatest; that is, when 2A 
or A is 45''. 


The observer, therefore, ought to move along the base until 
z BAC — and then by measuring he will determine CB 
(which is in this case equal to AC) with the least chance of 
error. 


90. To Jiiid the Area of a triangle^ the sides being given. 


Let ABC be the triangle, and from C draw CB perpendicular 
to ABy or to AB produced either way. 



Then Area of the triangle ABC^ being half of the rectangle 
on the same base and between the same parallels. 


^\AB,CD=^^AB,AC,smCAB 


a){S-l){S-c)], by (76). 




91 . The Area of the triangle also = i a*. — . 

^ ^ - sin (13 + C) 

For Area AB, CD = ^ A B,BC, sin B 

, „ - sin C ^ j sin 5 sin C 

* sin A ^ (sin B + C) 

since Sin A = sin ( 180 ® - (Z? + C)] = (sin B + C), 


92. To find the Radii of the circles described loithin and 
about a regular polygon of any number of sides. 
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Let AB he a side of a regular polygon of n sides. C 

Since the polygon fs regular, it may have a* circle 
described in and about it; and each of tjie sides will / \ 

subtend the same angle at the common center C of these / \ 

circles. / \ 

Draw CZ) perpendicular to -4R. Then A D=:DBf / \ . 

and CD is the radius of the inscribed circle. Let 
r = CD, and li = CA, 

Now the sum of all the angles which the sides subtend at C ~nx L A CB = 360” ; 

I ACB = z ACD = i ^ ACB = ; and = tan ACDt, 

n ^ n t D 


r, = CD, = AD . cot ACD = ^AB . cot 


AD }>An , ,,, IRO” 

Again, R, ^ AC, ~ . ^ - 7 - = AAR. cosec 

^ > > sin ACD . IRO'* ^ n 

sin 


( 2 ). 


93 . To find the Area of a regular polygon of omy number 
of sides which is described loith in or ^ 

about a circle of given radius. / \ 

Let AEB be an arc of the circle whose / \ 

center is C; AB a side of the inscribed / \ 

regular polygon of n sides; CE at right / \ 

angles to AB, and therefore bisecting it ; FQ \ ./ \ / 

a tangent through E, meeting CA and CB in D 

F and G; then FG is a side of the circumscribed / 

regular polygon of n sides. Let CA = r. ^ 

360” 1 60” 

AB = 2AD -2r sin A CD - 2r sin — — = 2r sin . 

2n n 

180 ” 

FG = 2FE = 2CE. tan ECF = 2r tan — . 

n 

A, = area of inscribed polygon, CAB 

CA.CB.ainACB n , . 360” 

as 71 . r =rr.r*. Sin . 

2 2 n 

A', = area of circumscribed polygon, ss ». A CFG 


ss n . CE . FE = »r* tan • 
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Con. These areas may be thus compared; 

Area of inscribed polygon b.CAD CD^ . . . -i 

j the As are similar; 

Area or circumscribed polygon t\C h L CL^ 


_ /rpy 

“ \ca) 


94. To find the Area of a regular 'polygon of n sides 'In 
terms of a side of the polygon, (Fig. Art. 92.) 

AH b^ing a side of the polygon, 

Area = w . A CAB — n . AB . DC AB . AD . cot ACD 

= \ n , AB . ^ AB . cot = \n {ABf cot . 

95. To find the Tad it of the circles descrihcd in and ahout 
a triangle of which the sides are gi re n, 

Let the lines bisecting the angles A and B meet in / / \ 

O, and from O draw OZ>, OE, OF perpendiculars to / \ 

the sides. — -/^ \ 

Then, Euclid iv. 4, O is the center of the inscribed 
circle ; and its radius r = OD ~ OE = OF, ^ 

Now, Area of Ay/^r = A.40i?-f- Ai?0(' 4 - ACO./; A \ 


^'{S{S-a){S-b){S-c)} 

= r.^c + r.46r + r. 1/> = 7-5'; 

... ^^^iS-a){S-b){S-c) 

Again; bisect the sides of the triangle in D, E, F, 
and draw perpendiculars from these points which will meet 
in a point O which is the center of the circumscribed 
circle ; Ji, its radius, = OA = OB = OC, Euclid iv. 5. 

And J50C, Euclid 111 . 20; 

BF Xn 

... Sin A - sin ^BOC - sin BOE = = -- ; 



by (70), 


'4y/{S (S-a){S-b){S^c ) } 
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96. To find ilio Area of a quadrilateral figure of which the 
opposite angles afe supplements to each other. 

Let A BCD be the quadrilateral. 

IjetAB^a, B C - b, CD = c, DA = d ; Join A C. 

Then Axq^ ABCD = LABC + hADC 

— J ab sin ^ rd sin D 
— J (aZ» + cd) sin B, 
since Sin D - sin (180'’ - D) = sin B. 

Now from LABC, + h- - AC- = 2ab cosB ) 



and from fi,ACD, 

, by subtracting 


^ ^ C- - 2cd cos 7> = - 2cd cos B ; 

flS ^ fj ‘2 _ _ 2 {ab + cd) cos B ; 


Sin*' Z? = 1 - cos2 B = 1 




■{i 


I {abfi- cd ) ) 

4(«^ + cr/)*-^-(«2+Z/2-c* 
4 {ab + edy^ 




And (area ABCD)'^ = ^ (ab + cd)"^ sin^ B ; 

■ = il; 14 {at + edf - («* + 43 _ _ ePY\ 

= -ji. [2(«4 + 0(4) + {a"- + b-‘ - - d‘)\ . \2{ab-^cd) - (n^ + 42 _ 

= i l(a + bP -{c- df) Kc + dP -{a- bP\ 

^ ->r h fi- c - d){a fi- b fi d - c){c ^ d fi- a - h){c Jr d b - a), 

and if ^ ((Z + i + c + r/), 

Area ABCD = ^J{{S - a){S -- b) (S -c)(S- d)}. 


97* The determination of the unknown quantity in an equa- 
tion may often be facilitated by breaking the equation up into 
two others by means of the Goniometrical Ratios. This artifice 
has been employed in Arts. 84, 85, and the following are addi- 
tional examples of its use. 


Examples, (l) Havhig given a, «, and to determine 1 ifl CQ 
form adapted to logarithmic calculation from the equation, 

Sin a = cos / cos ^ cos a + sin I sin 6, 

(Hymers* Aistronomfu^in,^ 
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The equation may be thus written, 

o. . \ . T , cosa cos<f\ 

Sin« =sin 0 I sin/+ cos ^ ). 

\ • Sind / 

Now since there are tangents of every magnitude and sign, there is some angle tp, 
such that 

_ ^ sin 0 cos ^ cos a . 

Tan 0, or — ^ = cote cos a (1); 

^ cos ’ sin d '' ' 

Sin fl = sin d (sinl + cos 2 . 

\ cos (p / 

sin d , sin d . , , . 

= ( sin I cos <p + cos / sin d) ) = . sin (I + 0), 

cos<p cos^> 


,.( 2 ). 


. sin rt! cos <6 

Sin (/ + </))= — ^ 

' Bind 

From, (1 ), 7v tan (p — L cot 1 + L cos a — 10, which gives <p, 

(2), L sin (/ 4- <^) = L sill a -h L cos (p — L sin c, 

which gives /+ ^, and thence L 

(2) To express a . cos 0 4- b . cos (B 4- a) under I he form 
A . cos (B 4- 0), 
liCt p sa a COS& + b cos (6 + a) 

= a cos d + d cos a cos 0 ~ d sin a sin 6 

= fl (1 4 - - . cos a) cos 6 — d sin a sin 8 . 
a * 

Let <p be the artgle whose tangent is ^ . cos a ; or. Tan <#» = ” • cos a ( 1 ). 

1 1 . 

* . . • . —7=- • cos dt + —r= . Sin €p 

, o , , cos 4 - sin d> \/o ^ y 9 ^ 

1 + - . cos a = 1 4 - tan <i> = ^ ^ 

0 > cos <P j;Q 5 j tp 


es V 2 ^ ^ ^ • 

COS0 ~ * COS0 * 

sin (45® 4- 0) , « dsinacosA . 

p=aV2. >— . {cos e jz.- — — sin 81. 

coa<t> oV2m(45”+^) ' 


Let Tan<t>' 


b sin a cos <p 

a \f2 sin (45® 4 - <p) * 


.( 2 ). 


Then /> = a VJ . — . cos (^' 4 - 0 ) (3) 

cos ^ cos ^ VY' 

a result of the required form. 



PLANE TEIGONOMETKY. 


57 


( 3 ) ^dapt + 

m 

/a — h /a + 6 a — h + a h 

(TH ^ ^“6 "" ' v(«"' 


to logarithmic computation. 


2a 




Now ^ is necessarily a positive quantity, and it may be of any magnitude; 


let therefore 0 be an angle such that Tan*0 = ^ (I). 

2 2 2 cos 0 




Vcos‘^0 - 


«s: — j — ; an expression of the required form, 
cos*-^ 20 


( 2 ). 


98. J)ef. The angles introduced to assist the solution of an 
equation, by breaking it up into other two equations or more, are 
called Subsidiary Angles, 



CHAPTER V, 


ANALYTICAL TiaGONOMETHY. 


99 . The Circumference of a Circle varies as its Radius. 


Let p be the perimeters of two rep^ular polygons of n side? each, which 
are inscribed in two circles whose radii are r and circumferences C, c 
respectively. 



Let X C — P, X - c —p. 

Now when n increases, P and p increase ; therefore X and x are variable 
quantities dependent on the value of n. 

Let AB^ ab be sides of the polygons ; O, o the centers of the circles. 


* 160 " 

Then l A OB = := laob; and A OB, aob are similar triangles : 

n 

ft ab ^p ^ c^x 

* * r ab ^ n y. ab p c — .c ’ 


Rye — Ryx-ry C -ry X. 


Now since 1? x c, r x C are constant, and Ryx, ryX are variable quanti- 
ties, (by FrancceuPs Pure Mathematics, Art. lt)7») 

R y c — r y C, and R y x=^r y X \ ^ 


c r 

•’* c " :r’ 


or c oc r. 
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, is a con- 


^ c / the circumference of a cirrleX 

Cor. 1. Since coor: lor ir 

f r \ radius ✓ 

stant quantity. ^ 

This constant quantity is always represented by 27r ; the approximate value 
of TT, (3-141«)y...), will be determined hereafter. 


Cor. 2. Since - ~2Tr\ .*. c-27rr; or 2'jrr represents the circumference of a 

T 

circle whose radius is r. 


100. The Circular Measure of an Ancjle. If an 
arc he traced out hy a 2 >oint in the line, CB, hy the revolu^ 
thn of which from the position V.X an anylc ACB is de- 
scribed^ the angle ACB may he properly measured hy the ratio 
arc AB 
radius AC ‘ 


Since in equal circles (and therefore in the 
same circle) angles at the center have the same 
ratio to each other as the arcs on which they 
stand, Euclid vi. 33, 

A ACB ^ arc AB 

4 right angles whole circumference ABDA 



jlB 

“ SttC'A’ 


(99, Cor. 2); 


z ACB 


4 right angles AB 
27r * CA * 


__ . 4 right angles . AB . 

Now, since — is a constant quantity, 7^7-r increases 

27 r X 

or decreases in the same ratio as the angle ACB increases or de- 
arc . 

creases, and therefore a proper measure of the magni- 


tude of an angle. 


Wherefore an angle may be said to be equal to 


the subtending arc 
radius 


Cob. 1. If 6 = — , then Arc = rd. 
radius 
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Cor. 2. Since the circular measure of an angle (arc radius) 
becomes unity when the arc is equal to the radius, the angle 
which is subtended by an arc that is equal to the radius is the 
Unit of the Circular measurement of angles*. 


• The theory of An^^ular Units may perhaps be rendered more intelligible 
in the following manner. 

From Art. 100, it appears that Angle cx: - ; wherefore > 

where c is a constant quantity, whose value may be determined if a particular 
angle be taken for the unit of measurement; and, conversely, if a particular 
value be assigned to the constant quantity c, the magnitude of that angle may be 
determined which, in consequence of such assumption, will become the unit of 
measurement. 

For the purposes of analytical calculations it is convenient that the above 
equation should be of the simplest form possible, and this will be the case if c be 
taken = I ; the equation then becomes Angle = arc radius. 

Now to determine the angular unit implied in the assumption r = l, make in 
this last equation, the Angle = I, the arc then which subtends this angular unit 
is equal to the radius. In the case therefore, that any angle is repre'^ented by 
the ratio arc -- radius, the unit of measure is that angle which is subtended by 
an arc which is equal to the radius with which it is de^cribeu. 

Again, if c have any particular value (as a) assigned to it, then the angle 

that is the unit of measurement, is such that its arc =- .radius ; for in that 

a 

case the general equation becomes, Angle = o x - = 1. 

Example. The unit of measurement being the fourth of a right angle, find 
the relation between any angle, its arc, and the radius. 

Generally Angle - c . . 

^ radius 

In this case, when tlie angle taken is the unit of measurement, 

the subtending arc subtending arc of of a right angle 
radius radius 


_ I arc subtending tv o ri ght angles __ j 
~ ^ radius - 8 


Wherefore 1 = o. 1 ir, and e = - , 

O TT 

the general equation would become, on the supposition that of a right angle 
& arc 

is the Angular Unit, Angle = — . * 
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101. In the preceding Chapters the magnitude of an angle has been measured 
by the number of tirMs it contains a fixed ar^d definite angle (which is the 
ninetieth part of a right angle, and is called a degree), and its subdivisions; for 

* , . . ^rc . , 

several analytical investigations, however, the circular measure — is much 

more convenient. The circular measures of angles will, generally speaking, be 
denoted by the letters of the Greek Alphabet. 


102. Having given the circular measure 

angle, to determine how many degrees the angle contains ; and 
conversely. 

Let 6 be the circular measure of the angle which contains 
A degrees. 

Since = 27r, and the circumference subtends 

radius 

four right angles, therefore Stt is the circular measure of four 
right angles. 


Nov 


Al 

360 ^ '' 


given angle 
4 right angles 


e ^ 


0 = 2'n‘ . 


360 180 


.A. 


• 0 ) 


= •017453. .. xA. 


And A =360.-^ =— .0 

2ir TT 

= 57-29577... y.d. 


( 2 ) 


Ex. 1. If = 60, 

0 = :^^^.7r = ix 3-14159.. .=1-04719 
1 80 
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Ex. 2. Required the number of degrees, S^-c. in the angle 
which is the unit of measurement when the eh'cular measure is 
used ; i.e. the degrees, ^'C. subtended by the arc which is equal 
to the radius. (100. Cor. 2.) 


Here 


arc 

radius 


1 ; 


TT ’ o 


.'i7"-:?nr»77 

()[) 


17’7'l^»2 
. fiO 


44-772 


And the degrees, minutes, and seconds required are 57‘’, 17'* 44"'77. 

(5()K. 1. Tlic number of ,wo72r/.v subtended by an arc which is equal to the 
radius with which it is described, is f>7-2y577 x 1)0 x 1)0 = 2011204772 = 200205 
nearly. 

The number oi mi antes subtended by the same arc is 3438 nearly. 

Cor. 2. Since the angle subtended by an arc which is equal to the radius 
contains a degree 57 29577 times, the unit of measurement wlien the magnitude 
of an angle is estimated by the circular measure is 57*29577 times as great as the 
unit of measurement when the angle is expressed in degrees. 


103. Pour right angles being represented by 27r, and therefore two right 
angles by tt, if the angle be represented, according to the circular measure, 
by 0, it follows from 24, 25, that 


(Sin 0= sin(2w7r4-0), 

Utn O=-sin{{2« + l)9r + 0}, 
(Cos G = cos (2//7r + 0), 

(Cos 0 =- cos {(2« + l) 7 r + 0}, 
rTan 0 = tan ( 2 w 7 r + 0), 
(Tan0= tan{(2w + l)Tr + 0}, 
(Sec 0 = sec {2n7r + 0J, 

(Sec 0 = - sec {(2 m + 1 ) tt + 0}, 


or — sin (2M7r — 0). 
or sin {(2m + l)7r - 0}. 
or C08(‘2M7r — 0). 
or - cos {(2m + 1) tt — 0}. 
or — tan (2M7r — 0). 
or — tan {(2/* + 1) tt - 0}. 
or 8cc(2mp — 0). 
or - sec {(2m + 1 ) it — 0}. 


104. The Circular Measure of an angle less than a right 
angle is greater than the Sine and less than the Tangent of 
the Angle. Also as the angle decreases, each of the quantities 
B 0 

^ approaches to unity, and on 6 vanishing, each 
does become equal to unity. 
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Let d be an angle less than a right 
angle, and - z - z CAB\ Frdm 

any point C in JC draw CB, CB' perpen- 
dicular to AB and AB'; then the triangles 
CABy CAB' are similar and equal in every 
respect. With center A and radius AB 
describe a circle ; this will pass through 
B'y and BCj^B'C will touch it at B and B'. 
Join BB', cutting AC in N. 



Then {Lcs^endrc* s Geometry^ iv. 9h ore BB' is > BNB' and 
^BC+ OB'. ^ 


i arc BB' BNB' , . (BC+ CB') 
Atr^ AB AB ’ 

.BN , . BC 

or 

that is, 0 > sin 0, and is c tan 0. 

Again ; since 0 lies between sin 6 and tan 0, 

0 , ,tanf? /. 1 \ 

. lies between 1 and r— r, ( i. e. . 

sin 6 sin 0 \ cos d/ 


But when 6 is diminished, cos 6 is increased ; and wlien 6 is 
diminished indefinitely and vanishes, cos0 becomes equal to unity. 
0 

Wherefore becomes ultimately equal to unity, and conse- 

0 0 J 

quently which = "^cos^’ ultimately becomes 

equal to unity. ^Lefebure de Fourc^.'^ 


105. If Q be an angle less than a right angle, 
Sin0<0-i0». 

Sin 0 = 2 sin i 0 . cos 1 0 = i ^ , cos’* 0 ; 

^ ^ cos ^6 ^ 

but — , ( = tan i0), is > i 0. (104). 

cos 
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.*. Sin ^ >2 6 ) cos®i0 > f?{l — sin^l^} 

a fortiori, > 0 {1 ~ (4 ^ 


106. The Sine of a very small angle is equal to the Cir- 
cular Measure of the angle ^ very nearly. 

Since, (105), 0-4^®<sin0, 0 - sin 0 < 

Now if the angle be very small, 0 is a very small fraction 
and a still less quantity, so that the circular measure may be 
written in the place of the sine in any numerical calculation 
into which such an angle enters without introducing errors of 
consequence by the substitution. 


Cor. If a and (3 be circular measures of two very small 
angles, 

sin « _ rt the number of seconds there is in the i a 
sin /i number of seconds in z /J 


Hence 


sin 2" 
siiTF' 


2 siiiS" _ 3 

I' sirrr'“I’ 


And, generally, if ?i be any small number, but not otherwise t 


sin w" 71 
sinl" 


Sin 2"= 2 sin 1", Sin 3"= 3 sin I", sin 7i" = ti sin 1". 


107. Required the number of seconds contained in the angle 
of lohich 6 is the Circular Measure. 


Let a be the required number of seconds. 


Now, in the same circle. 


Arc subtending a" ^ a 
Arc subtending I" 1 ’ 


arc subtending 

radius 

arc subtending 1"* 
radius 
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^ . arc subtendinff a" « , . 

But, by hypothesis, - — — ^ ^ 


a very small angle, 


arc subtending l" . ,// ^ 

••• -— radius --- 

e 

a=-. 
sin 1 

a result which is often of great practical use. 


108. 77ic Area of a Circle of radius r is irr". 


The Area of a Rejjular Polj'gon of n sides inscribed in the Circle is ti times 

Sir 

the area of a triangle two of whose sides arc r, r and the included angle is ; 


» 7 ’" isir „ •> 

Area of the Polygon = n . — sin — = nt'i — 

“ * (?) 


Now as tlie number of the sides increases the Area of the Polygon approaches 
nearer and nearer to that of the Circle, and when n is infinite becomes identical 

‘^TT 

with it : in which case -- becomes an indefinitely small angle, and therefore 
n 

flrr IItt 

sin ; becomes 1. (104.) 

1L u. 


Area of the Circle s= Trr". 


100. De3ioivrf/s Theorem. To shew that for any value 
of m, 

(cos 0^ J —I sin Oy" = cos 7nd =fc 1 sin md ; 
the tipper signs being taken together, or the lower together, 

(Cos d ± 1 sin 6) (cos 0 ± ^ — 1 sin 0) 

= cos^d — sin* 0 =!= ^ - 1 2 sin 0 cos 0). 

Or, (cos 0 =t ^ — 1 sin 0)* = cos 20 ± *7 - 1 sin50. 

Again, (cos 0 ± ^ — 1 sin 0)® (cos 0 =*= ^/ — 1 sin 0) 

= (cos 20 ± ^ ~ 1 sin 20) (cos Q^J—\ sin 0) 

= (cos 20 cos 0 — sin 20 sin 0) =fc ^ — 1 (sin 20 cos 0 + cos 20 sin 0) ; 
(cos 0 ± ^/^ sin 0/= cos 30 ± ^-T sin 30. 


5 
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Suppose this law to hold for m factors, so that 
(cos J -1 sin0)*"-cosw0=fc<^ — J sin 

then (cos — \ sin 0)”*+^ 

= (cos Twd =fc — 1 sin mO') (cos 0 - 1 sin 0) 

= cos 7W0 cos 0 — sin r/?0 sin 0 =t (sin ?/i0 cos 6 + cos m6 sin 0) 
= cos (m 4- 1)6^ J-l sin (m + 1) 0, 

If therefore the law hold for m factors, it holds for m + I 
factors; but it has been shewn to hold when 7 n = it therefore 
holds when m = 4, and so by successive inductions it may be 
proved to be true when the index is any positive integer. 

Again, (cos i sin = - - - - / . - [ 

(cos 6 ± 1 sin 6 ) 

cos*0 + si 11*^1 j"* 

Icos 0 i 1 sin 6 J 

= (cos 6 =F 1 sin d)”‘, by actual division ; 

= cos md=^J- i sin mO - cos (— niG) ^ J- i sin (- itiO); 
which proves the theorem for negative integral indices. 

(cos sin Oy = cos md ± ^ ~ T sin mQ, 

But (cos ~ ^ =*= J- 1 sin ^ ^)"= cos 1 sin 7 n 6 ; 

(cos B^J-\ sin 6y= (cos - /ITi sin - 6)”; 

(cos ^ 1 sin = cos— ^ ± J^l sin - 6 : 
which proves the theorem for fractional indices. 
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Cor. By the theorem just proved, 

(cos </>'i \/^ sin </>)"• = cos m<f> ±\/- 1 sin 
m being positive or negative, whole or fractional. 

Let = 2p'tr + 0, where p is any integer ; 

Cos </) = cos {2pTr + 0) = cos 0, I ^ 

Sin <l> — sin (2p'ir + 0) =* sin 0, j 

First, let the index of (cos0±\/ —I sin 0) be integral, as m ; 

Then Cosfn</> = cos (2m/)7r + ni0) =r cosw»0, 

Sin m<f} = sin (^mpir + md) = sin md. 

Second, let the index be fractional, as ^ ; Then jo, being an integer, may 

l)e represented by </ji + r, where q may be 0 or any integer, and r may be 0 

or any integer less than n; 

Cos ~ = cos ~ (Sp-TT + 6) — cos — I 2(qn + r) tt + 0 } 

«= cos { wjy . 2-^ + ^ (2rTr + 0) } = cos ^ (2rir + 0). 

Similarly, Sin ~ «/> = sin ~ (2rjr + 0). 

From these two cases, therefore, it appears that the theorem 
nii^ht have been thus enunciated; 

If the index he an integer, 

(cos Ozh J— i sin f)’”= cos mO ^ J -- 1 sin mQ ; 

If the index he fractional, 

(cos 0 =1= 1 sin (?)" = cos ~ (2r7r + 0) ± sin ^ ( 2 r 7 r + 0) ; 

where r mai^ he 0, or any integer less than n. 

[Notr. It is to be observed that by giving r all values from 0 to n — 1 
there will be obtained from the second member of the second equation the n 
diiierent values of 

(cos 0 ± n/^ sin 0)». 

Also these values will recur if r have values given it which are greater than 
~ 1. For taking r ^ pn + q, where p is any integer, and q any integer less 
than n, 


5—2 
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Tn vti 

Since — {2(7)ji+ g-) '7r + 6j =2»77r + - (2<77r+ 0)» 

therefore the cosine and the sine of ^ {2 (jon + q)rir-{-Q\ are respectively equal to 
the cosine and the sine of ^ ( 277 r+ 6), and the numbers q and pn-\-q when sub- 
stituted for r give the same value for (cos 0 ± V — 1 sin 6)"]. 


1 1 0. If 2 COS 6 he represented hi/ x + — ^ then 2 J— 1 sin 6 

/ 1 ^ ^ 1 

ivlll he represented hij 2 cos in 0 hij and 

2 *7— 1 sin 1110 hy x”' — ^ . 

For - siivO = ~ ^ = 4 ^ “ d 2 + pj ; 

2^— 1 bin 0 = a; — ; 


And since 2 cos 0 - x + - , by addition and subtraction, 

X 

X = cos 6 + 1 sin 0; and ~ = cos 0 — sin 6; 

X 

i .r”* = (cos 0 + ^—1 sin 0)”* =5 cos mO + /^ — 1 sin mO 
~ = (cos 0 - J - 1 sin Oy* = cos ?n0 l sin inO, 

a?*" + -^- = 2 cos jnO ; and x"^ — ^ = 2 J- 1 sin niO. 

X X 

Con. By taking the equations of the corollary to (109), the following results 
arc obtained; 

(1) The index being an integer, 

2 cos m0 = ~ ; 2 sin rn0 = a"" — - ; 


(2) The index being a fraction 




2 cos ^ (2r7r + 0) = a’* + ; 2 sin “ ( 2 r 7 r + 0) = a* ;; ; 

X* af 

where r may be 0 or any integer less than n. 
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111 . To express any positive intefiral power of the Cosine 
of an anale in t^ms of the Cosines of the multiples of the 
angle, * 


Let 2ccs0 = jc+i-, 2 cos 7i0 = .r* + i (^N)). 

X X* 

Now 


/ T\* • w — 1 ^ w-ll 1 l,,x 

(2 cos 0)" = f .r+ -j = ,4 




.( 2 ). 


^7 - 1 w - 2 « - 4 4 1 

'' * 

If n be odd; the sum of the two middle terms of (1), viz. 

the f ^ (w — 1 ) 4 1 and the { .1 (» — 1 ) 4 2}“‘, 

(which have the same coefficient, being terms equidistant from the extremities 
of the series (1)), is 

n-l n-i(n-l)4l / K 

n.-— ... ^ — .(<r4-). 

Hence (2) becomes 

(2 cos6)"= 2 cos 710 4 / 1 . 2 cos(7i — 2) 0 + ... 

n — 1 n~yn4l , 

n . ... , ; when n is even, 

2 1 n 


n — I 4 (n — 1 ) 4 1 

•“2"**' 4(/7-i7— 


. 2 cos 0 ; when n is odd ; 


71 *— I 

2*-^ cos" 0 = cos 710 4 n cos (71 - 2) 0 + « . — ^ — . cos (ti - 4) 0 4 — 


the last term of the series being 

I - 1 71 - ^ 71 4 1 

T"‘* 471 

Cob. Thus, when 71 = 2, 2 cos*0 = cos 20 4 

71 = 3, 4 cos® 0 sr cos 30 4 3 cos 0, 

n = 4, 8 cos^ 0 = cos 40 4 4 cos 20 4 3, 


4 ^71. 


4 71. 


; 71 being even, 

cos 0 ; n being odd. 
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112 . To express anp positive integral power of the Sine of 
an angle in terms of the Sines and Cosines of the multiples of 
the angle. 

Let 2\/^ sin6 = ar- sin w0 = or* - 

X XT 

And (2V=Tsine)* = ^ir- 

^ {'• + (^)’} - » • K"+ (ir)”*l + + (ir)”! 

1. Let n be even; 

then (VrT)" = (Vri)’'l={(N/r7)!}5=(_l)5; 
tn Nth 

and the middle, or i- + ] I , term of the expansion (1) is 

, n— 1 n—in+\ 

— 1 ^- 

Wherefore when n is even the series (2) becomes 

(- Ifi 2- sin"e = (x" + - » (x^ + + n . . (^-* + jL) “ - 

IX- w-4rt+i 

+(-]>«.- g-... - 

= 2 cosnO - n 2 cos (n - 2) 6 + » . . 2 cos (n - 4) 0 - ... 

, ,• n-1 «-5«+l 

+<->)'»•— -— 4 —’ 

• n-1 

1)5 Bin*0 = co8n9-nco5 (»-2)0 + n . — — . cos(7» - 4)0 - ... 

.X «-l n-in + 1 

- — p — • 



PLANE TEIGONOMETRT. 


71 


2. If n be odd, th^n = VTI {\/ri)-;i = (_ VTi ; 

and the last binomial in (2) is 

Wherefore, when n is an odd number, the series (2) b 2 come 8 
% 

(- 1 2- sin*0 = (x* - i) - « 

, n — \ 71 — <l(n-l) + l / 1\ 

i)- 

= 2 V- 1 sin 710 — n 2 sin (ti - 2) 0 + ... 




71-1 

. (_ 1 2*-^ sin" 0 = sin w0 - w . sin (ti — 2 ) 0 + » . — , sin (w - 4) 0 + . 


..-iSiii*'--- 


113. Having given Tan to Jind Tan n0. 

Cos 710 + V— 1 sin 710 = (cos 0 + V— 1 sin 0)"= (cos 0)" (1 + V — 1 tan 0)" 
=^(cos0)"|l + 71 tan0— 71.^^ .tan^O-n.^^i . ~^.v^tan»0+ ...| (1). 

And equating the possible and impossible parts of this equation, 

( n — \ 71-1 71-2 71-3 ) /ov 

Cos7i0 = cos"0| l-Ti.-y-.tan^O+Ti.-g-.- .tan^0-... j ....(2). 

Sin 710 = cos" 0 I 7itan0-7i.— g— . . tan»0 + ... | (3). 


♦ Cos 710 can be expanded in terms of cos 0 alone, when ti is a positive integer, 
by an algebraical calculation, but tlie problem is solved more easily by means 
of the Differential Calculus. [See Gregory's Examples.] 
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Tan 710 = 


sin 720 
cos nd 


71 tan 0 - w . — ^ tan ^0 + ... 

1-71."“.^ .tan 20 +... 


Con. be a positive integer, the series (1) will terminate, and the last 

term is (V- 1 tan 0)”. 


1 . Let 72 be even; then 

(V - 1 tan 0)“ = (V- 1/ ‘a tan" 0 = ( - l)u tan" 0 ; 

n 

therefore the last term is (- 1 )^ tan" 0 , and 

71 tan 0 - 71 . —^1 . . tan3 0 + ... + (- l)is 71 . tan"-’ 0 

Tan 720= ■ — ■■■ j ‘ 

1 — 71 , - - tan* 0 +....+ tan ” 0 


2. Let n be odd ; then 

(n/^ tan 0 )" = tan” 0 = (- 1 )i (’•-’) tan" 0 ; 

therefore the last term of (3) is (— 1 )’(»-') tan” 0, and 

n tan 6 ^ . tan'’ 0 + ... + (— 1 tan" 0 

Tan 710 = 

1 - 71 . ^ 2 ■ ® + + (—!)* n tan"-’ 0 


114. To shew that Cos o = 1 — 


1.2 1 .2.3.4 


and Sin o = a - 


1.2.3 1.2. 3. 4. 5 


By 113, (2) 

Cos 770 = cos"0 {1 - 71 . -- -i. tan^0 -hw.- . - . - ■ — . tan^0 - ...\ . 

t 2 , 2 o 4 7 


• The sign of n tan"-’ 0 is the same as that of tan"0, because every odd 
term in the expansion ( 1 ) has the same sira as the term immediately following 
it; and when n is odd, n tan"-* 0 is an oad term, and has therefore the same 
sign as tan" 0 . 
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Let nd = a, and « = » , 
0 


Cos a = cos" 0 1 


n ( 1 « “ ^ ® a - 20 a - ;i0 / tan 0 \ ^ / 

=cos-e|l-a. 

Now this is true whatever be the value that is given to 0. 

I-<et then 0 be written for 0 ; 

In this case = 1, and cos 0 = 1, Art. 104, 

and with regard to the value of cos" 0 when 0 = 0 and n is infinite, 

A • o«\- , n . „a w-21 ..a 

\ nj \ n) 2 71 2 2« n 

,2 . a . 

1-- „ /sin-y* 


o /sin- 

= -j;) 


2m 


\ if 

71 


« /Sin-.’ 

n a-" I ?i \ 

2 V “ j ~ 


but the limit of sin when a is constant and ti is increased indefinitely, is 1 ; 


Wherefore all the terms of the above series which is the value of 
vanish in the limit, except the first, 

1= limit of 






... Cosa=l -— +1 - 

By a similar substitution in 113, (3), 


when a is constant and n is increased indefinitely. 

( 1 ). 


Sin cc = a '■ — 

1 . 2 . 3 ^ 1 . 2 . 


3.4.6 


( 2 ). 

If a be less than (or a right angle), the series (1) and (2) here obtained 
are immediately convergent. 


Note. To arrive at these expressions has been sup- 
posed to become 1 when 0 is written for 6, which is the case only 
when the angle is referred to the circular measure. Hence o, 
which is equ^ to nQ, is also referred to that measure in the series 
(1) and (2). 
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Cor. If a be an angle so small that a® and Iiigher powers of a may be 
neglected when compared with unity, equation (I) becomes 


Cos a = 1. 


If a®, be retained, but higher powers of a be neglected, (1) and (2) 
give, 

•Sin a =r a — — ; Cos a = 1 — ; 

b 2 

approximations which are often practically very useful. 


115. If 6^^”^ and ^ be c:fpandcd in terms of QJ- 1 

and — 0 — 1 in the same manner as €* is expanded in terms of x 

in the series, 

€»=l + 4r + ~ + + (App. I. 18. Cor.) 

then, 

(1) Cos0= ,] .(c^VZi (2) sin0 = ^~-=^.(€0V^-e-^^)- 

For. e^vr, . 1 , e vri ^V-T^ ... 

and e-«V=I=I-avCl_^.^^.Vn+.^^_... 

... £9V^ + e-9>CI»2(l-^ + j-®^-^-...) = 2cose; (114), 

and £9V:n_£-9V=i = 2 V~1 (6 - + ...) = 2 V=1 sind; 

Cose=^(£9''=i+e-9''=») (1). 

And, Sin e = ^_j. (e® V^_e-9 ''^) (2). 

M V — 1. 

« sin 0 1 

AUo, Tan 0 « ^ ^ ^ • 

and multiplying the numerator and denominator by 

1 6 \CT _ 1 

■'"'■vri-TSv^T-, <’'• 
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116. Gregorie's Series. To prove that 
6 — tan 0 J tan® 0 | tan®0 — . . . ; 

where 0 lies between - ^ and + 4 


Let 6 =s rnr 4- 6>„ ; where 0 q is any angle between — ^ and + ^ and n any 
positive or negative integer. 

Then Cos 0 = cos (rnr + 0o) = (- 1)* cos 

Now e»r-sCI = cos TT + V— 1 sinir = — 1 ; 1)" = \ 


\ = eWrrVTI ^ 

And from (1) and (2) of Art. 115, 

= cos 0 + V— 1 sin 0 = cos 0 (1 + tan 0 ) 




1 + V— 1 tan < 


. V-i 0 


le e® +1^ cos 00 + (1 + V- 1 tan 0) 

,•. OV— I r= mr\/— 1 + If cos 00 + tan 0 + ^ tan^ 0 — \ \/^l tan^ 0 - ... 


and equating the impossible parts of this equation, 

6 = mr + tan 0 - tan^ ® ^ ^ G )• 

If 0 lie between -t^TT and + ^TT, n = 0 and the above becomes 

0 = tan 0 — ^ tan^ 0 + ^ tan® 0 — ; (2). 

which is Gregorie’s Series, 


And generally n must be an integer so taken that 0 — nir shall lie between 
-• and + ^TT. 

The series (1) is convergent only when tan0 lies between -1 and + 1 ; that 
is, when Q — mr lies between and + Ptt. 

Cor. Tangent of half a right angle, (or tan ^-Tr), = 1 ; 

•r 1 1 1 1 1 2 2 2 , 

*’* 4 " 11'*’**-“1.3‘^5.7'^9.H 

^=8. 

a series not convergent enough to be of much use for calculating the numerical 
value of TT. 
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117’ Euler’s Series. To prove that 


C 3r2>'^5.2* ■■■)''' (s 3. 3* ■‘■ 573 “ ■■■)■ 


Tan-* 1 - tan-* ^ = tan-* j = tan-* J ; 


tan-* 1 = tan-* ^ + tan-* 1 , 


and Tan-* A ; 


1 1 1 


; + Tan-4 =5- 3^,3 ...(llfi) 


fl__L+_L_ 

Uf 

1 


\2 3.2^ 6 . 2 “ 

7 + V 

3 3.3->‘' 

h — - 
^5.3“ "7 


a series which converges much more rapidly than that deduced in the Corollary 
to the last Article. 

1J8. Maciiin’s Series. To prove that 
4“^\5 3 . S " 5 . "7 \239 / 


4 tan-' 7 = 2x2 tan-' 7 = 2 tan-' , = 2 tan-' 

5 5 1 * i 

^ “5'5 

10 

. 1 12 120 

e= tan-* — ■ = tan-* tt—- , 


120 119 1 

and tan-' - tan-' 1 = tan-' — = tan-' ^ ; 

’+119 

or 4 tan—* — s= tan—* — — ■ : 

*““* 6 4 239’ 

••• 

_ T n 1 1 \ n 1 1 ) 

•■• 4 “ U 3.S» + 5.8« "7 "t239" 3.(239)*‘''5.(23»)'‘ " r 

In this way it is found that x =3*141592663689793 
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Con. 


Since 


Tan-'l + tan-'^ = tan-> 


1 


1 1 


yy * 23y 


s= tan“* 


338 

238(10 


tan-* 


1 

70’ 


^ = 4 tan-* i - 1 




yy’ 


a series by means of* which Mr Kutherford (P/tiL Trans. 1841) succeeded in 
determining the value of tt to 2(M] places of figures. 


Miscellaneous ruoposiTioxs, .«!Iiewing the Applicattox op the 
Theorems and Formula: of this Chapter. 

119. Having given Tan a, Tan/9,...Tan/\, fo /ind Tan (a+/5+...+A). 

( Cos a + \r ^ I sin a) ( cos/3 + V'T] gin ft) 

= (cos a cos /3 - sin a sin ft) + (cos a sin /3 + cos /3 sin a) 

= cos (a -h /?) + bin (rt + ^) (1 ). 

Suppose this law to hold for n factors, so that 

(cos a + V- 1 sin a) (cos /3 + V- 1 sin /3) ... (cos k + sin 
= cos (a + ^ + ... + k) + bin (a + /3 + ... + #c) ; 
by introducing another factor, 

(cos a + V- 1 sin a) ... (cos k + sin k) (cos \ + sin X) 

= {cos (a + /3 + ... + ic) + sin (a + /3 + ... + k)} (cos X + sin X) 

= cos(a +/3 + ... +X) + sin(a + ^ + ... + X), by (1); 

and therefore the law holds for rt + l factors. 

But by actual multiplication the law has been shewn to hold for two factors, 
it must therefore liold for three factors, and thus by successive inductions it is 
concluded that it holds for any number of factors. 
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Let Si = the sum of the quantities Tana, Tan /9, Ss ~ the sum of the 
products of every two of them ; S^ = the sum of the pro lucts of every three of 
them; and so on. 

I 

Then, Cos (a + + ... + X) + sin (a + + ... + X} 

= (cos a + v'- 1 sin a) (cos p + V- 1 sin/3) ... (cosX + sinX) 

= cosa(l + V-l tan a)cos/3(l + V- I tan /?)... cos X ( 1 + V- 1 tan X) 

- cos a cos (3 ... cos \ (1 + V- 1 s, - .% - V- 1 a:, + .S'. + 


1 rood' a Algebra^ Art. 2/1 • 

Hence, by equating the possible and impossible parts of this equation, 

Cos (a “1' (3 + ... + X) = cos a cos /3 ... cos X (1 — + Si — Si, + ..•) 

Sin (a + -f ... -f- X) = CCS a cos ji ... cos X (Si - A'*., -f- — •••) 

sin +• /9 + ... + X ) A^j — jSg H” Sr, —• ... 


.-. Tan(a+/3 4.... + X) = 


cos (a + + ••• "i* X^ 1 — A’_ + A 4 — ... 


If there be 7l of the angles a, /3, ...X, it may be shewn as in (1111. Cor.) that 

Tan (a + ^ + ... + X) - + ^- , „ even. 

1 — Aj + «y4 — 1) ^ A» 


1 s„__ 

1 — A'5j+ ^'4 “••• + (— 1)^ ^ 


n odd. 


120. If Sin p = sin P . sin (z -f p), required lo expand p in 
Icrms of Sin P and of the Sines of z and its multiples. 

llymers* Astronomy., Art. 247- 

Since Sin p = — ^ (cpV-i by (115), the equation becomes by 

substituting such values of Sin p and Sin (z + p), 

- — - — — €”-r V-l) s=- sin P — V^l 

2 V- 1 ^ 2 IV -1 

and, by multiplying both sides of the equation by 2 V- 1 . £J» 

= sin P (6(-+5«p)\^ - €-* VTij 
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(1 _ sin = 1 - sin Pe-* v'- 1 ; 

' ... = * 

1 -sin.P£'V-l 

.•. 2p V— 1 = 1« n — sin P^~‘ ( 1 - sin Pf' ) 

= - sin /'£- V^l - I sin’ /'£-’• J sin’ _ ... 

+ sin Pe‘ ^ sin’ Pe ’• ^ sin’ /’f’' ''/• l + ... 

Appendix i. 14. iii. 

.■.p = sinP ---.^(e'''-*'-6-''^) + 4sin’/>- 

2V-1 SV-l 

= sin P sin^ + ^ sin* P sin + L sin'* P sin 'Sz +... 


Con. The number of seconds contained in the angle j», wliich is expressed 
by the circular measure, is ( 107 ) 


p _ sin P 
sin 1" ” sin 


P . s sin* P . _ , sm'* P . _ 

,„sin5f+J ,,, sin25f + -\ ,,, sm + ... 

1 ^ sin 1 ^3 sin 1 


s n P . sin* P . ^ sin'^P . ,, 

: — t:: sm z + sin 2z + sin + ... 

sin 1 sin 2 sin «5 


121. In the same manner if tan 1!— n . tan /, and the tangents 
he expressed in terms of / 1 and ^ J — \ by the formula of 

(J 15), it may be proved that, 

1 ~ w 

I'-l — msm 21 + sin 4-7- A/w^sin 6/+ ... where 7w= , 


Cor. The number of seconds in V, is (107) 

V I ^ m 
sin 1" sm 

m sin 21 fn* sin 47 


sm 1" ' 


~ sm 27 + A — ,-r, sm 47 - 

1" 2 sm 1" 


or = — . 

sm 1 


sin 1" 


sm 2 " 


[The angle 7, which is the observed latitude of a place, is read off in degrees, 
minutes, and seconds from the instrument by which the observation is made ; 
therefore to find the degrees, minutes, and seconds in V, the only computation 
necessary is to determine the number of seconds in the latter part of the series, 
viz. 


m 
sin I 


,m2/+— 2„sm4/- 


...] 
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TOO To cxnand - - — 7 . « series of the Cosines of d and 

^ 1— ecosa 

Us muJlipIes; e being less than 1. 

r.y hypothesis, c is less than 1 ; and since ^ — 26 + ft^ being a 

square, is necessarily positive, is greater than mb. 


Let c = 


2& 

l+i“‘ 




2 /l_/,2\2 

1 . 

Whence, = 

/. h 


(1 + ^*)- 

1 _ V 1 _ 1 w 1 

i+Vi-c2~ ixVi^“ 


i+i* 


Then 


'l + \/l-<;2 
Let 2 cos e = A’ + - . 

tV 

1 1 


'l-ccosO'’" , _ ^ 

l+b'^ 




.r A n 

Assume - - — .7 tt - f “ 7 " + 7 ? 

(1 -Ij a’) (.e ~ b) 1 — bu: oc -b 


M'hcnce, by putting j- successively equal to - and 6 , 


4--’ V- '> 


'Wherefore, 

1_ 

1 - c cos 6 


1+^^^ i 

^ ^ , M 


^1 — i.r ^ o’ — b/ 

1 + ^2 
1-62- 

/I ^ 1 \ 

1 + i* 

1 1 + ijr + ^ 

1-^2- 

1 *i "i" 

i -P 4?8 
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^ . {1 + 24 cos e + 24» cos 20+ ...} 

1 ^ 

= -J. {1 + 2b cos e + cos 2d + ....1. 

Since e is less than 1, b. or f - . - , is small, and therefore this series 

* l + vl-c-* 

converges rapidly. 

Cor. The equation to an ellipse is r = a , the focus being the 

1 ” C cos 1/ 

])olc and 0 being measured from that vertex which is the further from the 
iucas ; 

r •- a Vl-( " {1 + 2b cos 0 -1- cos 20 + ...] ; where b -- — ^ . 

1 + V 1 - 


123. The approximations of 114, Cor. to the values of the 
sine and the cosine of a very small angle, may often be applied 
to determine the magnitudes of Astronomical Corrections. 

Ex. 1 . I/' Sin (o) — y) = sin w . cos u, where y is very small, 

required an approximate value of y. 


Here, Sin w cos — cos a> sin y = sin <o cos w ; 

1 y2) sin o) — y cos w = sin to cos u ; 

y cos oj + il, y® sin w = sin co — sin w cos u 

:= sin ai ( 1 — cos u) = 2 sin Cl) sin® ^ u ; 

y U + 5 y ^an («} = 2 tan CO sin* | u j 


2 tan CO sin * u 
1 + ^ y tan CO 


= 2 tan CO sin* 1 w {1 + ^y tan coJ-‘ 


= 2 tan CO sin* ^ w (1 — | y tan co + 


By neglecting the second and all the succeeding terms of the expansion, as 
being small when compared with 1, a first approximation (yi) to the value of 
y is obtained, 

y^ = 2 tan co sin* \ u j 

And by putting for y in the second member of the equation this its first 
approximate value, a second approximation {y^) is obtained; 


G 
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l/o = 2 tan £0 sin- ^ w {1 — tan w sin* u tan w} 

< 

= 2 tan CO sin* ^ « {1 — tan* co sin* «}. 

The number of seconds contained in is (107) 


sill I " 


V,sin 1" 


sin* c} 


tan* CO . , , 
M- „ sin<J-i 
sm 1 




and the two terms of the expression having been separately determined by means 
of logarithms, the number of seconds in y 2 is known. 

Hymers* Astronomy y Art. 170. 


Ex. 2. In the same manner it may be shewn from 
Cos (z + y) = sin 7t . sin s . cos 7?i + cos £r . cos «, 
where ^ and 7i are very small, that 


The number of seconds in y is 


_ 7/ _ 
sin i" 


n cos m %* 
sill 1" MU 2" 


cot j:? sin" m, 


nearly. The terms of this expression arc, as in Kx. 1, determined separately 
by means of logarithms. 

Jlymers'' Aslronomyy Art. Ifll, 


12 - 4 . The cx])rcssions of Arts. 115, 110, have been employed 
ill Arts. 120, 122, to expand certain quantities in the forn> of a 
series. The operation can be reversed, as in the following 
instances. 

To find Ihc srnn of the series, 

(1) Sin a -I- sin 2a + sin l\a + ... + sin na. 

(2) Cos C7 + cos 2a + cos 3cz + ... +cosna. 

(1) Let 2 n/- 1 siiiff =.i ; 

2 V- 1 sin 2o = a*— (HO). 

A'“ 

2 sin 3a = a?* — ^ 

a"* 


2^/— 1 sill na = 0 ?" - 


i- 
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representing the sum of the series (1) by S, 

y 


.r" - 1 


i — I ^+1 _i_ -L _ j. __ 1 

. « 

' j? - 1 _ 2 a? - i 

X 


^ ^ ) _ 2 cos ^{2n-\-\)a — 2 cos ^ a 

2 V - 1 sin '^a ’ 




S = !“• jcos Aa - COS ’ (2» + 1) a\ =r . sin .VCm- + !)«. 

2sin^^a ( ^ ^ Binltt ‘2^ ^ y 


( 2 ) Similarly , 2 (cos a + cos 2a + cos 3a + — cos na) 

\ ,r ^ ' sin 1 (2n+ 1) a - sin ii a 


xi 

xt 


__ sin (2;t.+ 1) i 
bin 1 a 


the scries (2) = 


125. The formula? of Chapters 11. and III. may sometimes 
be employed for the like purpose. 


To sum the Series^ 

(1) Sin a + sin (a+ 5) + sin (a + 2i^) + ... + sin {a + (»— 1) &}, 

(2) Cosa + cos(a + i») + cos(a+ 26) + ... + cos {a + (» - 1) 6}* 

6—2 
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(1) Cos (fl - c} 6) - COS (rt + lift) = 2 sin sin . .(51^ 4), 
so cos (a + y 6) ~ cos (a *■ b) = 2 sin ^ i sin (« + b) 
cos (a + :i b) — cos {a 4- {r b) = 2 sin ^ b sin (a -< 26) 


cos [a + J (2n- 3)b}- cos [a + 1 {2ti - 1 ) 6} = 2 sin ^ 6 sin {a + (ji-l )6} ; 
by addition, 

2 sin I b [sin a + sin (a -f 6) + sin (a + 2b) + . . . 

+ sin [a + (?i - 1 ) 6j] == cos {a - r, 6) - cos [a + ^ (2;^ -1)6]; 

, . sin . , , , 

the senes (l)= . sin {« + ^ (w - 1) 6J. 


(2) In like manner, be^jjinnin^ with Sin (« + ;] 6) - sin (a - I b) 
- 2 sin }^b cos a and proceeding as in the last case, 


Cos a + cos (rt + 6) + cos (a + 26) + ... + cos [a + (?/ — 1)6] 


: i ^ ^ cos {« + 4 (w - 1 ) 6J . 

sill A 6 ' ~ ^ 


Cor. Writing a for b in these results, the results of (124) are 
immediately obtained. 



CIIAPTEli VI. 


OX THE SPLUTION OP EQUATIONS AND THE RESOLUTION OP 
CERTAIN EXPRESSIONS INTO FACTORS. 


I2f>, To solve a Q,uadraiic JRqualion^ 

1. Let -|- p,v -<7 = 0 be the equation. 


— 1 V (?+ 0 I -')! ■ 

I-Ct ^'', = tan‘e (1); 

.•..r = -NV' 

' ( tdii tf tan ) 

/ 1 T see 6 / C05? 0 = 1 

^ ^ * tan 0 “ ^ * bin 0 


Now 


cos 0 — 1 
sin 0 


*> 


- 2 sin* ^ 0 
bin 0 cos i 0 


= - tan .J 0, 


and 


co^ 0 + 1 
bin 0 


2 COs2j^i 0 1 

2 sin J 0 COS ^ 0 ~ tan -1 0 ' 


If therefore jr, and be the two roots of the equation, 

.r,=N/,tan,Je. (2); .r, = ^ (3). 

From (1), L tan 0 = 2 + ^ . IxoS' — which determines 0, 

(2), Iio^i = 4 + L tan 5 0- 10, 

(*^)» ^10 — 4 4 ® 


II. If the equation he — px — g — 0, the roots are the same as those of the 
preceding equation with their signs changed ; for the product of the roots with 
their signs changed {- q) remains the same, and the sum of the roots with their 
si^s changed (the coenicient of the second term) changes its sign, but continues 
'tf the same magnitude. ( Wood's Algebra^ 0th Ed., Art. 281.) 
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III. Let the equation be = 0 ; then 




If 


~ be less than 1, assume = sin^ 6 

p* 


Then, Xi and being the roots of the equation, 

.r, = i} ;> (1 + cos d)=p cos" -}^ 6 

Xg = ^ jp (1 — cos d) = p sin^ 6 

From (1), L sin e = 2 + I . li„ - 1,„ j(> + 10, 

(2), Ijo .r^ = lio ;> + 2L cos ^ a - 20, 

9), = ho F + 2L sin ^ 6 -> 20. 


•( 2 ). 

..(3). 


IV. If the equation be x-+px + qzr:0^ the roots are the same as those of 
the last equation with their signs changed. ( Wood's Algebra^ Art. 281.) 


In the last two cases, if be > 1, let = sec‘0 : 

' P'- P' 

then ^ {1 i ^ jp |i i t^n 6 V- Tj, 

and both roots of the equation are impossible. 

These solutions may be employed in preference to the common method oi 
solution when p and q are very large numbers. 


Ex. Required the roots of + 365*42x - 5469*1 = 0. 

By case (i.) L tan 6 = ljo2 + J . )jo3409-l - 385*42 + 10. 

By the tables, , 

1,0 2= *3010300 

|.l,o346y*l 3-5402168 = 1*7701084 

10 


12-0711384 

Subtract l,o 365*42 = 2*5i;27y23 

0*5083481 = L tan I70, 52', nearly; 
^10^1 ~ ^ • ^10 3189*1 -{- L tan 8'^, 58 — 10, 

1 .1,0 3469*1 = 1-7701084 
L tan 8^ 56' = 9 1964302 

10*9665386 
Subtract 10 


•9686386 = l,o9*2584, nearly. 
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Again, Ijo (“ ^ 2 ) =|^ • ^10 3469*1 - L tan 8% 66' + 10. 

10 + 34691 = 11770^84 

Ltan8«, 56'=: 9*1964302 

2*5736782 = lio374 69 nearly. 


Hence the approximate values of the roots of the proposed equation are 
9-2504 and - 374 69. 

After was found, might have been more easily determined from the equation 
- (;ri + o’o) = 365*42. ( TVoocTs Algebra, Art. 271.) 


127 . To solve a Cubic Equation. 

Let the equation when transformed, if necessary, to another which wants the 
second term (TFood's Algebra^ Art. 284), be — r = 0 ; ifa = “, this 

equation becomes - qri^y — rn^ = 0. 

Now Cos'* </) - f cos </> - \ cos 3(f> = 0. (55, Cor.) 

And this equation is identical with the equation y^ - qn^y — rn^ = 0, if 

(1) Cos(/j=y. 

(2) -^^qn^; and .*. 

(3) \ cos 3<ji - rn^; and .*. Cos 3(p = 4r»® = • 

Let a be the least value of 3^ which satisfies the equation (3) ; then one 
value of y is cos </>, or cos 1 a. 

Also since, (103), Cos a = cos(2m'n- i a), the two other values of y arc 
contained among the values of Cos ^ a), 

Now wi, being an integer, must be of one of the forms 3/), 3p i 1, 

and Cos - = cos {2pir i J a) = cos J a. (103). 

^ 2(3od= 1) Witt /_ , 2w±a\ S-iria 

Cos ^ = cos ( 2/>7r ± — j = cos — g . 
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Wherefore the three, values of y are 

CosJ-a; Cos^( 27 r + o); Cos^( 2 x-a); 

and the three values of x. or — , are 
n 

2V^^.cosJa; 2 \/y cos ^ (2-^ + a) ; 2 V ^ . cos J (27r — a). 


128. The snhflion of a cubic cqua/lofi give??. In the last Article 
applies to those cases onhj n^hcre all the roots are possible: i e. to 
the wrcduclblc case of Cardan* s Rule. [^JVood*s Algebra^ Art. 831.] 


Since Cosa is necessarily less than 1 , 





'which is the irrcilucihlc case of Cardan's Rule. 


120. To resolve the equation x"”-> 1 = 0 Into its quadratic 
factors, n beljjg a positive integer. 

Here 1. 

Now (cos 0 4- _ I sin 0 )"* = cos 2 n 0 + V ~l sin 2 ;i 0 , 

- tn'rr 

and it 0r2-— , m and n being positive integers, 

C rmr r—r . rmr\^^ , . 

cos — + V — 1 sin ] = cos 2T7i7r + v — 1 sin 2 wtt 

n n J 

= 1, since sin 2m7r — 0 ; 

= a-s* ; 

tniT / — : . fnir 

ar = cos f-v-Jsin . 

n n 


Now m, being an integer, must be of the form o . 2 n + r, 'W'here p is 0 or 
any positive integer, and r is 0 or any positive integer less than 2 n. 

/. {p, 2 n + r)ir i — = . (p.2n4-r)<7r 

herefore, x ~ cos — + v - 1 sin - 

n n 

= cos ^ 2 p 7 r + + V- 1 sin ^ 2 p 7 r + “ ^ 

ss cos ^ 1 sin ^ , by ( 103 ), 



PLANE TRIGONOMETRY. 


89 


And for r writing 1, 2, ... 2» - 1, successively in 


X — cos — h 
n 


rir / — -j . rir 
V - 7 sin - " ; 


(1) If 

r = 0 , 

.T= 1, 


( 2 ) 

r=l. 

v , — . rr 

X == cos - 4 V - l S’.Il -- , 
u n 


(3) 

■* 

II 

2 -t — - . 27r 

X - cos h V - 1 sin — , 

n n 


(n + 1) 

r — 

.r--l, 


( 2 n - 1 ) 

r -2n- 2 , 

2 ri -2 , . 

•r “ cos - -n- 4 V ~ J sin 

11 

2n ~ 2 

— TT 

n 



27r — r . 27r 

- cos \ — 1 sin - , 

n n 

(ICH). 

( 2 n) 

r ~ 2 n - 1 , 

2)1 - 1 — , . 

X - cos TT 4 V ~ 1 Sin 

n 

2ti -1 

- TT 

n 


— cos - - V - l sin - . 
n n 


Now the equations (1) and (n + 1) give the quadratic factor (.r-l)(.r+l)-.r2—l; 
the equations (2; and (2n) give 

( X - cos ^ — V - 1 sin - ^ — cos ^ + n/ — 1 sin — a ^ - 2 cr cos ^ + 1 ; 

V n Jt/ \ 11 n J n 


and so on ; 


AVhereforc, a*-* - 1 = |a"- 1} \ x^— 2x cos ^ 4 1 | ... j x" - 2x cos - — ^ tt + 1 [ . 


n ) ( 


130. To resolve the equation x""+l=0 into its quadratic 
factors^ n being a positive integer. 


j?2" + l = 0; a‘2» = -l. 


Now (cosO 4 sin 0)*"= cos2n0 +\/- 1 sin 2n0. And making 2n0 : 
(2m 4 l)'7r, and proceeding as in the last Article, 


2m 4 1 _ . . / — 7 2 m 

2n 


-m 4 I / — r - 

jr = cos - TT 4 V - I sin - 

2 11 
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Also, assuming wi = p . 2/i + where p is 0 or an*” positive integer, and 
r is 0 or any positive integer less than 2n, as before, 

2r + 1 t — f . 2r -f 1 

X = cos « - -TT + V — 1 sm - - TT ; 

2/a 27a ’ 


by means of which it may be proved that 

nr 




4- 1 = |.^2 _ 2jf cos ^ + 1} jeV® — 22 *cos — + 1 J ... 

2/A 

2/a — 1 

...[a'®— 2 . 1 ' cos TT + 1}. 


131. To resolve the equation x®"+^~l = 0 into its quadratic 
factors, n being a positive uitegcr. 

As in the last t.vo Articles, 

(cos0 + sin 0)2*+* = cos (2n+ 1) 6 + V- 1 sin (2/a + 1)0 
= 1, if (27 a + 1) 0 = 2///7r, or 0 = > 


z in /“~r . “ 

.r = cos z-TT+v-lsm- . tt; 

2/a +1 2/a + 1 

and making m = p. (2 /a + 1) + r, this becomes 

2mr /— - . 2r7r . 

X = cos r + V - 1 sm .• 

2/a + 1 27a + 1 

M^'hence 

2ir 2/A‘7r 

a-a-tl _ 1 =: {j; _ 1} {j;-2 « 2x COS -y + 1} - 2.A' COS — - -j +1}, 

1 32. To resolve the equation + 1 = 0 into its factors, n 
being a positive integer. 

Here a*'*^^* = - 1, 

(cos 0 + V— 1 sin 0)2"^* = cos (2» + 1)0 + \/~\ sin (2 /a + 1) 0, 
and let (2 /a + 1) 0 = (2/n + 1) -tt, or 0 = | '**’ > 


• Here if r = 0, x - I, and one factor is .r — 1 ; the values of x corre- 
sponding to r = I and r =2/a form one quadratic factor; those corresponding 

to r = 2 and r = 2 /a — 1 form another; and so on. 
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^cos 0 + sin - 1 = ; 


2m + 1 2m + 1 _ , 

j:* = cos , IT + V — 1 sin — TT * 

2n + I 


2;i + 1 


and making m = |).(2/i + l) + r, this becomes 

2r + 1 > — i . 2r + 1 

^.eos^x + V^lsm— 

Whence, as before, 

0 :®"+^ + 1 = [jT + 1 } - 2:c cos + 1 J 


Ofi "[ 

,\x~ - 2x cos^-^ — , 7r+ 1}.* 
^ 27« + 1 


133. To resolve Sin 0 and Cos 6 into factors. 

The values of 6 which satisfy the equation Sin 6 “ 0 are 0, =^2^, 

±37r, ±n 7 r; n being any integer whatever. Assuming then that the series 

which expresses the value of Sin 0 is divisible by 0, 0 — -ir, 0 + tt^ 0 — Jtt, 
0 + 2'7r, A.C., let Sin 0 — a.0(0 — ■7r)(0 + '7r) (0 — 27r) ( 0 + 27r )..., where o is 
some constant quantity whose value is to be determined. 


Sin 0 = i a . 0 (tt - 0) (tt + 0) (2Tr 0) (2ir + 0) 

= -9 •-(*+!) -2- 0-i)-2-(l+£)- 

= 




Sin t 


now if 0 become 0, becomes 1, (104), and this equation becomes 


1 =J=a.'jr^.2V.3V. ... 


• Here the values of j* corresponding to the values 0 and 2n of r form 
one quadratic factor; those corresponding to the values I and 2n — 1 form 
another; and so on. When r is n the value of o’ is — 1, and 1 is therefore 
a factor. 
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Sin9 = e(l^5)(l-^-^)(l-£-) 


(•)- 


^TT 


Again ; the values of 0 which satisfy the equation Cos0 = 0 are i — , ± 
2n■^^ 


— , ... ± 

2 ’ 2 


-TT, ; n being any integer whatever. 


Hence, making an assumption like that in the former case, 

^ , <7r=^ /, 2-’ on/, 22 02\ 

Co»e = ±4.-.— . ... (l- 

-TT® 

Now if 0 = 0, this equation becomes 1 = -t 6 . ~ 




( 2 ). 


Cor. If d -^TT, tlie expression for SinO becomcK, 





^ 02 _ 1 42 _ I (|2 « 1 82-1 

” 2 ’ 2^ ~ ■ " 4‘~~ * ~ 0-* ” * 0- 

TT (2-1) (2 4-1) (4-l Ut + l) (fl - mO-f 1) 

~ 2 ' 2^ 4- ‘ b^ 

2« 4' 

This is Wallis’s Theorem for the determination ofir; in which the successive 
factors become more and more nearly equal to 1. 



APPENDIX I. 


ON THE LOGARITHMS OF NUMBERS, AND THE C:ONSTRUCTION 01’ 
THE LOGARITHMIC TAHLi:s OF NUMBERS. 


1. Def. If n — X is called the Lof^nrilhm of tlie Number 
n to tile Base a ; or the Logarithm of a Number to a given Base 
is that jiower to which the base must be raised to give the number. 

If a logarithmic formula be generally true whatever may be 
the value of the base, the logarithms of the quantities involved 
will be written thus, log ?//, log it ; but if the logarithms are cal- 
culated to some particular base, (as 10 for instance), they will 
be written thus, logioW, logiow; or thus, 

If n = and, while a remains tlie same, successive values 
he given to n, and the corresponding values of x be registered, 
the tables so formed are called Tables of a System of Logarithms 
to the Base aJ* 

It will hereafter (lO) be shewn that a system of logarithms 
calculated to the base 10 is attended with peculiar advantages. 

2. Since if n = a: = ; 

therefore, in all cases, n — af— 

Cor. 1. If x=l, n becomcs = a, and.*.]„a=l. 

If X = 0, a^ (or n) becomes 1 ; and 1 = 0. 

Cor. 2. If a be the base of any system of logarithms. 


since m = 

, and n = 

Jj_ 

2_ 


and 

1 1 



and //M 


a true result, whatever be the value of a. 

Wherefore, 
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3. Required from tables of logarithms calculated to a given 
base, as c, to form tables of logarithms to any other base, as 10. 

By (2), 71 = e'*"* ; n = ; 10 = ; 


and equating the indices of e, 

l,Ai = lglO . lio7i; and lio^ = j 

Hence the logarithms of any number n in two systems calcu- 
lated to any hascs^ as 10 and c, arc connected by a constant multi- 
plier, (viz. which is called the ‘^modulus;” and therefore 

from tables of logarithms calculated to a base e, tables may be 
formed to the base 10. 


CoR. By writing a for 10 in this proof, laW = y- > or, 
the modulus connecting the logarithms of a number in the two 
systems whose bases are a and e, is = — . 


4, The logarithm of the product of any number of factors is 
equal to the sum of the logarithms of the several factors. 

Eor iH . n . r ... = . aL* . alar ... =r 


But m . n .r ... — 

1„ (m . 71 ,r ...) = la7n + \n + l«r + ... 
or, log (w .u.r ...) = log m + log it + log r + ... 

Hence if there be found in the tables the number whose 
logarithm is the sum of the logarithms of the several factors, the 
product of those factors is obtained. 

5. The logarithm o/’ a quotient is equal to the logarithm of 
the dividend minus the logarithm of the divisor, 

I or / = — rp — ; = • 

n a‘an 

=]«ra-l.a; or, log = log 7» - log 71. 

Hence if there be found in the tables the number whose 
logarithm is the logarithm of the dividend minus the logarithm 
of the divisor, the quotient is obtained. 
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6 . The Jogarill^ of the c*'' power of any number is equal to 
c times the logarithm of the number; — being either whole or 
fractional. 

For =5 ; 

/. \(m‘) = c . laWi ; or, log (m') = c . log m. 

U 1 11 

Also, = («“”*/ = ‘ ; 

la (wi^) = ^ ; or, log (w/7 ) - i * log m. 

Hence if any number be given, the c’’* power of it is that 
number in the tables whose logarithm is c times the logarithm of 
the given number ; and the root of it is that number in the 

tables whose logarithm is of the logaiilhm of the given 

number. 


7 . From the last three Articles it appears that the operations 
of multiplication, division, involution, and evolution can be per- 
formed with greater facility by means of tables of logarithms 
than by the common arithmetical methods, particularly when 
the numbers are large. The easier arithmetical operations of 
addition and subtraction cannot be performed by logarithms. 

8. In the common (or Briggs*) system of logarithms, the base 

N 

of which is 10, the logarithms of 10" x N and — - may be deter- 
mined from the logarithm (>f N. 

For lio(10"x iV) = ^iolO” + lioA', by (4) 

= + ... ( 6 ) 

= « + l,i,2V (2, Cor. 1). 

And = 


,( 5 ). 
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Thus from the pages of logarithms printqfl at the end of thi) 
Appendix, 

li„0 = 0-77B15I3 ; 

=]i„10 + lxoG =1 +0-7781513 = 1-7781513, 

1„()00 =l„(10“)+l,„(i= 2 + 0-7781513 = 2-7781513, 

L-6 =1,/)-1„10 =0 7781513- 1, 

1,„-00C 1 ,„(1 O') 0-778 1513-3. 

The last two logarithms are written thus, 1*7781513, 3*7781513. 

Dkf. Tile integral part of the logarithm is called the 
ructcrislic** of the logarithm of the number; the decimal part is 
called the Ma?itiss‘a*’ of the signijicant digits of which the 
number is composed. 

Thus, in 277815] 3, 2 is the Characteristic of the 

Logarithm of the Number GOO, *7781513 is the Mantissa of Uie 
signijicant digit (i. 


9. In the common sifsteniy to determine the Characteristic oj 
the IjO»arilhm oJ' any given Number. 

If a number be between 

1 and lU, its log. is between 0 and 1 ; the characteristic is 0. 

10 and 100, 1 and 2; 1. 

100 and 1(K)0, 2 and 3; 2. 

and 10" ?i~l and n; .* w-l. 


Hence the characteristic of the Logarithm of a Number of n integral places (and 
whicli therefore lies between 10"“^ and 10"), is 7i — 1, or is less by one than the 
number of integral places of figures in the number. 


Again, if the number be between 


1 and 


10 ’ 

iii To)’ 


10 " 


I 


its log. is between 0 and — 1 ; 


— 1 and — 2 ; 


— (n— 1) and -n; 


•*. the characteristic is 1, 


2 , 

n. 


* ‘‘3Iantissa;” a handful thrown in over and above the exact weight; 

an overplus. 
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Hence, the Characteristic of th^logarithm of a decimal fraction having n - 1 
cyphers after the decimal point, is 

Generally therefore, the Characteristic of the Logarithm of any Number is 
the number of its digits minus one ; wiieie if the number be a decimal fraction, 
the cyphers which follow the decimal point are alone counted, and are reckoned 
negatively. 

Wherefore, conversely, if logarithms be given having characteristics 1, 2, 3... 
T, 2, 3... there are in the integral parts of the numbers to which these logarithms 
belong 2, 3, 4 0, - 1, - 2... digits respectively. • 

Thus the logarithms of 245 and 25400 have for Characteristics 2 and 4, and 
the Characteristics of the Logarithms of 2*54, 25*4, 0*254, •0(K)254 arc 0, 1, 1, 4. 

The Mantissa given in the tables for ljo3f»52 is *5025308. 

.*. 1 1^3052 = 3-50253(18, 30*52 = 1*5025308, 

5*5025308, 1,^/3052 = T-5025308, 

lii,*(K)3052 = 3*5(;25308. 


10. The advantages of Briggs' st/stern of logarithms. 

From the last Article it appears, that if the Base of the system be 10, it i 
requisite to register the Mantissa:^ only in the tables; because the Characteristics 
can be determined by counting the digits in the integral part of the numbeis 
whose logarithms are required. This omission of the characteristics renders the 
common tables less bulky than tho^c calculated to any other base. 

Also, from (8) it appears that in this system the Mantissa of N is also 
the Mantissa of 10” x and of — , — where n is any integer: this circum- 
stance renders the common tables more comprehensive than if any other base 
were taken ; for if any other base were used, the Mantissa of N would not 

N 

be the Mantissa of 10”. N, or of . 

10 ” 

In the same way it might be shewn that if the system of arithmetic in 
common use were duodecimal instead of being decimal, tables calculated to ihe 
base 12 would possess the same advantages which have been here shewn lo 
belong to the tables in common use. 


11. The tables of logarithms in common use register, some to five, and 
others to seven, places of decimals, the mantissae for numbers from 1 to 100000. 
Two pages of logarithms are printed at the end of this Appendix, in which the 
mantissie are calculated to seven places of decimals. The line at the top of the 
second of the pages begins with the number 3050 (or 30500), and its mantissa 
*5ti22920 is placed opposite to it. And because the mantissas of all numbers from 
30500 to 30550, (comprised in the first six lines of the page), have the same initial 

7 
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three fif^ures, viz. *562, these three figures are registered ,^once for all, opposite to 
the number 3}»50, and the last four figures of each succeeding mantissa are 
placed under the number to whicj^ they belong. Thus the first line of the 
page is 

hfunJ O 1 2 3 4 I 5 6 7 ^ 9 

r^6.'5() I 562-2!l2« | 3048 | 3167 j 3486 | 340.-) | 3524 ] 3642 | 3761 [ 3880 | 3998 

M^hence is obtained, JMantissa of 3fl500 = *562 2929 

36501 = *562 3048 

36502 = *562 3167 

36503 = -562 3286, 

and so on. 

In tlic same manner, the next line gives the mantisste of numbers from 38510 
to 36519 inclusive. 


12. Since a change in the value of the third figure may not take place at 
the beginning of one of the horizontal lines, whenever a mantissa is sought 
from the tables, care must be taken to get the nghl initial figures. Thus 
(see p. Ill), the mantissa of 36643 is *5639910, and tlie last four figures of the 
mantissa of 36644 are put down as 0029. Now if the maniissa; of these two 
numbers had the same third figure, the mantissa of 36644 would be less than 
that of 36643, which cannot possibly be. A chanp in the value of the third 
figure does, in point of fact, take place here; and the mantissa of 36644 (as 
do those of the numbers imuiediately following 36(544 ; begins witli *564, and 
not with *563. 

Similar changes of the third figure of the mantissa occur at the numbers 
36729, 3(5813, 3(5(598, 3(5983, and are indicated by printing in a smaller type the 
fourth figure of the mantissa; of those numbers. 

The construction and use of the small tables in the last column 
of page 1 1 1 will be explained hereafter. 

13. Examples, (l) To multiply 23 by \6. Art. 4. 
by the tables, p. 110, Mantissa of 23 is *3617278, 

Mantissa of 16 is *2041200; 

.*. lio23 = 1*3617278 
liy 16 = 1*204120) 


2-5668478 

And, p. Ill, the significant digits corresponding to the mantissa *5658478 are 
3680; 

.*. l|o 368 0 or 1 10 368 = 2 5 53478 ; and .*. 368 is the product sought. 
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. ( 2 ) To muUip^ '0172 by * 00214 . 

1,0 -0172 = 2 ?355284 
1,0*00214 = 3-3304138, 

1-5659422, 

= J,o 000036008; p. Ill; 
Wherefore '(Ifl00!i6808 is the product sought. 

(3) To divide 3672 bt/ 51000. Art 5. 

1,0 3672 = 3-5649027 p. 111. 

1,0 51000 = 4 7075702 p. 110. 

2-8573325 

= lio*072; 

Wherefore -072 is the quotient sought. 

(4) To find ihe values o/(15*4)®, and (650)1, Art. 6, 

1,0 15-4 = 1-1875207 p. 110. 


3-5625621 = l,o3052 3, nearly, p. 111. 

.*. 3652-3 is the approximate cube of 15*4. 

Again, !,« 650 = 2-8129134, p. 110, 

.*. i.lio650 = -5625826 = l,«3-6524, nearly, p. 111. 

.*. 3-6524 is the approximate fifth root of 650. 

(5) To Jind ihe values of (*085)^ and of (-000065)^. 

2-9294189=1,0 *085 
4 

5-7176766 

and the mantissa is that of 522006, nearly. Therefore *0000522006 is the number 
sought, nearly. 

Again, l,o *000065 = 6*8129134 = 6 + 1-8129134 ; 

3; 6-8129134 

2-6043044 = l,o *040207, nearly. 

Note. In dividing it is to be remembered that 6*8... = 6 1'8... 

7—2 
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14. To expand 1^(1 +x) in a series asi' ending by powers 

of X. 

Let p denote the logarithm of (l +x) to the base a, so that 
1 + X = Then (1 + a)”* = = { 1 + (« - 1 And expanding 

both sides of this equation by the binomial theorem. 


m— 1 - m- \ 

1 -f mx + m, ^ . X +m , ~ 


7W — 2 
3 


+ 


= 1 +mp (a-l) + mp . ^ . (a - 1 )* 4- - 


and arranging according to powers of 77^, 

1 -f (x--^x^ 4- -Jx®— ...) w 4- Pnr 4- Qm^ 4- ... 

= 1 4- {(a — 1) - cj (« - 1)® 4- 1 (rt - 1)’^~ ...} pm + Pr/r 4* ... 

This relation being true for all values of m, the coefficients of like 
powers of 7n on each side of the equation will be equal; wherefore 

{(a-l)-J(a-l7 + i(a- I)”- = x - .Ix’ 4 Jx’- ; 


••• ^.(1 +ir), =p, 


X — Ax -h A x' - ... 




.(i.) 


Let e be the quantity which when substituted for a makes 
the denominator of this fraction equal to unity ; then 

le(l 4 - j:) ..., (ii.) 

and .*. = (« - 1)“ 4 ~ 1)* + ^ (a - 1)®- (iii.) 

And hence 

+•*)=?- 3 . 1 ’- •••) (iv.) 

J,a 


Cor. The modulus ~ — of the common system of logarithms 

1,10 

may be calculated thus; by taking for granted the forn|(ula' (ix.) 
and (vi.) >vhich are proved hereafter. 
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By (1*0. 8+‘l'^3'(«+l)‘‘‘''5’(,8 + l/'*'’" I 

-O 1 Oxo'ia.i > xl * u. > 

-• «“+•'( y+3-y3 + 5' IJ5+- ) . 

IjO, = lj2 + le5, = 3.1,2 + 2 i i + l.i +i.-l + ... I 

‘ ’ € T e . ' ^ I U^3‘8» ^5 •«»+••• ) 

^1 '’(3 + 3-^ + 6-3^ + -(’>y^'"->- 

+ 2'1 + 1-L + 11+ * 

/ y^3'y‘ + 5 ) 

f , 1 1 I 1 1 

‘ + 3-9+:5i.a + -) 

1 I 1 1 1 I 

=r 2-302o8509... 


Whence is obtained, , =0-434294819. 

1«10 


15. Some rapidly-converging formula; for the calculation of 
logarithms will next be investigated. 

But = 

, .r-\ /jc-]y 

••• + 

II. Again; 1,(1 + a) = a - ^ ^ and 1,(1 - a)= - l” _ ^ 

Jo 2 3 

le(l +z)-K(l-‘ z), or K\~., = 2 |ar + ^ + ^ + ...}. 

I — z o o 

And if ! ■ — = JT, and js = *** , this becomes, 

1 -J2? ’ 1’ ’ 

. *‘"'-‘-|77"i‘^3(* + i)'*’ 6(^) +•••( (’i-) 


If X be a little greater than 1, this series converges very rapidly. 
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III. Again, IjT = m 

1 1 

= ), by (ii.) 

1 

and, (.r being neater than 1,) by assuming m of sufficient magnitude .r” may 
be made to diner from 1 by any definite quantity, however small the quantity 
may be; in which case the succeeding terms of the series may be neglected as 
being of inconsiderable magnitude with respect to the first, and 

1 

= - 1 ) (vii.) 


16. Having given io find le(x4-z); z heing small when 

comjfurcd with x. 


Expanding ^ by (vi.), [since ^ ^ " 2.v + z]' 

\ (^ + *) = + 2 j r,:4- + 1 J'V ... I (viii.) 

Cob. le(l+.«’)=le.»'+2 ^ 2.r+l'''3'(2.<'+lf i 

which is useful in computing 1^(1 + from particularly when .>■ is large. 

17. Having given the Napierian Logarithms of two successive 
numbers, x - 1 aiid x, to find that of the number next following. 

le ( + 1) = Ic = le ■ ' » ■ 

' ^ a* - 1 X - i 

/ ix 0-i)-* 1 

Expanding (l--,) *>y (vi.), [since j- J’ 

\ 

+ 1) = 2 1.x - U (X - 1) - 2 ( 2 ^, + h ■ + •••} (*• J 
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1 8. To expand a* in a series ascending hy powers of x ; 
i. e. to expand the number in a series ascending hy powers 
of the Logarithm, 

«'={! +(«-!)}' 

= 1 + jr(fl - l) + a:.— 2 --. («-!)* + «. -- - . ^ ^ ~ - 1)’+ ... 

let the coefficient of x [which is — 1 ) — — 1 (r/ — 1 j 

be represented by p„ and let the coefficients of a®, a®, ...be repre- 
sented by Pa, Pa,-- - ; then 

(f=\+ piX + p^x" + pa^* + . . . 

= 1 4- p,rr + poC* + paZ® + . . . 

Now « = a". a% 

or 1 +p, (a + r) 4-p2 (a + ;:r)® . . . 4-p„ (a + + . . . 

= {1 +p,a + pga®+ ... 4-p„a"4-...} x {1 p^z p^d^ ... +p„z"4- ...J, 

and by equating the coefficients of the terms involving ar, a®5, 

a®j,...a”--‘z,... 

^ p,® 

3j>s = p,.p„ i!’'z.3 

^p.=p,.p., 


»-P, = PfPn-l> •••/>« = 


1.2.3...B 


Now p..(«-i)-J(a-l)'+J(«-I)»-... = U; by (Hi.) 


. , ha (l.a)’ , (!.«)• , (l.a)" 

Cor. If the base be e, (xi) becomes 

a* a® a" 

£'=1 + jr 4 -— +— — +. 

1.2 1.2.3 1.2...W 


.a“+,...(xi.) 
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19. To find ihe value of t, the base of iAe Napierian system 
of logarithms. 

If 1, and the base be the scries for a' in the last Article becomes 


1 1 ' 1 
.-1+1+j ^+j 2.3+ 

1 

Now, 1 + 1 

=-2'5 

1 

1 . 2 . 3 

= •IGOGGOGGCG 

1 

1 . 2 . 3 . 4 

•041GGGGGGG 

1 

1 . 2 . 3 . 4 . 5 

= *0083333333 

1 

1 . 2 . 3 . 4 . 5 . G 

=- *0013888808 

1 

i . 2 . 3 . 4 . 5 . G . 7 

*0001084120 

1 

1 ~ 2 . 3 . 4 . ,•» . 7. r? . 8 

= -00002 1801 5 

1 

1.2.3 8.8 

*0000027557 

1 

1.2. 3. 4 8.10 

= *0000002755 


27182818 


This result gives the correct value of 6,the base of the Napierian system, so far as 
the figures arc put down. By taking more terms and a greater number of figures 
in each, the value of c might be determined to any degree of accuracy required. 


20. On ihe const ruetion of the common tables of logarithms. 

From one of the series (v), (vi) (yii), the Napierian logarithms of low prime 
numbers may be found. The logarithm of a high number which is not a prime 
niay be determined from the logarithms of its factors, by resolving the number 
into powers of its prime factors; 

Thus, 1.288 = 1.2». 3* = 1^2* + ^*3* = 5 .1.2 + 2. 1.3. 

And the expressions (viii), (ix), (x), will greatly facilitate the computation of 
the logarithms of high numbers. 

The Napierian logarithms having been determined, the tables to base 10 are 
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deduced from them by multiplying each by j-?—, 
Arts. 3 and 14, Cor. 4. 


which is equal to *434294819... 


Some of the artifices employed in computing the tables may be found in 
Sharpe’s ‘■‘3Iethod of making Logarithms'* prefixed to Sherwin’s Tables. 


21. In the common tables are registered the mantissa? of the 
logarithms of numbers of five places of figures, these mantisste 
being computed to seven places of decimals. At the ^Ide of each 
page is placed a “ Table of proportional parts,*’ by which, as it 
will be shewn, the mantissa may be found of the logarithm of a 
number containing six or seven places of figures ; and conversely, 
if a logarithm be given whose mantissa is not contained exactly 
in the tables, the number corresponding to it may be determined, 
by means of these additional tables, to six or seven places of 
figures. 


22. On the construction and use of the Tables of Proportional 
Paris, 


Let w, and the mantissas of two consecutive integral numbers, n and 

n + 1, which contain five digits each ; and let m be the mantissa of the number 

n + ^, which contains six digits, the last of which (a) is after the decimal point. 

Now, since n and ^ ^ have the same number of integral places, their 

logarithms have the same characteristic; 


»»-«>,= lio - lio" = 'lo — 8- = ^10 (l + 

which, by expanding Ij, ^ 1 + by (iv.) and neglecting the succeeding terma 
as being small compared with the first term, becomes j-— . , nearly. 


Similarly, m 2 — fn^ = lio(n + 1) - lio » 


J 1 

1| lo’"’ 


«n — m, = (ni, - ro,) . — . 

Whence m may be found, if m^ a, be given ; or a may be determined, when 
ntj, in,, tn, are known. 

Should n + 1 be a number of the form 10^, where p.is an integer, the above 
proof will hold, if the characteristic and the mantisss of + 1) be taken to be 
1 and 1 respectively. 
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23. By the Tables, p. Ill, 

31antissa of 3G633 = *t)63B725 

36632 = m, = -5638606 


m2 — mi — *0000119 

And in the evpression to — wij = (to„ — to,)^, writing for a the numbers 1, 2, 
3, 4, 5, 6, 7? 8, 9 successively, the former of these tables is obtained. 







119 


•00001 19 x /- 




1 






10 



J 

i 12 


or -00000119 

•0000012 nearly. 


0 

: 24 

2 

•00000238 

0000024 


3 

1 36 

3 

•00000357 

•00{M)036 


\ 

! 4« 

4 

•00000476 

•0000048 1 


r, 

' 60 

5 

•00000595 

•0000060 


6 

7 

1 71 

6 

•00000714 

•0000071 


i 

i 83 

7 

•00000833 

•0000083 


8 

j 95 

8 

•00000<I52 

•0000095 


9 

1 107 

9 

•00001071 

•0000107 


— - 



Now the “difference” put down in the Tables for numbers near 36600 is 119, 
and the “ Table of Proportional Parts” is the latter of the Tables above. 

It appears then, that the slgnijicant digits only oi the whole difference, and 
of the differences corresponding to the several digits, are inserted in the table ol 
proportional parts. Hence the following Rule for constructing Tables of Pro- 
portional parts is evident: 


Of the significant part of the whole difference point off the 
last digit as a decimal ; (this is the same thing as multiplying the 

whole difference by -q > whole difference being treated as an 


integer). Multiply the resulting number by 1, 2, 3,.. .9 succes- 
sively, and the whole numbers thus obtained (the last digit in the 
integral part being increased by unity where the decimal part is 
not less than ’5) are the significant parts of the differences for the 
digits respectively. 
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Thus, let the significant part of the whole difference be 156. 


15*6 X 1 = 

15-6 = 

l6 nearly. | 

]5-6 x 6= 93-6= 94 nearl}' 

. . . X 2 

31-2 = 

31 

... X 7 = 109 - 2 = 109 

... X 3 = 

46-8 = 

47 j 


... X 4 = 

()2-4 = 

62 1 

... X 8 = 124-8= 125 

... X 5 = 

00 

6 

II 

78 1 

... X 9 = 140-4 = 140. 


If the digit be given, the difference is immediately known 
from such a table, or \ncc versa. To avoid the necessity of per- 
forming the operation of subtraction in any particular case in 
order to find the whole difference, there is a line in the tables 
marked at the top with ‘^Biff.”, in which the difference is placed 
opposite to that logarithm at which such difference begins. To 
know what the difference therefore is in any particular case, it is 
merely requisite to take the number in this line next above the 
logarithm in question. 

Ex. 1. To ^find the Numher whose Logarithm is 5*56777^0. 

By the Tables, p. Ill, the mantissa next below the given mantissa is that of 
by 3G9b3, and the whole difference put down l I 7 . 

Mantissa of the given Logarithm = m = 

Mantissa of lio369C3 = - •r)fi77f»72 

w — Wj = 94 

By the Table of Proportional Parts to “Diff.” 117 , the difference !)4 corre- 
sponds to the digit 8; therefore the significant part of the Number sought is 
369638. Also, since the given liOgarithiii has 3 for its characteristic, the Number 
required is 3696’38. 

Ex. 2. Required the Logarithm of 367*654. 

By p. 1 n, I,„ 3B7 (150 = 2-5654346 
And “Diff.” being 118, Part for 4= 47 

l,o367-()54- 2-5654393 

24. To find the Mantissa of the Logarithm of a Numher 
which has seven places of digits. 

Let my and be the mantissaj of n and n -f- 1, two successive integers of 

five digits each : let M be that of w + , which has the same number of 

lU 100 
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integral places as n and n + 1, and has also one digit (o) in the place of the 
tenths, and another {b) in that of the hundredths. 

Since a and h are digits after the decimal point, the numbers n and 
a b 

" + have the same number of integral places, their logarithms have 

the same characteristic, and therefore the difference of their mantissse is the 
same as the difference of their logarithms; 


- Jl/- »Wi + ~ 

1 10 ^ ^ 10 ^ 100 / 






neglecting the terms of the series after the first. 


Similarly, since n and » + 1 are integers of the same number of digits, 

+ 1) -1.0 « = l.„(l + i) = . 1 ; 

" “■ + 4) = ^ + ro { 1^} • 


Now the first part of the expression, (otj “*” 1) quantity to be 

added to wi| for thejirst additional digit a ; Art. 22. And (m^ — ^1)^ what 

would have been added, had b been the Jint additional digit, instead of being the 
second ; wherefore the quantity which is to be added for b when it is the second 

additional digit, namely, jY)* the tenth part of what would 

have been added, had b been the first, instead of being the second^ additional 
figure. 


The following Examples will explain what has been said. 

Ex. 1 . To find lioil 684 * 286 . 

By the tables, p. Ill, l,oa«84'2 --r3-5fif)34.12, and “DifT.” being 118, the part 
for a first additional digit 8 is 84 ; and for a first additional digit 6 the part is 71, 

71 ^ 

and therefore the part when G is a second additional digit is ~, or 7*1. The 
operation is thus performed ; 

ho 3684-2 =3-5GG3432 

Part for 8 s 94 

Part for 6 = 7*1 


.-. ho3684 286s3 5G63333 
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Ex. 2. To Jlnd^lhe Number whose Logarithm is 2 *5656560. 
2-5656560 

Now 2 5656471 =lio367*83, p. 111. 

89 

83 = Part for digit 7; “Diif.” being 118. 

6 = Part for a second digit 5. 

2-565C560 = l,„367-8375, 
and therefore 3fi7’8375 is the number sought. 


25 . On the adaptalioti of formula; to logarithmic computation. 


After a table of logarithms lias once been constructed, the 
labour of certain arithmetical operations can be materially dimi- 
nished, while at the same time the chance of committing errors 
is lessened. But by referring to Articles 4, 5, 6 of this Appendix, 
it will appear that the sole aritlimetical operations which can be 
performed by logarithms, are those of Multiplication, Division, 
Involution, and Evolution. Before, therefore, the value of an 
expression can be calculated by means of logarithms, the expression 
must be put into such a form that no other arithmetic operations 
than these have to be performed. Such an arrangement of an 
expression is called the adaptation of it to logarithmic computation. 


Cos A = 


Thus if a, b, c, the three sides of a triangle, be given, logarithms cannot be 
directly applied to determine the value of cos A fiom the equation. 

' + c® - 
25(7 * ’ 

but if from this equation the formula, 

Cos ^A " ~ » where iS* = ^ 


be deduced, logarithms can be immediately applied to determine the value of 
Cos A A, 

For a, 5, c being given, S and S—a are easily determined; and these being 
known, Cos lA is determined from the equation 

1.0 Cos J {1,0 [S’ (A'- a)] - l.oio) = ^ {1,„ S + 1,„ (S’- a) - 1,„ « - l.„o|. 

The two accompanying pages of logarithms are taken from 
Babbage’s Tables, the most correct and the best arranged, per- 
haps, of any which have been published. The columns have 
been omitted which in those Tables are given to determine the 
number of seconds in an angle containing a given number of 
degrees, minutes, and seconds, and conversely. 
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1 

0000000 

51 

7075702 

101 

0043214 

151 

1789769 

201 

2 

3010300 

52 

71600.3.3 

102 

008<K)02 

162 

1818436 

202 

3 

4771213 

53 

7242759 

103 

0128372 

153 

1846914 

203 

4 

6020600 

54 

73239.38 

104 

0170333 

1.54 

1875207 

204 

6 

6989700 

66 

7403627 

105 

0211893 

165 

1903317 

205 

6 

7781513 

56 

7481880 

106 

025.3059 

156 

1931246 

200 

7 

8450980 

57 

7558749 

107 

0293838 

157 

1958997 

207 

8 

9030900 

58 

7634280 

108 

a3.34238 

158 

1986571 

2(»8 

9 

9542425 

59 

7708520 

109 

0374265 

159 

2013971 

209 

10 

0000000 

60 

7781513 

110 

0413927 

160 

2041200 

210 

11 

0413927 

61 

785.3298 

111 

045.3230 

161 

2068259 

211 

12 

0791812 

62 

792.3917 

112 

0492180 

162 

2095150 

212 

13 

1139434 

63 

799.3405 

113 

0,5.30784 

163 

2121876 

213 

14 

1461280 

64 

8061800 

114 

0.569049 

164 

21484.38 

214 

16 

1760913 

65 

8129134 

116 

0006978 

165 

2174839 

215 

16 

2041200 

66 

819.5439 

116 

0644580 

166 

2201081 

216 

17 

2304489 

67 

8260748 

117 

0681859 

167 

2227165 

217 

18 

2552725 

68 

8.325089 

118 

0718820 

168 

2253093 

218 

19 

2787536 

69 

83S8491 

119 

0755470 

169 

2278867 

219 

20 

3010300 

70 

8460980 

120 

0791812 

170 

2304489 

220 

21 

3222193 

71 

8512583 

121 

0827854 

171 

2329961 

221 

22 

3424227 

72 

8,57.3326 

122 

0863.598 

172 

2.‘155284 

222 

23 

3617278 

73 

8633229 

123 

0899051 

173 

2380461 

22.3 

24 

3802112 

74 

8692317 

124 

0934217 

174 

2405492 

224 

25 

3979400 

75 

8750613 

125 

0969100 

175 

2430380 

225 

26 

4149733 

76 

8808136 

126 

1003705 

176 

24.55127 

226 

27 

4313638 

77 

8-64907 

127 

10380.37 

177 

2479733 

227 

28 

4471580 

78 

8920946 

128 

1072100 

178 

2.504200 

228 

29 

4623980 

79 

8976271 

129 

1105897 

179 

2528530 

229 

30 1 

4771213 

SO 

9030900 

130 

1139434 

180 

2552725 

230 

31 

4913617 

81 

9084850 

131 

1172713 

181 

2570786 

231 

32 

5051500 

82 

9138139 

132 

1205739 

182 

2600714 

232 

33 

5185139 

83 

9190781 

133 

1238516 

183 

2624511 

2.33 

34 

5314789 

84 

9242793 

134 

1271048 

184 

2648178 

234 

35 

5440680 

85 

9294189 

135 

1303338 

185 

2671717 

235 

36 

5563025 

86 

9344985 

136 

1335389 

186 

2695129 

236 

37 

6682017 

87 

9.395193 

137 

1367206 

187 

2718416 

237 

38 

5797836 

88 

9444827 

138 

1398791 

188 

2741578 

238 

39 

5910646 

89 

9493900 

139 

1430148 

189 

2764618 

239 

40 

6020600 

90 

9542425 

140 

1461280 

190 

2787536 

240 

41 

6127839 

91 

9590414 

141 

1492191 

191 

2810334 

241 

42 

62 12493 

92 

9637878 

142 

1622883 

192 

2833012 

242 

43 

6334685 

93 

9684829 

143 

1653360 

193 

2855573 

243 

44 

6434527 

94 

9731279 

144 

1583625 

194 

2878017 

244 

45 

6532126 

95 

9777236 

145 

1613680 

195 

2900346 

245 

46 

6627578 

96 

9822712 

146 

1643529 

196 

2922561 

246 

47 

6720979 

97 

9867717 

147 

1673173 

197 

2944662 

247 

48 

6812412 

98 

9912261 

148 

1702617 

198 

2966652 

248 

49 

6901961 

99 

9956352 

149 

1731863 

199 

2988531 

249 

60 

6989700 

100 

0000000 

160 

1760913 

300 

3010300 

250 1 


3031961 

3053514: 

3074960 

3090302 

3117539 

3138672 
31VJ703 
3 180633 
32(H463 
3222193 

3242825 

32()3359 

3283796 

3304138 

3324386 

3344538 

3364597 

3384565 

3404441 

3421227 

3443923 

34(i3530 

3483049 

3502480 

3521825 

3541084 

35(J0259 

3579348 

a598355 

3617278 

3636120 

3654880 

3673559 

3692159 

3710679 

3729120 

3747483 

3765770 

3783979 

3802112 

3820170 

3838164 

3856063 

3873898 

3891661 

3909351 

3926970 

3944517 

396199S 

3979400 



PLANE TRIGONOMETRY. 


Ill 


Log. 5G2. N. 365. 


Num. 

O 

1 

*2 

3 

4 

A 

6 

7 

8 

9 

Diff. 

ao5o 

5G22929 

3048 

3167 

3286 

3405 

^524 

3642 

3761 

3880 

3999 

119 

119 

1 

4118 

4237 

4356 

4475 

4594 

4713 

4832 

4951 

5070 

5189 



1 . 

2 

5308 

5427 

5546 

5664 

5783 

5902 

6021 

6140 

6259 

6378 



ri«i 

.‘i 

6497 

6616 

6734 

6853 

6972 

7091 

7210 

7329 

7448 

7567 


4 

6 

4H 

t>0 

4 

7685 

7804 

7923 

8042 

8161 

8280 

8398 

8517 

8636 

8755 


6 

7 

71 

83 

5 

8874 

8993 

9111 

92.30 

9349 

9468 

9587 

9705 

9824 

9943 


B 

t 

Pft 

107 

G 

5630062 

0181 

0299 

0418 

0,537 

0656 

0775 

0893 

1012 

1131 


“ 


7 

, 1250 

1368 

1487 

1606 

1725 

1843 

1962 

2081 

2200 

2318 




8 

2437 

2556 

2674 

2793 

2912 

3031 

3149 

3268 

3387 

35ft, 5 




y 

3624 

3743 

3861 

3980 

4099 

4218 

4336 

4455 

4574 

4092 




3060 

4811 

4930 

5048 

5167 

5285 

5404 

5523 

5641 

5760 

.5879 




1 

5997 

6116 

6235 

6353 

6472 

6590 

6709 

6828 

6946 

7065 




2 

7J83 

7302 

7421 

7539 

7658 

7776 

7895 

8013 

81.32 

8251 




3 

8369 

8488 

86U6 

8725 

8843 

8962 

9081 

9199 

9318 

94.36 




4 

9555 

9673 

9792 

9910 

o029 

0147 

o26G 

o384 

o5o3 

o621 




r, 

5G40740 

0858 

0977 

1095 

1214 

1.3,32 

1451 

1569 

1688 

1806 

118 

118 

G 

1925 

2043 

2162 

2280 

2.398 

2.517 

2635 

2754 

2872 

2991 


1 

13 

24 

35 

7 

3109 

3228 

3346 

3464 

358.3 

37(U 

3820 

3938 

40.56 

417.5 


a 

8 

4293 

4412 

4530 

4648 

4767 

4885 

5004 

5122 

5240 

,5.359 


4 

ft 

47 

F>9 

9 

5477 

5595 

5714 

5832 

5951 

6069 

6187 

6306 

6424 

6542 



71 

H3 

3070 

6661 

6779 

6897 

7016 

7134 

7252 

7371 

7489 

7607 

7726 


!' 

!»4 

lOti 

1 

7844 

7962 

8080 

8199 

8317 

8435 

8554 

8672 

8790 

8908 



— 

2 

9027 

9145 

9263 

9382 

9.500 

9618 

9736 

9855 

9973 

o09l 




3 

5G50209 

0328 

0446 

0564 

0682 

0800 

0919 

1037 

1155 

1273 




4 

1392 

1510 

1628 

1746 

1864 

1983 

2101 

2219 

2337 

2455 




5 

2573 

2692 

2810 

2928 

3046 

3164 

,3282 

3401 

.3519 

36.37 




G 

3755 1 

3873 

3991 

4109 

4228 

4346 

4464 

4582 

4700 

4818 




7 

4936 

5054 

5173 

5291 

5409 

5527 

5G45 

5763 

5881 

.5999 




8 

6117 

6235 

6.353 

6471 

6590 

6708 

6826 

6944 

7062 

7180 




9 

7298 

7416 

7534 

7652 

7770 

7888 

8006 

8124 

8242 

8360 




3080 

8478 

8596 

8714 

8832 

8950 

9068 

9186 

9304 

9422 

9540 




1 

9658 

9776 1 

9804 

o(H2 

ol3() 

0248 

o366 

o484 

o602 

o720 




2 

5660838 

0956 i 

1074 

1192 

1310 

1428 

1545 

1663 

1781 

1899 




3 

2017 

21.35 

2253 

2371 

248‘) 

2607 

2725 

2843 

2960 

3078 




4 

3196 

3314 

3432 

3550 

3668 

3786 

3903 

4021 

4139 

4257 




5 

4375 

4493 

4611 

4728 

4846 

4964 

5082 

5200 

5318 

54.3,5 




6 

5553 

5671 

5789 

5907 

6025 

6142 

6260 

6378 

6496 

6614 




7 

6731 

6849 

6967 

708,5 

7203 

7,320 

7438 

7556 

7674 

7791 




S 

7909 

8027 

8145 

8262 

8380 

8498 

8616 

8733 

8851 

8969 




9 

9087 

9204 

9322 

9440 

9557 

9675 

9793 

9911 

o028 

ol46 




3090 

5670264 

0381 

0499 

0617 

0734 

0852 

0970 

1087 

1205 

1.32.3 




1 

1440 

1558 

1676 

1793 

1911 

2029 

2146 

2264 

2382 

2499 




2 

2617 

2735 

2852 

2970 

3087 

320,5 

;i,323 

3440 

3558 

3675 




3 

3793 

3911 

4028 

4146 

4263 

4,381 

4499 

4616 

4734 

4851 




4 

4969 

5086 

5204 

5322 

5439 

6557 

5674 

5792 

5909 

6027 

117 

117 

5 

6144 

6262 

6379 

6497 

6615 

6732 

6850 

6967 

7085 

7202 


1 

2 

13 

33 

6 

7320 

7437 

7555 

7672 

7790 

7907 

8025 

8142 

8260 

8377 


3 

4 

35 

47 

7 

8495 

8612 

8729 

8847 

8964 

9082 

9199 

9317 

94.34 

9552 


5 

59 

70 

83 

8 

9669 

9787 

9904 

o021 

0139 

0256 

0.374 

o491 

o608 

0726 


7 

9 

5680843 

0961 

1078 

1196 

1313 

1430 

1.548 

166.5 

1782 

19<X) 


n 

94 

105 


O 

1 

2 

3 

EM 

1 ^ 

o 

7 

8 

9 









APPENDIX II. 


ON Tifte CONSTRUCTION AND USE OF TABLES OF GONIOMETRIC 
RATIOS. 


1. If it be required to find the value of a trigonometrical 
formula in which the sines, cosines, tangents, secants, &c., of 
given angles enter, much labour will be avoided if the values of 
these quantities be determined once for all, and registered in 
Tables. 

In very small angles the sines and tangents are exceedingly 
small quantities, and if they be expressed as decimal fractions, 
two or three cyphers will follow the decimal point before the 
significant digits are arrived at. Now in order to avoid the 
inconvenience of printing these cyphers, the real values of all 
Goniometrical Ratios are multiplied by 10,000 (or the decimal 
point is moved four places to the right) before they are regis- 
tered in the tables ; and the tables so formed are called^ Tables 
of natural sines, cosines, &c.*” 


* The tables of Goniometric Ratios are sometimes said to be “calculated to 
a radius of 10,000.” To explain the meaning of this expression. 

If with C as centre, and radius CA^ an arc AB be T 

described, and BN, AT be -L to CM, the lines NB, 

CJV, ATf CT, AN respectively, are sometimes de- 
fined to be the sine^ cosine, tangent, secant, and versed 
sine, of the angle ACB to the radius CA , — or the sine, 
cosine, tangent, secant, and versed sine, of the arc 
AB, 




The expression “to the radius CA'* is necessary ^ 

to these definitions, because the lines NB, .<4 T... depend 

on the magnitude of CA as well as upon that of the angle ACB; in 

given value of the angle ACB, those lines vary directly as CA, 


fact, for a 
Now 
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2. To Jind the sine and cosine of 10". 

Let 6 be the Circular Measure of an angle of 10". 

^ 10 

^ -TT “ 180 X «0 X 60 " 64800 ’ 

e = -000048481368110. 

But Sin 0 > 0 - 0^ Art. 106. 

a fortiori, 

Sin lO">0-j (-00005)8 

> -000048481368110 - -000000000000032 

> -000048481368078. 

Also, SinlO"<0, or, -000048481368110. 

Wherefore a near approximation to the value of Sin 10" is obtained bv 
taking the first twelve places which these two quantities have in common, and 
therefore 

Sin 10"= -000048481368 very nearly. 

By substituting this value of Sin 10" in the formula Cos 10"='v/[l — sin^ 18"}, 
there is obtained 

Cos 10" = -9999999988248. 


Now by the definition of the sine which has been adopted in this treatise,^ 


Sin ^ CB = 


ATI? 

cb'* 


10 000 

10,000 X sin ACB^^NB. 

C A 

But 10,000 X ^inACB is the tabular, or natural, sine of ABC \ 

10 000 

.-. tab. sin ACB^NB. = NB, if CA = 10,000. 

Wherefore the tab. sine of ACB expresses the magnitude of the line NB, 
(the Sine ACB to the radius CA), the magnitude of CA being represented by 
10 , 000 . 

Similarly, the tab, cosine, tab. tangent, Ac., of ACB, express the magni- 
tudes of the lines CN, A T, &c., the magnitude of CA being 10,000. 


8 
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3. The Sine and Cosine of 10" being hmwn, ihc Sines of all 
angles between 10" and 90 " may be calctdalcd. 

Sin 4- B) = 2 sin ^ . cos J5 - sin {A — B ) ; 
and writing w.lO'' for I Ay and 10" for Z By 

Sin (n + 1 ) 10" = 2 sin wlO". cos 10" - sin (n - 1) 10". 

Now 2 cos 10" = 1 *9999909076496 
= 2 - •0000(HK»02;{501 
=? 2 — Ar suppose ; 

.*. Sin (n + 1) 10" = 2 sin wlO" - Af . sin wlO" - sin (ji — 1 ) 10" 

= |sinw. 10" - sin(n - 1) 10"} + sin wlO"-A: .sin 7tl0". 

And by writing successively for n the numbers 1, 2, 3... 

Sin 20" = (sin 10" - sin 0") + sin 10" - Af . sin 10", 

Sin 30" = (sin 20" — sin 10") + sin 20" — A: . sin 20", 

Sin 40" = (sin 30" — sin 20") + sin 30"— k , sin 30". 


This method is not very laborious. In the last line, sin 30" and (sin 30" — 
sin 20") are known from the two lines preceding, and the chief labour is in 
multiplying sin 30" by k. 

Tile Sines of angles np to (>0® having been successively cal- 
culated by the above method, those of angles between O'O® and yO® 
may be thus determined. 

Sin (60” + ^4) - sin (60” - .<4) = 2 cos 60” . sin ^ = sin A ; 

.*. Sin (60” + A) =r sin ^ + sin (60”-^). 

So that if A be made to increase by 10" at a time from 0” up to 60”, this last 
formula, by addition merely, will give the sines of angles from W)” to 90”. 

4. The Sines of angles up to 90 ® having been determined, 
their Cosines are also known. 

For Cos A = sin (90® A). 

Thus Cos 25® = sin (90® - 25®) = sin 65® ; Cos 72® = sin (90® - 72°) = sin 18® ; &c. 

5. The Tangents, Cotangents, Secants, and Cosecants can 
be determined from the Sines and Cosines. 
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6. Since, 

Sin A = cos (90'’- A\ Tan A - cot (<)0«- A), Sec A = cosec (90®~ ^), 

the Sines, Tanp^ents, and Secants of angles from 45*' to 9^'’ are 
respectively the same as the Cosines, Cotangents, and Cosecants 
of angles from 45“ to 0“. Wherefore it is unnecessary to carry 
the tables further than to the angle 45®. 

Thu3 Cos 20' - sin (90"- 72®, 20') = sin 1 7®, 4(t, 

Sin 72®, 20'= cos 17®, 40', Tan 72", 20'= cot 17®, 40', 
Sec 72", 20' = cosec 17®, 40'. 

At the bottom of the page containing the Sines, &c. of angles 
from 17" to 18® is placed the angle 72®, and the column which at 
the top of the page is marked to indicate the Sines of angles 
from 17® to 18®, is marked at the bottom to shew the Cosines 
of angles from 72® to 73^; and so for the other Goniometric 
Ratios. See page 1 1 7* 

7. Formitlcc of Vcrif cation. Since the Goniometrical Ratios 
are determined successivclif one from another, one error will affect 
every successive result. As checks against the possibility of errors, 
several fornuilae (of verification as they are called) are used to 
examine the accuracy of the results ; and the values registered 
in the tables arc presumed to be correct if they satisfy these 
formula*. 

The following are the principal formula; of verification. 

(1) Sin A = ^ {Vl + sin 2A - Vl — sin 'JA\ 

(2) Cos A — _l {Vl + sin '2A + V 1 — siu 2-i} j 

A being an angle less than 45®. 


Again, Cos 30® = • Co.s 72® 

Sin (30® + A) — sin (36® — A) 

and Sin (72® + ^ ) - sin (72® - A) 

•*. by subtraction, 

Sin (36® + ^) + sin (72®- A) - sin (36® - A) - sin (72® + « sin A, 

8—2 


V 5 - 1 


; Art. 68, (3), (1). 


= 2 cos 36® . sin ^ . sin A, 1 

= 2 cos 72 ® . sin A = A ;J 
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(3 ) Sin ^ + sin (36“ -A) + sin (72» + A) = sin (86" + A) + sin (72» - A), 
which 18 Jivter's formula. 

Again, Sin 54” = ^^^; Sin ; Art. 58, (3), (1), 

4 4 

and 2 sin 54®. cos A = sin (54® + A) + sin (54® — A) ) 

2 sin 18® . cos A = sin (18® + + sin ( 18® - -4) ) 

(4) Cos^, or Sin (90® - -4), 

= sin (54® +A) + sin (54® - -<4) — sin (18® + A) — sin (10® — A), 
which is Legendre's formula. 

This formula might have been proved by writing 90® — A for A in Euler's 
formula. 


Ex. To exemplify the use of these formuhT. By making A » 13® in 
Legendre's formula ; 

Cos 13® = sin 07® 4- sin 41® - sin 31® - sin t5®. 

Now the tables give for the quantities in the second member of the equation 
929,V049 + 050(b5!H)- 515()-381 - 871*557, which = 9743*701, the quantity given 
by the tables as the Cosine of 13®. 

Since, therefore, these quantities satisfy the relation which ought to exist 
between the Sines of 07®, 41®, 31®, 5®, and the Cosine of 13®, it may be concluded, 
without much chance of error, that the values of the^e Goniometnc Ratios are 
correctly given by the tables. 

8. The values of the Goniometric Tlatios having been thus 
calculated, multiplied by 10,000, verified, and registered in 
tables, are called “ Tables of Natural Sines, Cosines, Tangents, 
Cotangents, Secants, and Cosecants." To find the real Gonio- 
metric Ratios from these tables, the tabular numbers have to 
be divided by 10,000; that is, the decimal point has to be re- 
moved four places to be left. 

9. The logarithmic sines, cosines, tangents, &c. of angles 
will next be treated of, by which, rather than by the natural 
goniometric ratios, mathematical calculations are most frequently 
made. 

A page from Sherwin's Logarithmic Tables, calculated for 
angles which differ from one another by T, is here subjoined, 
the Natural cosines, tangents, secants, and cosecants being omit- 
ted. The column following that of the N. sines, which is marked 
**N,D, I'V' will be explained in the next Appendix. 
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APPENDIX IIL 


ON THE LOGARITHMIC TABLES OF GONIOMETRIC RATIOS. 


1. When the Sines, Cosines, See,, of angles have been de- 
termined, *their logarithms may be found from the tables of the 
logarithms of numbers. There are, liowever, methods by which 
the logarithms of the Goniometric Ratios can be found inde- 
pendently. 

2. To find Ijo sin 0, sin Q not being given. 


-a-(' -a 


Art. 133. 


W TT 

By making 0=--. and taking the logarithms of both sides of this 


equatiun. 


{and lio^l being expanded by (ii), p. 100} 

1 /m 7r\ I /2'^n'^ — m'\ 


^-L i 

J 

m* 



tn® 

1' 10 

[^ 42 f ^2 + t • 

4'*w* 

+ 

JL 

3 * 


1 

/ j 

m* 



w® 




+ 

1 

a 

* 

1 

/ w® , 

m* 


1 





+ 

3 


-&c. 






0 = lo“ 

+ ho®*’ ” ^ 

1.,"- 

1.0 2 



"><1 Ii»— = + -I,„(2=»») 


2 ‘»’‘ 


= 1.0 (2» + m) + li„(2» - m) - 2{1,„2 + ],„»} ; 
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lio sin + iio( 27 i + m) + Ijq ( 2 n - wi) + lio^r - 3 {lio» + lio^} 

/i i i ^ ^ 

V4* "7 


lelO 


- X / 

III \ 


,/l I 1 \m* 

■*■ 2 ( 4 * ■'■ (P 8‘ ■■■/ »4‘ 

./III \m« 

+ Hj: + «5+85‘*‘->^ 


+ &c. 


by givinpf m and n different values, the logarithmic sines of all angles may be 
found by this formula. 

3. In like manner from the series 



the following formula is obtained; 

lio cos . 0 = lio ( » + w ) + lio (» - m) - 2 1,0 71 


hlO 


4. The lo<rarithms of the Sines and Cosines having been 
thus determined, those of 



/I 

1 

1 

\ m® 


\32 

+ 52 

+ ^ + •• 

■)l? 

j + 


1 

1 

+ 74 + •• 

\ m* 

) n* 


1 /I 

1 

1 

\ Wl« 

+ 

^(36 


■*” 76 

/ 

^ + 

&c. 



1 


Tan0 = -’— Sec0 Cot0 = TL 

cos ^ ’ cos 0 sm 0 

may be severally found. 


Cosec 0 = 


1 

sin 0 ’ 


5. Since all Sines and Cosines are, generally, less than 1, 
their logarithms to base 10 are negative. In order to avoid the 
inconvenience of printing negative characteristics, the logarithms 
to base of 10 of all Goniometrical Ratios are increased by 10, 
and the resulting numbers being registered are called ‘‘ Tables 
of Logarithmic Sines, Cosines,*' &c. 
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Hence if any one of these tabular logarithmic quantities be 
given, by subtracting JO from it the real logarithm of the go- 
niometric ratio may be obtained. 

These tabular logarithmic quantities will be indicated by the 
letter L; thus the tabular logarithmic sine of or 10+ 
will be written L sin J[. 


6. The common Logarithmic Tables of Goniometric Ratios 
are calculated for angles which differ from one another by one 
minute. If, beside degrees and minutes, the angle contain some 
seconds, its tabular logarithmic function may, with certain ex- 
ceptions, be found on the principle proved in the next Article. 


7 . The incremenis of tabular logartihmw sines, of angles 
vary, except in certain cases, as the increment of the angle. 

Let the angle A receive the increments a', and 60", successively. 

sin {A + a') — sin A } 


Then Sin (A + a') :s=smA\ 1 + - . , i 

' ' ( bin A ) 

sin^ . I 1 + j unless A = 00^ nearly ; Art. 60, Cor. 

f 8mA ) 


1 10 sin (A + a") = ho sin A + 1,„ (I + cot A sin a") ; 

{lO + ljosin(^ + a')}-{10 + l,oSinyl} = ]io(l + cot ^ sin a"); 
L sin (A + o") — L sin A 

=r • {cot^ sin a"— A cot*^ sin* a" + ... } App. l. (14) (iv.) 

ie 10 
1 


lelO 


, cot A sin a" ; by neglecting the higher powers of cot A . sin a"; 


which may be done unless A -2n.90^ nearly. 

And writing 60" for a" in this equation, it becomes 

X sin (A + 60") — L sin A *= . cot A sin 60"; 

X sin (A + o") - X sin A ' sin o" a . ^ 

7 = - . - • Art. 106, Cor. 

X sin (A + 60 } - X sin A sin 60 60 


And in an exactly similar manner it may be shewn that for the Cosine, 
Tangent, &c., of an angle, the increment of the tabular logarithm varies as the 
increment of the angle, except in those cases mentioned in the Corollaries to 
Arts. 60, 61, 62. 
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8. To explain *the meaning and use of the columns of differ- 
ences for one second (DiflT. 1"), which are placed after the columns 
of logarithmic sines, tangents^ ^'c. 

If a" become 1", the equation arrived at in the last Article becomes, 

L sin {A + r'3 — L sin A = {L (sin A + - L sin , 

which is the difference for L sin A corresponding to one second. 

Now, if this quantity be computed and registered, L (sin A + ti") — L sin A 
may be determined, when a is given, by merely multiplying this registered 
difference by a; and when L sin (A + a") is given, a may be found by dividing 
L sin {A + a") - L sin A by this difference. For 

L sin [A + a") - L sin A - {Lsin{A + 00") — L sin ^ 

L sin (A + 00") - L sin ^ 

- . a, 

, L sin (A + a") — L sin A 

and a = ^ . 

— . { L sin (.4 + 00") - L sin A} 

Thus, L sin 17®, r= 9-4003483 
L sin 17®, = 9-4059353 

L sin 17®, r - L sin 17® = 0004130 

Now = 08-833, which is the quantity put down in the Tables as the 
difference for one second to L sines of angles between 17® and 17®, 1'. 

The significant part of the difference is considered as a whole 
number, or the real difference is multiplied by 10^ in order to 
avoid the necessity of printing the three or four cyphers which 
in nearly every case precede the significant part of the difference*. 

9. Ex.l. To/nrf L sin 17®, 14', 12". 

L sin 17®, 14', = 9*4710785 

Now Difflfor 1"= 07-850 
.*. DifT. for 12"= 814-200 = 814*2 

.*. L sin 17®, 14', 12" = 9 - 4717599 . 


* The column of differences for the natural sines, &c. of angles are computed 
after a manner similar to this, and the differences themselves are all multiplied by 
1000 , to avoid the necessity of printing the cyphers immediately following the 
decimal point. 
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Ex, 2. If lisin A sr 9‘4G85537, required A. 

L sin A = 9-4C85/)37 
L sin 17», & = 9-4G840(i9 

Biff. = 1468 

Now Diff.for l"is in this case 68'400, and = 21*46; A = 17®) ffj 2l"*46. 

Ex. 3. If h cos A = 9*9784328, required A. 

In this case, because the increase of the angle is attended by the decrease of 
the L cosine. Art. 69, Cor. 2, the given L cosine must be subtracted from that in 
the tables which is next greater than it. 

Now h C08 17®, 15'== 9 9784519 
B cos ^ =9 9784328 

Biff. = 191 

191 

Now "Diff. for 1" in this case is 6*800, and ~ 28*088 = 28 09 nearly ; 

0*oUU 

and the angle required is 17®, 54', 28"*09. 

Ex. 4. Required the L cosine of 72®, 5', 8", 

By the Tables, p. 117, 

L cos 72«, 5' = 9*4880335 , and Riff, for 1" =65*16; 

.-. Biff, for 0" = 521*2 

L cos 72®, 5', 8" = 9*4879814 

the difference for the additional seconds being in this case subtracted from 
E cos 72®, 6'. Art. 60. 

Note. It may here be observed, that the difTerence for 
additional seconds must be added for L sines, L tangents, and 
J. secants, Arts. .5.9, 6l, 62 ; and subtracted for L cosines, Art. 60, 
Z/ cotangents, and L cosecants. 

10. To shew that the same columns of ^^Differences for l"" 
serve for L sin A and L cosec A, for L cos A and L sec A, and 
for L tan A and L cot A. 

For Sin A = — - — 7 ; ^10 sin A = - Ijo A, 

cosec A 

L sin A, = 10 + lio sin A, = 20 — (10 + Ijo cosec A) = 20 - Xr cosec A, 
Similarly, E sin ( A + 1") = 20 - E cosec (A + 1") ; 

E sin (A + 1") - E sin A = — {E cosec (A + V') — E cosec A}, 
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Hence a column of “differences for 1''” is printed between the column of lojja- 
riihmic sines and cosecants; serving to the former as a column of increments lor 
1", and to the latter as a column of decrements for 1", 

In like manner it may be shewn that 

L cos (A + 1") - Z. cos ^ - [L sec (A + 1") - L sec A] 

L tan (A + V')- LtmA = - {L cot {A + 1") - L cot A], 

% 

0 

Wherefore the columns of cosines and secants have the same 
differences for l", as also have the tanprents and cotangents : and 
it is to be observed that these differences serve res})ectively as 
increments to the secants (Art. 6’l), and to the tangents (Art. 
62), and as decrements to the cosines (Art. 60), and to the 
cotangents. 


1 1 . Before the increment of the tabular logarithm of a Go- 
niotnetrical Ratio can be determined from the sfnall given incre- 
ment of the angle, or conversely, these two conditions must be 
fulfilled ; 

I. The logarithmic increment must in that particular case 
vary as the increment of the angle ; 

IT. The increment of the logarithm must not be an exceed- 
ingly small quantity. 

Thus, if it were required to ^letermine L sin 80^', 40', B", from Tables in which 
Tj sines were registered for all angles from 0*' to 90*' which differed Irotu one 
another by T, it ^^ould be found that, 

L sin 89«, 41' = 9*9999934 

L sin 40' = 9*9999927 


Difference for 00" = 


Wherefore, if even the first of these conditions held for the L sines of angles about 
89 40' in magnitude (which it does not. Art. 59, Cor.), yet a difference ol 1 in the 

00 " 

L sine would produce a difference of or 9" nearly, in the angle; and therefore 

any increment of 89®, 40' which was not greater than 8", would produce no change 
at all in the first seven figures following the decimal point of L sin 89®, 40'. 



124 


PLANE TRIGONOMETUr. 


12. To determine the degree of accuracij to rvluch additional 
seconds may be calculated in a given case by assuming that the in^ 
crease of the angle is pj'oportional to the increase of ' some logarithmic 
function (f the angle. 

Let n be the number of seconds by which a difference of unity 
is produced in a certain logarithmic function of a given angle, and 
let I be the difference for 0*0"; — the differences being considered 
ill both cases as whole numbers; — 




The quantity -j therefore gives the number of additional seconds 

corresponding to the least possible increase of the given logarith- 
mic function of the angle, and is consequently the measure of the 
degree of accuracy to which small increments of the angle may be 
calculated on the principle that the increments of the angle* vary 
as the increments of the logarithm of some particular Goniometric 
function of it. 


13. It has been observed, App. in. 5, that the real logarithm 
of a Goniometrical quantity is obtained by subtracting 10 from 
the tabular logarithm. It is therefore necessary 

To establish a general rule for supplying the tuns when the 
tabular logarithms of goniometrical quantities are used. 

Let CosM = . sin’"^. tan^C be any trigonometrical formula 
adapted to logarithmic computation, App. i. 25. 

Then n.ljocosi4 = li(,a + w . liosin -rp . Ij^tan C; 
w.(10 + ln,cosA)-w. 10 = li„ff + 7«.(10 + liosin B) — m. 10 

+ p. (10 + Ijotan C') — p . 10 ; 

w . L cos . L sin -B + p . L tan C + {w - (wi + p)| . 10. 

And here «, My p may be whole or fractional. 

Whence the Rule ; Add to the second member of the equation 
as many tens as the number of times the tabular logarithms of 
the goniometrical ratios have been taken in the former member of 
the equation exceeds the number of times they have been taken in 
the latter member. 
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Ex . 1 . T&n^A = efts B . cos* C ; 

o , L t&n A ~ L cos Xf 2. L cos (7 -f- {5 — (1 2)]' • 10 = L cos J? 2 • Z> cos C + 20, 
Ex. 2. Tan* ^ . sin® i? = I . see"* C, 

2, L tan A + 0 . /. sin B = lio« - + 4 . L sec C + { (2 + 6) - 4 } . 10 

- — ^ 10 ^^ + 4 . L sec C + 40. 

5 

s 2 sin*^ B 

Ex. 3. Tan*^ = — — ; 

u 

cos*** C 

I L tan A = ],o2 + ^ L sin i?- ^ L cos C + j | 

ft 2 

= lio 2 + L sin L cos C — ^ , 10. 

[Had both sides of this equation been raised to the sixth power, the fractional 
indices would have disappeared, and the value of tan A would have been practi- 
cally determined much more easily. J 


14. Lastly, the methods will be explained by which small 
angles are determined from their L sines, and conversely. 

When an angle receives a small increment, the Differential 
Calculus affords the means of determining with facility tlie con- 
sequent increase of the Goniometric Ratio. 

Required the increase of L sin d arising from d receiving a 
small increment C0, 
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15. Now if 0 be very small, cosec 6 is vei-y large, and there- 
fore (unless cd be exceedingly small also) the second difference, 

L. . cosec* 0 . is of such a magnitude that it cannot be 

1,10 1-2 

neglected in comparison with the first difference, j — . cot 0 . c0. 


In this case, therefore, since the increment of L sin 0 does not vary 
as the simple power of the increment of 0, the quantity to be 
added to L sin 0 for a small increment of 0 cannot be obtained by 
a simple proportion, but will have to be determined approximately 
by the tedious process of computing the first two terms of the 
series which gives the value of the increment of L sin^. 

There are three methods of escaping this inconvenience. 


If). The fr Jit method is to construct tables for the first f\>w 
degrees to intervals of a second, instead of to intervals of a 
vihiuic as the tables in ordinary use are constructed. 

Here r'O is le^s than one second, and L sin (0 -f ^0) may be roughly computed 
to decimal parts of a second by neglecting the second term ot the series obtained 
ill the last Article but one, in which case, 

L sin (0 + £0) - L sin 0 - j . cot 0 . 00 ; 

Tlierefore, for any particular value of 0, The increment of L sin 0 oc 00, and 
Increment of L sin 0 for 00'' _ 00 
Increment ot /7sin0 fur hU" 00* 


. 17. Second method. By the following formula', which are 

given by ^ilaskelyne in his introduction to Taylor's Logarithms, a 
mmW angle may be determined very accurately to decimal parts 
of a seco^ul from its L sine and conversely, by the aid of tables of 
L sines and L cosines which are calculated to every second for 
a few degrees, 

03 03 

Sin 0 = 6 - ^ -f ... = 0 - nearly. 

02 02 

Cos 0 = 1 - Y~o + — ^ ^ nearly. 


Sin 0 

T 


0 ® / 0 *\* 


Let 0 be an angle containing then n ■ 


0 

sm 1"^ 


= n, sin T'; 


and /. Sin 0 = n . sin 1" . cosi 0. 
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■^rriting n" for 0, ayd taking the logarithnivS, 

L sin n" = lio w + L sin 1" + J L cos w" - J . 10 ; 

L sin n," = Ijo w + L sin 1" — 1 . (10 - L cos «") (i ), 

and lioW = L sinw"+ J (10 — L cos 7i") — L sin 1" (ii.) 


Def. The quantity 10 — Lcosw" is called “the arithmetic comidement” 
of L cos n'\ 

10. It is to be remarked, that in using these formul.T to determ%e L sin 
when n is given, or conversely, an approximate value of L cos n" may be taken 
from the tables and written in the second member of the equations without sen- 
sibly affecting the result, because the variation of L cos w"is exceedingly small 
when n is small, as may easily be shewn*. 

The whole matter will be rendered more clear by an example. 


Ex. ^ L sin 7-3217783, required n. 
Taylor’s tables give, 


L sin 7'» 12" 

7'3210,W3 

L cos 1\ 12" 

L sin 7', 13" 

7'322(MB4 

L cos 7', 13" 


00fM109!)O 

0‘J}h«Mf90 


Therefore the angle is 7\ 12" nearly; and 7', 12" is the approximate value of 
the angle which must be taken in the second member of (ii.) of the last Article. 

Now, by (ii.), 

L sin = 7-3217783 
i (10 -/.cos 7'. 12''))^ .n 
or 1 X -0000010, 


-000(MM)3 


7*3217780 
L sin 1" = 4 0855749 


lion = 20302037 = lio432717; 

/. n=s 432*717; or the angle required is T, 12''-717. 


* Cos 0 = 1- 


0* 


0» 

1 .2'^1 .2 .3. 4’ 


1 1 
.= 1- - nearly; 


Iiocos0, orLcos0-lO, =*“ 1*+ | » 


0 * 


by the Differential Calculus, {L cos 0 — 10) = - , (0 -f* ® 

1* 10 ^ 

very small quantity, if 0 be an angle of a few minutes only. 
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19. In like manner a formula may be established for finding 
L tan w" from n, and conversely. 


Tan e = 


sin 6 
cosd ~ 

e-J?-’. 

2 3 

03^ nearly; 

1 _ _ 


1 fl 

tan 0 

^“■ 2.3 


-? - 

tan «" 

= (cos»")-i^; 

n . sin 1" 




1 2 2 
L tan7i"= \iq 71 + L sin T' - - . L cosw" + - . 10; 

o o 


L tan n" = ] jo^ + L sin 1" + ^ (10 - L cos n”) . 

o 


And lio» = L tan w" - L sin 1" — - (10 - L cosn") . 


..(iii.) 
• (iv.) 


20. Dela^nhrcs Tables, The third method alluded to, (15, p. 
126,) is to construct tables as far as an angle of one degree, which 

give > (or tables which give ^ every 

second. 

Such tables are printed in no collection, perhaps, except those 
of Callet; they may be easily constructed in the following man- 
ner: 

Let 0 be an angle of n seconds ; 6 = « . sin 1''. 

1 sinO 1 sinn" l . „ t 1 . 

Then ho = bo — = ho sm n - l,on - Jjo 1 

= L sin n" sin V' ; 

1 sinO , . . ,, 1 

*10— ir~+ ^ 

0 

Similarly, if 0 be an angle of n minutes, 

1 sin 0 , . * . f 1 

ho --:r-" + sm r = L sm - ho^- 
0 
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21. To determine the Sine of a given small angle^ or con- 
versely,from Dclanihre* s Tables, 

o- o- n n S>n0 . 

Since Sin 0 = — - — . 0 = -■■■■■- . n . sin 1 ; 

0 a 

L sin 0 =r (Ijo + L sin 1") + ; 

« sin 0 » . . j/v 1 

Lsinn = (J^o— Lsinl ) + lio» (i). 

And lio» = L sinw"- (Ijo + L sin 1") (ii). 

o 

The most convenient tables are evidently those which give (^lo ^^^ + Lsiur') 
for every second. 

22. Ex. 1. To determine L sinn" by Dclanibre*s Tables. 

Since, as shewn below*"', ^ l" increases very slowly 

as 6 increases, the value of L sin 7i" is obtained without sensible 

error by taking for \q - + L sin l" the quantity which is given 

in the tables for the angle containing that number of seconds 
which is the nearest integer to the given number {n) and adding 

Ijo^ to it. 

Thus; n = 546’25, required L sin 546''*25. 

By Taylor’s Tables. L sin or L sin O', (>", is 7’4227C70; 

and lio 546 = 2-7J17102C. 

Therefore, when 0 is an angle of 546", 

^10 ^ sin 1" = L sin n*' - lio «. Art. 20: p. 128. 

V 

* 7-4227670 - 2 7371926 =* 4*6855744, 




For 


sin 0 0» 0^ 

0 ~ " 1 . 2 . 3 '^ 1 . 2 . 3 . 4. 5 


el 


0* , 
nearly; 


1 sin0 1 /02 

0 '"“l.io'te 



, by the Differential Calculus, dg l|o =* - ^ + ...^ , 

a very small quantity, if 0 be an angle of a few minutes only. 
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the quantity corresponding to the angle 546"' which wou'ld be given in the tables 

^ 1 sin 6 ^ » 

of ■* 10 " ^ + Ij sin 1 • 

By (i) of the last Article, 

L sin 664"*25 = 4*6855744 + 564*25 

= 4*6855744 + 2*7373914 
^ 7*4229658. 

Ex. 2. To determine n when L sin n" is given. 

By referring to the tables of L sines in common use the in- 
tegral number of seconds is found which is contained in the angle 
whose L sine is next below the proposed quantity : suppose this 
number to be m. Then substituting in (ii) of the last Article, the 

quantity given in the tables for that value of +Lsinl" 

which corresponds to the angle ni \ a near approximation to the 
value of « is obtained. 

Thus, If L sin n" = 7*4230612, required n. 

By Taylor’s Tables, 

L sin 646" = 7*4227670, and L sin 547" = 7*4235617 ; 

.*. the value of m in this case is 546. 

Now, as in the last example, the value of sin 1" for an angle 

664" is 4*6855744. 

Therefore by (ii) of the last Article, 

1,0» = 7-4230(il2 - 4-fi855744 = 27374808 = lj„564-37; 
and .*. 54C"*37 is the angle sought. 



APPENDIX IV. 


The General Proof of the PoRMULiE 

Sin ± i?) = Sin A . Cos B =t Cos A . Sin B, 
Cos (A^B) = Cos A . Cos B Sin A . Sin B. 


On the Theory of Projections, 

1. Let X'OX be an indefinite 
straipfht line^ and PQ a finite 
straight line from which PM, QN 
are drawn perpendicular to X'OX ; 
the length MN intercepted on X'OX 

between these perpendiculars is x' 

termed the Orthogonal Projectioiv^ ^ 

(or simply the ‘‘projection*') of Pft 

on XOX^ and X'OX is termed the Line of Projection, 

Let lengths on XOX be reckoned positive if measured in the 
direction OX, and negative in the opposite direction OX' \ and let 
the sign of tlie projection of any line on X'OX be determined in 
accordance with this convention. Then in the above figure the 
projection of PQ (being MN, measured from M to N) will be 
positive; while the projection of QP (being measured from N to 
M) will be negative. 

2. From this explanation of projections it will be seen that 
the projection of a line on a line parallel to it is equal to the line 
itself, — that the projection of a line on a line perpendicular to it 
is zero, — and that the projections of two equal and parallel lines, 
taken in the same direction, are equal in magnitude and of the 
same sign. 



or tkoffonaF projection is made by means of straight lines that are »er- 
Vendicular to the line of projection. There are other modes of projecting a 
line on another line, as for instance, by means of lines drawn from a fixed 
point through the extremities of the first line. 


9—2 
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3. If itvo point Jt he joined Inf any series of straight lines , the 
aJrrchraical snm of the projeclmis of ' the lines taken in order from 
one point to the other is constants 

Thus, let AB, BC, CD, DE, EF 
be any series of strai«ht lines com- 
mencing at A and lerminatincr at F, 

Their projections arc MN, NP, PQ, 

QR, R^\ which the algebraical sum 

.= MN+NP-QP^ QR-SR 
= MS, the projection of AF, 

This is a proposition of very frequent application ; and it may 
bo remarked that it will be equally true if tlie straight lines do 
not all lie in the same plane. It is sometimes convenient to 
express this result by saying that the snm of the projections on any 
straight line of the sides taken in order, of a dosed jmlj/gon, is zero. 

4. If PR (Fig* to Art. 1) be drawn parallel to X'OX, it will 
be seen that MN = PR = PQ. cos (IPR; and therefore the length 
of the projection of a line is obtained by multiplying the length 
of the line by the cosine of its inclination to the line of projec- 
tion. Tlie same will be true with regard to sign as well as 
magnitude, if the following conventions be made. 



li. From a fixed point O in 
X'OX draw a line parallel to PQ, 
the line to be projected, and in the 
same direction as PQ\ and let the 
angle which this line makes with 
the positive portion (OX) of the 
line XOX be considered as the in- 
clination of PQ to the line of pro- 
jection ; then will the sign of the 
projection be the same as that of the 
cosine of the inclination. 



Thus the inclination of PQ to X'OX is XOT, an angle whose 
terminal line lies in the first quadrant, and whose cosine therefiaz^ 
is positive, as is also MN the projection of PQ. But the incli- 
nation of QP is XOT', an angle whose terminal line lies in the 
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third quadrant, and* whose cosine therefore is negative, whicli is 
also the case with NM^ the projec- 
tion of QP. 

Again, in the annexed figure, 
where OP, OT’ lie in the fourth 
and second quadrants respective- 
ly, the same will be seen to be 
true. 

6. The line to be projected has not in the preceding Articles 
been considered as afFccted by any sign *' ,* but if it lie on a line 
on which the positive and negatiVe directions arc assigned, the 
inclination of the line to be projected must be taken to be the 
inclination of tlic positive side of the line on which it lies to the 
positive side of the line of projection. 

Thus, if PQ be considered as negative, (that is, it P(l lie on 
a line on which longtlis incasiircd in the same direction as from P 
tow^ards Q are taken as negative), its inclination to the line of 
projection must be considered as in botli the figures to 

Art. 5; and the cosine being in both cases negative, PQx cosine 
of the inclination will be positive as before. 

7 . From the ])reccding considerations, a perfectly General 
PnooF may be dcriv'cd of the? loriniila-* which give tlie values of 
Sin (A IJ) and (.’os (A -l P) in terms of the Sines and Cosines of 
the simple angles. 

Suppose a pair of rectangular y. r 

axes a'O./;, pO// to be originally \ 

coincident with the axes X OX, \ ^ 

y'07, having their positive sides X 
Ox, Of/ coincident with the posi- 
tive sides OX, OY; and then ® 
suppose them to revolve through 
any angle A, in the positive or 
negative direction of revolution 
accordinor as is a positive or negative angle. Thus, in the 
figure, Ox and Oy have revolved from OX, OY through an angle 

A distinction has been made throughout between the lines PQ and QP, 
but we have not before supposed that distinction has not been supposed to be 
expressed by means of the algebraical signs + and 
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in the positive direction greater than two right angles and less 
than three, or through an angle in the negative direction greater 
than one right angle and less than two. 

Also, suppose a line OP, initially coincident with Ox^ to 
revolve through any angle 7i, measured from Ox in a positive or 
negative direction according as 2^ is positive or negative. Thus, 
in the figure, OP has revolved through a positive angle xOV that 
is greatef than one right angle and less than two, or through a 
negative angle greater than two right angles and less than three. 

Let ON, NP be the projections of OP on x'Ox, yOij; 

... O.V=07\cosP, and A7' = OP. cos (Z?~ 90 ") - OP . sin P; 
as well with regard to sign as to magnitude (Art. 5). 

Now projecting OP, and also the lines ON, NP on X'OX, the 
projection of the first will be equal to the algebraic sura of the 
projections of the other two (Art. 3). 

Ihit the angle between OP and OX (the positive part of 
XOX,hA+B), 

the projection of OP on X'OA" = OP. cos (^A + P). 

Also, by Art. 6, 
the projection of ON on X'OX 

= ON .cosA= OP ,cos A, cos B; 
and the projection of NP on X'OX 

= NP . cos (A + 90 ®) = - OP . sin A . sin P. 

Therefore, 

OP . cos (A + P) = OP . cos A . cos P - OP . sin A . sin P, 
or Cos (A 4- P) = cos A . cos P — sin A . sin P; 
for all values of A and P, positive or negative. 

8. The formula for Sin (A+P) may be found in like manner, 
by projecting on Y'OY, but it may be derived from the formula 
just proved by writing in it 90 ®+ A for A, when 

Cos ( 90 ®+ A + P) = cos ( 90 °+ A) . cos P - sin ( 90 °+ A) . sin P, 

.*. — sin (A + P) = — sin A . cos P — cos A . sin P, 

Sin (A + P) = sin A . cos P + cos A . sin P. 
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9 . The demonsitration given above is due to Professor De 
Morgan : see Chap. iii. of his ‘‘ Trigonometry and Double Alge- 
bra.** And it ought to be remarked in his words, that it can 
be convincing only to those who enable themselves to understand 
in the most general sense the preliminary theorems. Any want 
of such mastery over the universal character of theorems in 
projection will follow' the student through all his course, particu- 
larly in t|ie higher Geometry and in Mechanics.** 

10. Examples. (1) Shew, by projecting the sides of a 
regular polygon on any line, that 


Cos d + cos 1 


f . 2 (w — 1) ttI 

... + cos[&+ „ )-»> 


^ n J 

Sin 0 + sin 1 

(’a+— )+ ... 



\ n J 

1 u ) ^ 


whatever be the value of 0, n being an integer. 

(2) If a?, 7/, and x\ ;/* be adjacent sides of two parallelograms 
described on the same diagonal, shew that 

y . sin yx — X , sin x'x + y' , sin yx, 

X . sin xy = X , sin xy + y . sin y'y ; 

where yx denotes the angle which y makes with x, and so for 
the other expressions xx^’Suc. 

[These are the general formula? for the transformation of 
co-ordinates in Analytical Geometry.] 

( 3 ) If the inclinations of the sides a, b, c of a triangle, 
taken in order, to a given line be «, / 3 , y respectively, prove that 

a . cos a + b , cos yS + c . cos 7 = 0, 

and that a . cos (/? + 7) + 6 . cos (7 + a) + c . cos (a+ / 3 ) = 0. 



EXAMPLES. 


I. Prove that 4.5“, 15', 20'' = 50», 28', S<)''-50; 10”, 15', 37" 

1 80® 

= 11^ 40'/S"*0f); 18®, 10', 48" = 20^ 20'; =115^ 47'. 


II. The Complements of 17®, SG', 43"; 29®, 27', 6" 32; and 
216®, 45'; are 72®, 23', 17"; CO®, 32', 53"-6‘8; and - 126®, 45'. 

III. The Supplements of 37®, 4', 3"; 115®, 13', 24"*66; and 
226®, 14', 17"; are 142®, 55', 57"; 64®, 46', S5"-34; and-(46®, 14',17"). 


IV. 1. If Cot -4=^, find the values of Sin .4, Cos -.4, 
Cosec A, Vcrsin A, and Sec A, 

2. What angles have the same sine as 320®? A?ts. The form 
27W. 180®+.4...see Art. 24. (l),*.v£rives 320®, 680®, 1010®. ..for the 
values 0, 1, 2... of tw, and —40®, —400®, - 760®... for the values -1, 

— 2, — 3 ,... of ni. The form (2m + 1) 180®— A, see Art. 24. (4), 

gives— 140®, 220®, 580®.. .for the values 0, 1, 2,...of /;/; and —500", 

— 860®, —1220®... for the values —1, —2, -3,... of 7n. 

3. What arc the angles that have their tangents of the same 
magnitude as that of —110®, but affected with a different sign? 
Ans\ no®, 290®, 470®, 650®,... -70®, - 250®, -430®.. ..The angles 
are comprised under the form (see Art. 25) m . 180® + 110®, where 
m is 0 or any positive or negative integer. 


V. Prove the formula?, 

1. Sec'A cosec^A = sec“A + cosec^A, 

2. CotM cos*.4 = cot*4f — cos’‘A, 


S. Cos A = 

5. Sin A cos A 


cot A 

1 


4. Versin A = 


sec .4 - 1 
sec A 


iSLiiA + cot .4* 
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VI. 1, If TanM + 4 sin®^ = 6; A = 60 ®. 

2. If in = tan A + sin and n = tan — sin ^ ; Cos A = 

S. If m sin J. = 7? cos A ; Sin A = ^ — — . 

Jirr-h 

Ifl = (^-i) + (cos.icosC)%- Sin (7=;"^,. 

5. IfCosx=^^, and Cos(<)0«-x) = ™;^: 
then Cos"J + cos®i? 4 cos® C - 1. 


m—n 

w47r 


VII. Prove tlie following formulae; 

1. Tan.^ +cot^ =2coscc2^. 2. Cot A -tan A- 2 cot 2 A, 
sin 2 A 

4. / = r .1 -IT 

fi a/ 1 UTl/f 1 f r»r» - 

‘2 *“ 


3. Tan A = : 


^ /I 4 sin /f 1 4 tan ij /f 
V 1 -s.n^ i - tan J 


1 4 cos 2 A* 

5. Cosec 2 A 4 cot 2A = cot A. 6. 2 coscc 2 A = sec ^ cosec A 
sin 


- :=coti^. 

1 - cos A ^ 


Versin// 


9* 8 cot 2^1 cosec® 2/f = cot A cosec® ^ — tan ^ sec^A. 

10. Vcrsin(lS0°- J) f 2 vers J (180® 4^) vers J(1S0®-^). 

cot A + tan A _ . 2 sin ^ - sin 2^1 


11. Sec 2^1- 
13. Cosec 2^1 =2. 


12. Tan®l^ = ; 
cos 2A 4 sin 2A 


^ . • * .i . X bill J.M. — . . . . , 

cotA-tanA ^ 2 sin ^4 sin 2^4 


(cos A — sin — (cos 3 A — sin 3 A)’ 

14. Cos* A = [cos ^ A --sin Z Ay 

4 2 cos i y4 sin B .4 (cos ^ J[ - sin ^ A)*. 

^ 15. ^(1 4 sin y4) = 1 4 2 sin ^A . ^(1 - sin ^A). Shew also 

that the radicals have their proper signs in this equation if A be 
between - 90 ® and 180®, 
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16 . Cot A +cot2yi + cotiA = . (2 + 2 cos 2^ + 3 cos 4/4). 

17. Prove that ^tan(^). 

sec (2’“,4) - 1 tan (2‘"-‘/4) ’ 

and thence shew that 

(sec - 1 ) (sec - 1) (sec 2^ A - 1) ... to factors 
(sec A — 1) (sec 2^ A — 1) (sec 2* A — 1) ... to w factors 

= cot tan (2**”“!.^). 

1 8. Cosec 2A + cos 4*A = cot A — cosec 4^4, 

19* Sin 3 A sin'A + cos 3 A cos'' A — cos® 2^4. 

2 Q Sin 71 A _ sec (fi + j) A - sec (7^ - -]) A 

cos 271 A + cos A ^ 4}sm^A ^ 

and thence shew that 

Sin A sin 2 A _ sin 3A 

cos2/<4 + cos cos 4^ + cos A cosWA + cos A "^***C^^ terms) 

_ sin ^77^4. sin ^ (77 + ] ) v4 
sin A . cos I (27^ + 1) ^ ' 

VIII. Prove that, whatever be the values of the angles, 

1. Cos 2A + cos 2l? = 2 cos (A + B) cos {A - B). 

2. 1-4- cos 2A cos 2B «= 2 (sin®.4 sin‘B + cos^A cos®jB). 

3. Cos'* (A + B) — sin® J. = cos B cos (2 A + B). 

4 ^ sin (2? si^(C ^ ) _ 

sin .4 sin B sin B sin C sin ^ sin ^ 

5. Cos (A + B) sin {A-B) + cos {B + C) sin (B - C) 

+ cos (C + Z)) sin (C — D) + cos (D + sin (JD •^A) = 0. 

6. Cos (.4 + B) sin B - cos {A + C) sin C 

= sin (.4 + B) cos B - sin {A + C) cos C. 
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7. Sin (A+B) cos B—sin(A +C) cos C = sin ( B-C) cos {A +B+ C ) . 

8. Sin {A -k-B- 2C) cosB — sin {A + 67- 2J5) cos C 

= sin (J3— C) {cos(J5 + C — ^) + cos (A + C — B) + cos (A + B— C)}. 

9. Sin-^l sin(i?— C) + sin J5 sin (67— A)+ sin67sin (^ — i5)=0; 
and Cos A sin (B- C) + cos B sm(C - A) + cos C sin (A-B) = 0. 

10. * Cos 2 A + cos 2B + cos 2C 

- cos (B+ C) cos (B- C) + cos ( C+A ) cos (C—A) + cos(A+B)cos(A—B) ; 
and Sin 2 A + sin 2B + sin 2C 

=sin C) cos (B-C) + sin (C+A) cos (C-A) + sin (A+B) cos (A—B). 

11. If 25'=^ + l? + 67, 

I cos A cos Bcos C = cos 2 (S— A) + cos 2 (*9 — jB) + cos 2 (*S'- C) + cos 2S ; 
and 4 sin A sin B sin C 

= sin 2 (aS - .4) + sin 2(S— B) + sin 2 (S — C) - sin 2S, 

1 2. Sin B sin (A- B) + sin C sin (A - 67) 

= cos (B — C) cos 2(S—A) — cos A, 

13. (SinM+sin®^+sin®C){sin^(-4— 2?)+sin^(J5— C) +siir(C— -4!)} 
= {cos A - cos (B- C)cos2(S- A)Y + (cos i?- cos ( C- A) cos 2 (S-B)Y 

+ {cos C - cos (A - B) cos 2(S—C) ; where 2S = A + B + O, 

Sin (A - B) sin (B — C) sin (67 - A) 
sin C ^ sill A ^ sin B 

sin (A — B) sin (B — Cf) sin (C - _ q 

sin A sin ^ sin 67 

^ /Tan A tan B\ /tan B tan C\ /tan C tan 
^ \ tan B tan 2>/ ^ \tan C tan Bj ^ \tan A tan c) 

^ ^ sin 2 (B — A) + sin 2 (67 — -B) + s in 2 (A — C) 
sin 2 A sin 25^sin 2C 

16. The formula in the last Example is also equal to 
8 sin (A - B) sin (B— C) sin (C - A) 
sin 2A sin 2B sin 267 
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IX. Prove that 

, 1 + sin A ^ 

1 , ^ ^ ^ == tan® (45® + iA). 

1 - sm ^ ^ ^ ' 


2. See (45®+ sec (45®- yi) = 2 sec 2^. 

3. 2 sec A = tan (45® A) + cot (45® + A). 

4. Tan (30»+ A) tan (30»- 


5. 


6 . 


7. 


8 . 


9 . 


Sin (60®+^) - sin (GO® - A) = sin A. 

// , sinji 

V \ ) si n (45® - 5 -4 ) + cos (4 5® + -4 ) * 

Cos^ + cos (120® — + cos (120®+ A) = 0. 

Cos® A + cos® (Go® - A) + cos® (GO® >¥ A)- :j. 

Cos" A + cos® (72® + ^) + cos" (2.72® + A) + cos" (5.72® + A) 

+ cW(4.72''+ ^) = \f . 

O 


X. Find the numerical values of Sin 15®, Sin 9®» Cos 12®, 
Versinl5®, Tan 22®, 12', Sin 150®, Cos 135^ Sin 3®, Sin 75®, 
Sec 225®; and prove that 

1. Tan 50® + cot 50® ^ 2 sec 1 0®. 

^ __ _ 

2. 2 cos — = ^2 + ^{2 + &c. + ^(2 + 2 cos A )] ; where w is a 

positive integer, and the symbol J is repeated n times, each time 
affecting all the quantities which follow it. 


XL 

Determine A in the following 

equations ; 

1. 

Sin A = sin 2A. 

2. 

Tan 2A = 3 tan A. 

3. 

Tan A = cosec 2^. 

4. 

Cos A = tan A. 

5. 

Tan® 2^ = 3 tan 2 A. 

6. 

Tan .4 + 3 cot = 4. 
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(3) Log^l -^^ = log(x + l)+log(a!-I)-2log4;. 

11. If log X + log 6 = log 12 — log 2 — log X, then j;* = 1. 

12. From lio2, and find lio72. 

^ J. *From and liold, find lio-'i, ^loT, ^lo 


14. l4(l + iV^)=' .(1-A’)" } = — 


1 .2 


N* 

3 .'4 ■^5. ()■"••• 


1 5. If log X — log a — log f), shew that 
•g (a + b) = log a + log ^1 + and log {a — h)- log a - log ^ ^ ^ 

_ 1 _ _ 1 

If). If ^ and s = €^“^ei^; then or = 


V J 7. If = 0, then x = 


P log VI + 0 log w 
a log 7n — 7 log v 


s 

w 

un 


J 8. If a" + - c, and a'— d, then 

^ = V . ai,d ^ H i(£ --1) . 

log a ^ log b 

19. Prove that 


rad ' log (tan 2"f?) = 2 log (2 sin 2”0) — log (2 sin 2"'^'f?) ; 

nd thence shew that 

i log (tan 2”f?) +‘^ . log (tan 2^6) + (to fi terms) 


= log (2 sin 20) - — ^ . log (2 sin 2'**^d), 


11 



SPHERICAL TRIGONOMETRY. 


CIIAPTEB I. 

ON CERTAIN PROPERTIES OF SPHERICAL TRIANGLES. 

1. Def. a Sphere is a solid bounded by a surface of which 
every point is equally distant from a fixed point which is called 
the center of the sphere. 

Def. The straight line joining the center with any point in 
the surface is called the radius of the sphere. 

2. Every section of a sphere made hy a plane is a circl e 

Let ABCD be a sphere of which the 
center is 0; AFCG the curve in which 
a plane cutting the sphere intersects its 
surface ; OK a perpendicular from O upon 
the cutting plane. 

Join jS' with F any point mAFCG^ and 
join FO. Then since OE is perpendicular 
to the cutting plane, it is perpendicular to 
EF, a line meeting it in that plane ; 

EF =J{OF^~~OEi^\ a constant quantity. 

Now E is Q. fixed point in the cutting plane, and F is ajiy point in 
the curve AFC. Therefore AFC is a. circle whose center is E and 
radius is EF. Euclid, i. Def. 15. 

Cor. If the cutting plane pass through the center o£ the 
sphere, EO vanishes, and EF becomes equal to OF, the radius of 
the sphere. 
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8. Def. The Circle in which a sphere is cut by a plane iw 
called a greaf^ or a small circle, according as the cutting plane 
passes, or does not pass, through the center of the sphere. 

Cor. Since the radius of every great circle is equal to the 
radius of the sphere (2, Cor.), all great circles of the sj)here 
must be equal. 

Note. Unless the contrary be expressly mentioned, when 
hereafter* an arc of a sphere is spoken of, an arc of a gicat circle 
is meant. 


4. Def. SriiEniCAn Trigonometry investigates the rela- 
tions subsisting between the angles of the plane faces which form 
a solid angle, and the angles at which the plane faces themselves 
are inclined to one another. 


For the sake of convenience the angular point is made the 
center of a sphere, which, being cut by the plane faces containing 
the solid angle, presents on its surface a figure of which the sides 
are arcs of great circles. 


Let ABC be a triangle of this kind, whose 
sides AB, BC, CA are formed by the intersection 
of the planes BOC^ CO A, with the surface 

of a sphere of whicli O is the center. The angle of 
arc AB 


any face, as A OB, is ' 


AO 


PI. Trig. Chap. VI. ; 



and the angle contained between any two faces 
(as BOA and CO A), is the angle contained between the lines AT) 
and which are drawn in the planes BOA and CO A at right 
angles to their intersection OA. Euclid, xi. Def. G. 

The lines AD, AE, being at right angles to the rad»us OAi 
and lying in the planes of the arcs A B and A C, are tangents to 
those arcs. 


5. After certain properties of spherical triangles have been proved, it will 
not be requisite, in pursuing further investigations, to represent in the figures 
attached to the Propositions the center of the sphere on which the triangles 
are described. 

It must not, however, be forgotten, that when the words “ the angle BAC" 
or “ the angle A ” occur, the angle meant is that of the inclination of the two 
planes whi^ pass through O the center of the sphere and the arcs AB and AC; 
and that this is the angle c ontained between two lines drawn from any point in 
AO at nmyht angles to it, and respectively lying in the planes A OB and AOC. 
Also, whenever the expression the'sine of AB ” occurs, the sine is meant of the 
angle whicfi the arc AB subtends at the center of the circle of which it is a por- 
tion. . If this circle, be a great circle, its center is also the center of the sphere. 

j 11—2 
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6. In the following pages the angle BA C will commonly be 
indicated by the letter and the angle subtended by BC, the 
side of the triangle opposite to l BAC^ will be indicated by a. 
The other parts of the triangle ACB will be represented in like 
manner. 

7* Def. If OE (fig. Art. 2), which is perpendicular to the 
plane AF{1^ be produced both ways to meet the surface of the 
sphere in B and 79, these points are respectively called Ihe nearer 
and the further poles of the circle AFC; and the straight line 
BOD is called the axis of ihe circle AFC. 

8. The pole of a circle is equally distant from every point 
in its circumference. (Fig. Art. 2.) 

Join B with F any point in AFCG. Then, BEF being a right 
angle, BF^ BE^ + EF^ — BE* + (OF^ - OE’^), a constant quan- 
tity. And F being any point in AFCG, B is equally distant from 
every point in the circumference of that circle. 

Similarly, 797:*+ D7:*+ (0F»- 077), a constant 

quantity. Hence 79 is equally distant from every point in the 
circumference ot* AFCG. 

Again ; let BNF be an arc of a great circle passing through B 
and F, any point in AFC. Then since the chord BF is the 
same for every point in the arc AFC, and that in equal circles 
equal circumferences are subtended by equal straight lines 
(Euclid, HI . xxix.), the rtc BNF is constant; and also, because 
the radii of all great circles are equal,. the angle BOF subtended 
at the center of the sphere is constant. 

Hence it appears that every point in the circumference of a 
circle of a sphere is equally distant from the pole of the circle, 
whether the distance be measured by the length of a straight line 
joining the point with the pole, or by the arc of a great circle 
connecting the same points, or by the angle which such an arc 
subtends at the center of the sphere. 

9. Since BO is at right angles to the plane AFC, every plane 
through BO is at right angles to that plane. Hence, th^angle 
between any circle whatever and a great circle passing through its 
pule is a right angle. 
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10. If FB he a quadrant drawn at right angles to the great 
circle AFG from any point F in it, B is the pole of KFG, 

Join B and T with 0 the center of the 
sphere, and in the plane of AFC draw OA at 
right angles to FO, 

Then, AO being perpendicular to OF, 
and (since FB is a quadrant) BO being a 
perpendicular to the same line, therefore 
i BOA — i between the planes A OF and 
BOF, whose intersection is OF ; an angle 
which is by hypothesis a right angle. 

And BO, being at right angles to OA and OF, is at right 
angles to the plane A OF in which they lie ; and therefore B is 
the pole of AFC, 

Cor. If B be the pole of AFC, AO and FO, any two lines in 
the plane CFAG, are at right angles to BO, and AOF is the 
inclination oi' AOB and FOB; 

Art. 5, L AF = z ABF, 

Dkf. Great circles which pass through the pole of a great 
circle are called secondaries to that circle. 

11. If from a point on the surface of a sphere there can he 
drawn two arcs i^not jyarts of the same circle) which are at riijht 
angles to a given circle, that point is the pole of the circle, (Fig. 
Art. 10.) 

Let B be the point, BA and BF arc^ (not parts of the same 
circle) through A and F, points in the circle AFC; and let BA 
and BF be at right angles to AF, 

Then since BA and' BF are at right angles to AF, and are not 
parts of the same circle, the planes BOA and BOF must intersect, 
and their intersection BO is at right angles to AOF, Eucl. xi. J9. 
Therefore B is the pole of AFC, 

[^The proof holds whether AFC be a great or a small circle.] 

CbR. Hence also it appears that the intersection of two arcs 
drawn at right angles to a given circle through any two points in 
it, is the pole of that circle. 
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I • 

12, The angle subtended at the center of the sphere In/ the 
arc of a great circle which joins the polcji of two great circles, 
'IS the iucluiation of the planes of those circles. 

Let the given circles be FD and FE 
intersecting in F, A and B their respec- 
tive poles, and ABDE the circle tliroindi 
.1 and B, 

Now Jo is perpendicular to OF^ which 
is a line in the plane DOF, 

And no is perpendicular to OF, a 
line ill the plane EOF; 

OF is perpendicular to the plane 
JOB; and therefore to OD and OE, 
which are lines in that plane ; 

*. DOE is the angle of inclination of the planes FOD, FOE, 
And AOB = AO D- BOD - 90 ^ - BOD 
^BOE^BOD=^DOE, 

CoR. Hence also it appears that z AB ^ ^ DE = z DFE 
Arts. 5, 4. 


13. T 'wo great circles are hisected hg their intersections. 
(Fig. Art. 10.) 

Let BAD and BFD be arcs of two great circles intersectino- 
each other in B and D. Join BD, 

Then since BAD is a great circle, the center of the sphere is a 
point in its plane ; similarly, it is a point in the plane of BFD ; 
tlierefore the center of the sphere is a point (O) which is in the 
intersection of these planes, that is, in the line joining B and D. 
Therefore BAD and BFD are semicircles, having BOD for their 
common diameter, and the two great circles are bisected by the 
points B and D, 

14. Any side of a spherical triangle is less than a semi- 
circle, and any angle is less than two right angles. 

Since Euclid takes two right angles as the limit of a plane 
angle, this is also his limit for the angle of any plane face of a solid 
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an^le. Hence in a spherical triangle no 
side can be equal to a semicircle. 

Thus, if ACB intersect AEBF in the 
points A and B, and CD be any other 
arc, the triangle connecting the points B, R 
C, D is not the figure formed by BC, CD, 

DAFB (of which the side DAFB is greater 
than a' semicircle), but the figure formed by 
BC, CD, DEB. 

If a side, as ADEB, become a semicircle, then the arcs which 
join A and B with any other point C, are portions of the semi- 
circle BCA, and the arcs joining the points A, i?, C cease to form 
a triangle. 

Wherefore the side of a triangle is less than a semicircle. 

CoR. 1. Hence it follows that an migle of a triangle must be 
less than two right angles. 

For if possible let BFADC be a triangle having the angle 
BCD greater than two right angles. Produce BC to A ; then 
BFA is a semicircle, and BFAD is greater than a semicircle ; 
which is impossible. 

If the angle BCD become equal to two right angles, BC and 
CD become parts of the same circle, and the figure ceases to be a 
triangle. 

Wherefore the angle of a triangle is less than two right angles. 

Cor. 2. Flence also it follows, that if the great circle be 
completed of which any side of a tri- 
angle ABC forms a part, the triangle lies 
within it. 

For if possible, let C lie without the 
circle, and let CA cut it in D; then since 
DA is a semicircle (IS), a side CDA of a ^ 
triangle is greater than a semicircle ; which 
is impossible. 




15. If V he the pole of a great circle BAG aiid of a small 
circle bac which are cat hy the great circles PaA and PbB, 
then^ 


A^rc ab oj* -q 
7 — A O = Sin Pa. 
ArcAB 
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Let O be the center of the sphere, and OP, which is at right 
angles to the planes of both circles, cut the plane of the small 
circle in D, Join AO, BO, aD, bD, Since these lines lie in 
planes which are perpendicular to OP, each of them is perpen- 
dicular to OP, Join aO, 


Then aD, being perpendicular to PO, is parallel to AO, a line 
which lies in the same plane with itself. 

Similai^y, bD is parallel to BO; 

z aDb=^jL AOB, End. xi. 10, 

T . arc ab arc AB 
that IS, 


Arc ab 
Arc AB 


aD 

'AO 


aD 

aD 

"aO 


*" AO * 

= sin POa, or sin Pa, 



Cor. 1. Since POA = 00^, sm POa ^ cos aO A ; 

Arc ab ^ . 

^ cos aO A, or cos«A. 

Arc AB 


Cor. 2. If AB be any circle of which P is the pole, it may 
be proved in like manner that 

Arc ab sin Pa 


Arc AB sin J^A * 


16. Def. If the angular points A, B, C of a spherical tri- 
angle ABC, Fig. Art. 17, be the poles of the three great circles 
DE, EF, FD respectively, the triangle ABC is called with respect 
to DEF the Prunitive Triangle, and DEF is called with respect 
to ABC the Polar Triangle. 

17 . The angular j)oints of the polar triangle are the poles 
of the sides of the primitive triangle. 

Join AE and BE, by arcs of two great 
circles. 

Then, since A is the pole of ED, A 

Art. 10. 

And, since B is the pole of EF, BE = -^tt. ^ 

Therefore the great circle of which E is 
the pole passes through A and B, or E is the 
pole of AB, Similarly D and F are the 
poles of JiC and BC respectively. 
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18. The Polar Triangle is called also the Supplemental Tri- 
angle, from the following property it possesses. 

The sides and angles of the polar triangle are the supplements 
of the angles and sides respectwely of the primitive triangle, 
(Fig. Art. 17.) 

For A A- IIG, Art 10, Cor., = EG - Ell 

= EG - (ED - DH) ^EG + DII ~ ED ; 
hilt EG and DH are quadrants, or each subtends an angle iJtt, 

.*. z A ED, 

Similarly, z B — EF, and z C = tt - ED. 

Again, AB = AG-BG = AG-^(IG-BI) 
=AG+BI-IG 

*= - E, since E- IG. (10, Cor.) 

— 'IT — E, 

Similarly, BC =ir-F, and AC-tt-D. 

19 . If o, general equation he esfnhlUhed heiween the sides 
and the aagles of a spherlcad triangle.,, a true result is obtained 
if in the equation the supplements of the sides and of the angles 
respectively he written for the angles and sides ivhich enter into 
the equation. 

For if the equation be proved for any triangle whatever, the 
sides a\ h', c', and the angles A\ B\ C/, of the polar triangle may 
respectively be substituted in it, in the place of the sides a, by c, 
and the angles A, B, C, of the primitive triangle. And in the 
equation as it then stands, putting for the sides and angles of the 
polar triangle their equivalents drawn from the primitive triangle, 
viz. 

w — A = d, m ^B — h\ tr = c\ 

TT ~~ a = A\ •jr— h = B\ IT — c = C", 

a true result is obtained, which differs from the original equation 
in having the supplements of the sides and of the angles respec- 
tively written for the angles and the s^des of the triangle. 
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Ex. If A, B, C be the angles, and a, b, c be the sides, of any 
triangle, it will hereafter be proved ( 29 ) that 


Cos A = 


cos a — cos f) cos c 
sin i sin c ' 


in which the cosine of an angle of a spherical triangle is expressed 
in terms of the sides. 


Therefore CosJ.' = 


cos a — cos h' coc c 


sin O' sin c 

Now — a'—TT — Ay b'—ir—By c — tt—C; 


.*. Cos (tt — «) : 


cos (tt — A) — cos (tt — B) cos (tt — 6^) 
sin (tt ~ B) sin {tt — C) 


cos A + cos B cos C . , . , , . « • . 

Los a- . - ; 111 which the cosine of a side ol a 

sin B sill C 

triangle is expressed in terras of the angles. 

20. Any two sides of a spherical triangle are together 
greater than the third; and the snnt of the three sides Is less 
than the circumference of a great circle. 

For, Eucl. XT. 20, any two of the angles 
AOB, BOCy CO A, 

/ arc A B arc BC arc CA ' 


AO 


AO 


irc CA \ 

~Ao r 



which form the solid angle at O, are together 
greater than the third. Therefore any two of 
the arcs ABy BCy CA are together greater than the third. 

Also, Eucl. XI. 21, the three angles forming the solid angle 
at 0 are less than four right angles ; 

arcA^ arc^C &rcCA 
' AO 


.*. Arc AB + arc BC + arc CA < Qtt . AO^ which is the circum- 
ference of a circle whose radius is AO. 



SPIIEKICAL TRIGONOMETRY. 


171 


Cor. 1. Since the sum of the plane anp^les which contain an if 
solid angle is less than four right angles, Eucl. xi. 21, it follows 
from the same inode of proof, that the sum of the sides of anif 
polygonal figure which is described on a sphere, and whose sides 
are arcs of great circles, is less than the circumference of a great 
circle. 

[Ttie polygonal figure, however, must be such that the angle between any 
two adjacent hides is less than two right angles, and also that area is con- 
tained on the surface of a hemisphere: for by Euclid, the angle between two 
planes is less than two right angles, and in the proof of the proposition referred 
to. It is supposed that all the plane faces which contain the solid angle may he 
cut by one ])lane ; which cannot be the case unless all the edges of the solid 
angle lie within the same heiiiisxdiere.J 

Cor. 2. Also, let AliCDEA be a fivx'-sided figure described 
on a sphere, and let it be divided into triangles by the arcs /iC, 
AD, (A figure is easily drawn.) 

Then AB + nC:>AC; 

.\AB + JJC+CD^AC+ CD:>AD, for uW+CD:>AD; 

AB + BC-\-CD + DE^AD + DE^AL\ 

And the same method of proof being applicable to a polygon of 
any number of sides, it follows that the sum of all the sides but 
one of a polygon described on a sphere is greater than the re- 
maining side. 

Cor. 3, If a and b be two sides of a spherical triangle, since 
each is less than tt, 

a+h<c 27r, + b) < tt. 

And a - b <ir^ ^ {a — b) < Itt. 

So, ^ (A + i?) < TT, and ^ (A - i?) < 

Cor. 4. a, b\ c', being the sides of the polar triangle, 
a'+b’>c'; + 

TT > A + Z? - 6’; or, A + - (7 < “JT. 
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21 . The mm of the angh s of a spherical triangle is greater 
than two right angJes^ and le^s than six. 

Let -4, By C be tlie angles, and a, c the sides, of a triangle; 
A\ B'y C'y and a, b\ c\ the angles and sides of its polar tri- 
angle. 

Now 275 > a' + li + c, (20) 

> (tt — 4 ) 4 - (tt - B) + (tt — > Stt — + C) ; 

A + B + O ^ •rr. 

Also, since each of the angles A, B, C is less than tt, 

.*. A + ^ + C ■< Stt, 


22 . The angles at the base of an isosceles triangle are eqxial 
to each other. 


Suppose ABC to be an isosceles tri- 
angle, having AB^AC, and therefore 
/ AOB^^ AOC, 


perpendicular to the plane BOC, — and 
therefore at right angles to every line it 
meets in that plane ; and from G draw 
GE and GF perpendicular to OB and 
OC; join BE, DF, GO. 



Then 

0E‘ ==0G^^GE^ = {0D^-- DG^) - {ED^ ^BG^)^0D^- ED^ ; 


DE h perpendicular to OE, and z Z)£G = inclination of the 
planes BOC and BOA, — l B. 

Similarly, BF is perpendicular to OC, and z BFG ^ iC. 

Now DE=OB.%\xxAOB^OB.^\nAOC^BF. * 

And ^G‘ = D£‘~DG* = Z)i^-DG* = FG*. 
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Hence, since dKj ED are equal to GF, FD, each to each, 
and GD is common, 

z DEG=: z DFG, or z i? - z a 


23. Conversely, if or zDEG—DFG, it may he 

shewn from the same figure that AB - AC; that is, the angles at 
the base being equal, the sides opposite to them are ecpial. 

Cor. Hence also it follows that every equilateral triangle is 
also equiangular; and conversely, that every equiangular triangle 
is also equilateral. 


24. Of the two sides wlilcli are opposite to two unequal 
angles in a triangle^ that is the greater which 'is opposite to the 
angle which 'is the greater. 

Let z ABC be greater than zBAC. 

Then AC^BC, 

Make zABD=z BAD; DA^DB. 

And AC=CD-^DA=^CD + DB ; 

But CD + DB is >BC(fiO); AC^BC. 

25. Conversely, it may easily be shewn that of two angles in 
a triangle which are opposite to unequal sides, that is the greater 
which is opposite to the side which is the greater. 

Cor. Hence A — B and a — 6 have the same sign. 



26. Article 24 has been proved after the manner of Euclid, 
I. 19* The following propositions may be enunciated for spheri- 
cal triangles in the terms used for plane triangles, and may be 
I)roved in nearly the same words. Euclid, i. Props. 4. 8. 24. 25. 
26 . &c. 
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27 . To recapitulate the more important properties of Spheri- 
cal Triangles which have been proved in this Chapter. 


Art. 14. 
14 . 


20 . 


2L 


2.5, Cor. 

t 

20 . 

21 . 

20, Cor. 3. 
20, Cor^ 3. 
20, Cor. 4. 


1. A side must be less than a semicircle. 

2. An angle must be less than two right angles. 

3. Any two sides are together greater than the 

third. 

4. The greater side is opposite to the greater 

angle; and conversely. 

/>. A — B and a are of the same sign. 

6. a + b + c < 2'7r. 

7 . A + B + and < Sn, 

8. a -^h < 27r, a — 6 < TT. 

9 . A + B < 27r, A - B < TT, 

10. A + i? — C< TT. 


The following properties will also be proved hereafter: 


34. 

- 0 . 


11. ^{A-\-B) and ^ (cr + ^) are of the same 

affection ;* i. e. they arc both > .^tt, or 
both < ^TT. 

12. If A BC be a right-angled triangle, C being 

the right angle, then A and a (as also 
B and h) are of the same affection. 



CHAPTER II. 


rORMUL^ CONNECTINa THE SIDES AND ANGLES OF 
A SPIIE3UCAL TRIANGLE. 


2<S. The. Sines of the Sides of a Spherical Triangle are as 
the Sines of the Angles to which they are respectively opposite. 

Let ABC he the trian<]fle, 0 the cen- 
ter of the sphere. From D, any point in 
fM, draw DG perpendicular to the plane 
JiOCy and from G draw GE and GF 
perpendicular to OB and OC. Join DE, 

UF. 

Then a line through G parallel to OB 
would be perpendicular to DG and GF, 
and to the plane DGE: wherefore, 

Flic. xi. 8, OE is perpendicular to the plane DEG, and to 

and EG; and j: DEG = 

Similarly, z DFG — z.C. 

Now DE,^\uDEG^DG=^DF.^\nDFG; 

OD. sin A OB. sin DEG^ OD .sin A OC- sin DFG; 

Sin AB .sin B^ sin AC .^\nC; 

8in B sin C 
Sin ^6^ ^ sin A B' 



Similarly it may be proved that 

Sin B _ Sin A 
Sin.46’~SinRC’ 

Wherefore 

Sin A _ sin R _ sin C 
hin BC " sin AC ” sin AB ”* 
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The Proof will be found to hold whether G fall within the 
angle BOC or without it. For if, for instance, G fall without 
OB, the angle DEG will be the supplement of the angle B, and 
sin DEG = sin i?. Also if E be in BO produced, the proof will 
still be found to hold. 


29. Jb express the cosine of an Angle of a Triangle in 
terms of the Cosines and Sines of the Sides. 

From any point D in OA draw DE and 
DF, in the planes AOB and AOC, at right 
angles to AO. Therefore ^ EDE' is the incli- 
nation of those ])lanes to each other, that is, q 
the angle A. Jom EF. Then, from the tri- 
angles FOE and FDE, 

OF^+ OE^- 20F . OE . cos FOE = FE^ 

= FD* ^-DE^ -SLFD.de. cos FDE ; 

oOF.OE. cos FOE 



= (OF*- FD*) + (OF*- DF*) + 2FD . DE. cos FDE 
= SLOD^+2 FD . DE. cos FDE; 


,.^^J)DOD FllDE 
• • " OF ' OE OF' OE ' 


or, Cos a — cos b cos c + sin b sin c cos A 

cos a — cos b cos c ^ 


•Cii.) 


Whence Cos A = 


sin b sin c 


* In the proof DE and DF are supposed to cut OB and OC, which will be 
the case only if AB and AC be less than quadrants. The result arrived at is 
notwithstanding general, as may be thus shewn. (The fagures may easily be 
drawn trom tiie descriptions.] 

1st. IS AC be greater than 90®, and AB less than 90®, produce CA and CB 
until they meet in Then AC'B is a triangle in which AC\ AB are each le»# 
than 90®, and therefore by the proof in the text, 

Cos C'B — cos A C’. cos AB + sin A C. sin AB . cos BAC' 
or — cos BC = — cos A C . cos AB + sin AC . sin A B .(- cos ^A C) ; 
cos BC= cos AC .cos AB + sin AC . sin AB . cos B AC. 

2nd. 
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Cor. By writing w — « for^, &c. (1 9), . 

Cos A + cos B cos C = Sin B sin C cos a (iii.) 

^ cos A + cos B cos C 

Whence, Cos« = . - ^ . 

sin B sin C 

30. To shew that Cos a sin b = sin a cos b cos C + sin c cos A . 

Produce the side CA to P, making AP a. * 

quadrant. Then the formula (ii.) applied to " / 

the triangles PCB and PAB gives a ' j 

Cos BP — cos (90® + h) cos a * ^ 

+ sin (90'’ + />) sin a cos C ^ 

= — sin h cos a + cos h sin a cos C, 
and Cos BP — - sin c cos A ; 

Equating these values^ of cos BP, 

Cos a sin h = sin a cos h cos C + sin c cos A (iv.) 


2nd. If AC arid AB be both greater than 90^ produce AC and.4 B until 
they meet in A\ Then A'BC is a iriawgle in which AB and AC are each less 
than 900. 

Cos BC = cos A'B . cos A'C + sin A'B . sin A'C . cos A', 

= cos (180"- AB). cos (180<»- AC) + sin(180"- AB) . sin (180"- ,4 C) . cos A 
= cos AB . co^ AC + sin yIT?. sin AC . cos A. 

3rd. Let one of the sides, as AB, be 90". 

From B draw BD perpendicular io AC or AC produced. Then the angle* 
at D are right angles ; ana from the A BCD, 

Cos BC - cos DB . cos DC + sin DB . sin Z>C . cos D, 
where cos DB =: cos ^ ; cos DC = cos (90" ^ AC) = sin A C ; cos D = 0, 
and the equation becomes 

cos a^cosA. sin b, 

which is the form (ii.) assumes when e= 90". 

4th. If both the sides AB, AC be quadrants, con A = cos SC - cos a; and 
this is the form which (ii.) assumes when b and c each become 90". 


12 
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Cor. 1. By (iy.), Cos a sin b = sin a cos b cos C -{- sin c cos 

cosfl . sine . 

. . . -- . sin b = cos h cos C + — . cos A 
sin u sin a 

j ^ sin C . 

= cos b cos C + . — . . cos A : 
sin A 

Cota sin b = cos b cos C + sin C cot A (v.) 

Cor. 2. By writing ir-a for A, &c. (Ip), the formula (iv.) 
becomes, 

Sin C cos a — cos A sin B + sin A cos B cos c (vi.) 


31. To find the values of Cob ^ A, Sin ^ A, Tan ^ A, a 7 id 
Sin A tn terms of a, b, c. 

By (ii.), Sin h sin c cos A = cos a — cos b cos c ; 

.*. sin b sin c (1 + cos A) - cos a — (cos b cos c — sin 6 sin c) ; 

sin b sin c 2 cos* ^ A == cos a — cos (b + c) 

= 2 sin 4 (« -hb -h c) sin 4 ^ 

And if 6’ = i (a + ^ + c), S — a = ^ (a + b + c) - a = ^(b - a). 


- , . sin aS sin (S ~ a) 

cos^iA = . , . ; 

^ sin 6 sin c 

/sin S sin {S — a) 


... c„sM = ./— 

V sin 6 si 


sin c 


.(vii.) 


Again, 2 sin* A = 1 - cos.4 = 1 • 


cos a — cos b cos c 
sin b sine ^ 


Whence, Sin A * 


'sin {S — b) sin (S — e) 
sin b sin c 


.(viii.) 


Also - /sin {S - h) sm (S - c) 

Also, ^ sinSsm(S-a) ^ ' 
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And SmA = 2sih^^cos^A 

linbsinc ■ ^ ~ **" (S - 6) sin (« - c)} (x.) 

The positive signs of the square roots are taken in these cases^ 
because i ^ is necessarily less than ^ tt. 


32. To fold the values of Cos ^ a, Sin J a, Tan J a, and 
Sin a in terms of A, B, C. 

Rwr n n cosA + cos B cos C 

By (ill.), Cos a = ; 

sin sin C * 

. o « 2 1 1 + t*os /:? cos C + sin B sin C 


2 1 .. ^ 
2 cos ^ a = 1 + cos a = 


sin sin C 


cos A + cos (B ~ C) ^ 2 cos 7 ^ (A + C — B) cos ^ (.4 + i? — C) 
sin sin C • sin sin C 

And if 5"=^(J + J3 h-C), then 5"- ^ = 4 (^ + C~ J5), &c. ; 

.■.co.i,. (»i., 

V # sin jy sin C ^ ' 


Again, 2 sin*^ a = 1 - cosa = 1 - 


cos ^ + cos B cos C 
sini? sin (7 


— — (B + C) 

sin B sin C * 

Whence, Sin ^ « = ^ / 

'V sin 2^ sin C 

Also, = COSTS' - A) . 

® cos^a V cos (S'- B) cos (S’ - C) ^ 

And Sin a == 2 sin | a cos ^ a 


12—2 
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Note. Since the angles of a spherical triangle are together 
greater than two right angles and less than six. S' is greater 
than one right angle and less than three, and its cosine is there- 
fore a negative quantity. Also since (27) A + 6 < tt, there- 
fore cos + or cos is a positive quantity ; and 

in like manner cos(*V'~^) and cos(iV'- A) are positive. Where- 
fore the last three formula' are not imposdble quantities, as at 
first sight they appear to be, but real quantities. 


33. To prove Napier s Analogies. 

By (iii.), Cos A + cos B cos C = cos a sin B sin C ; 
so Cos B + cos A cos C = cos b sin A sin C. 


By addition, 

(cos A + cos (I + cos C) = (cos « sin i? + cos b sin A) sin C ; 
(cos A + cos B) 2 cos* | C 

t= (cos fl sin A . + cos b sin A) 2 sin 4 C cos c] 0; 

^ sill a 

cos A + cos B ^ . (cos sin i -J- cos b sin a) tan i O 
sin « ■ 

sin A . ^ I \ . 1 

«= . , sin (a 'h b) tan ^ C. 

sin 


. . « . i / shi B\ . . sin b\ 

Again. Sin A + .sin B - sin A (l + j = sin A (^1 + J 


sill A , . ... 

= — — . (sin a + sin o) ; 
sin 


sin A + sin B 


sin a + sin b , ^ 

= -v~ v v • cot A C, 

sin (a + b) ^ 


cos A -f cos B 

S sin {A+B)cos^{A - fi) 2 sin ^ + h) cos ^ (g - &) i £■ . 

2 +'i^j cos I Ia - B)~ 2 sin Ha + b) cosHa + b)' * 


••• (XV.) 
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_ ... Sin A — s\nB sin a — siit6 , ^ 

In like manner, i - ,, = - . — 7 • cot 4 C : 

Cos A + cos B sin {a + b) ^ 

Whence, Tan - 5) = ®!-f . cot i C fxvi.) 

^ ^ ^ Sin L (fl + ft) * ' 

By writing tt ^ A for a, &c. (1.9), the last two formula? 
become 

Tan Ka + i) = ^ 

Tan I (a - 6) = • tan ^ c (xviii.) 


These four formulte are called Napier's Analogies. The 
latter two may be easily proved independently by beginning with 
the formula 

Cos a = cos^ cos c + sin b sin c cos A . 


34. Since cos^(<i— i>) and cot^C are necessarily positive 
quantities, it follows from (xv.) that tan (A + B) and cos ^{a + b) 
have the same algebraic sign ; i. e. ^(A + B) and ^ (fl + 6) must 
both be greater, or both less, than a right angle. 

Def. When two angles are both greater or both less than a 
right angle, they are said to be of the same^ or of the like, affection. 

Wherefore in any Spherical Triangle, 

^{A +B) and ^(a +b) are of the same affection. 


35. Gauss' Theorem. To shew that 

Cos I c sin ^ (A + 2?) = cos ^ C cos ^ (a ~ b) (xix.) 

Cos ^ c cos |(A + J?) = sin ^ C cos ^ (a + b) (xx.) 

Sin ^ c sin ^ {A B) = cos ^ C sin — b) (xxi.) 

Sin ^ c cos ^ (A - -B) = sin ^ C sin ^ (a + b) (xxii.) 
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Since Sin i (A' 4 - B) — sin^A cos ^ B -h cos ^ A sin ^ B, taking 
the values of the cosines and sines of | A and ^ B from (vii.) and 

(viii.). 


Sin ^ J + J5) - ^ 


'sin (S — h) sin (S — c) . sin S sin (S—h) 
sin 1) sin c . sin a sin c 


■J' 


sin S sin (S — a) . sin (S — a) sin (S — c) 
sin b sin c . sin a sin c 


j sin (S—b) sin(AS' — /sin -S' sin (19— c) 
( sin c sin c / * \/ sin a sin b 


2 sin {^9— i (a + ^)} cos (a - b) 
sin c 


. cos cl C 


cos^(a-b) , . 

— .cos4C, since*S'-cK« + <^^) = i<?; 

cos ^ c sin .1 (A + B) = cos C cos i (a — b). 

And the formulae (xx.), (xxi.), (xxiii.) can be proved in like 
manner. 

There will be no ambiguity respecting the algebraical signs in 
these formulae, if it be borne in hiind that if A be > = < 2?, then a 
is > = < 6, and that ^ {A + B) and \ {a + b) are of the like affection. 



CHAPTER III. 


ON TUE SOLUTION OP RIGHT-ANGLED TRIANGLES. 


86. Right-angled triangle.s may in all cases (with an ex- 
ception which will be pointed out. Art. 40), We solved by means 
of* the following formulae, when, besides the right angle, two other 
quantities are given out of the three sides and the two remaining 
angles. 

A, B, C be the angles of any spherical triangle, and o, h, c 
the sides respectively opposite to them, it has been proved that 


(ii.) Cos c = cos a cos h + sin a sin h cos C {a) 

(iii.) Cos c sin .^4 sin i? = cos C + cos A cos B {h) 

Cos a sin B sin C = cos ^ + cos cos C (c) 

(i.) Sin a sin C= sin c sin A (</) 

(v.) Cot a sin 6 = cos h cos C + sin C'cot A (e) 

Cot c sin a = cos a cos B 4- sin B cot C (/') 

By making C — 90 ®, there will be obtained, 


From (a), Cos c = cos a cos h. From (rf), Sin a - sin A sin c. 
(6), Cos c = cot A cot B. Sin b = s\nB sin c. 

(c), Cos A = cos a sin B, (e), Sin b = tan a cot A 

Cos5=co 8 6 sin A. Sin a = tan & cot .£f. 

From (y*), Cos B ■= cot c tan a. 

Cos A = cot c tan b. 

37. These results are comprised under the following for- 
tnulee, which the Student will find it necessary to keep in his 
memory. 
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(1) . Ooshyp r= prod net of cosines of sides, 

(2) . Cos hyp = product of cotangents of 

Sin side = sin opposite angle x sin hyp, 

(1). Tan side =tan hyp x cos included angle, 

(.0). Tan side — tan opposite angle x sin the other side. 

(6). Cos angle cos opposile side x sin the other angle. 

38. An artificial method of remembering these formula* is by 
Napier’s Rules. 

The formula? of the last Article are comprised under two 
Rules, which take their name from Napier, who first gave them. 

The riglit angle being left out of consideration, the two Sides 
which include the right angle,, and the Complements of the Hypo-‘ 
theimse and o/* Me other Angles^ are called the Circular jmrts of 
the triangle. Any one of these being fixed upon as the middle 
part (il/), the two circular parts next to it and immediately 
joining it are called the adjacent parts (A^, AJ^ and the other 
two parts arc called the opposite parts (0^, Oj* 


Thus in the triangle ABC whose right angle is C ; 


If M be 

The adiacent Parts are 

The opposite Parts are 

0 , (one of the sideb including the right angle). , 

f?; 

rjTT — .7 , TT — C. 

^ yl, ( the complement of an angle), 


gTT - B, a. 

- £j, (the complement of the hypothenuse), 


a, b. 


And Napier's Rules are, 

SinM=proc?Mc^>/MeTangentso/’MeAdjacent^ar^5=tanAj.tanAj, 
Sin M=.^ro(?wc<q/’Me Cosines fl/Me Opposite par^5=cosOj .cosO^; 

with which the formulae of the last Article will, on trial, be found 
to agree. 
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39. To shew that in a trianejle ABC in,which C is o right 
angle, A and a are of the Ulce affection, as are also B and b. 

_ . . , tan a 

By 37, (5), Sin h = j • 

Now since h is less than Vf sin b is positive ; therefore tan a and 
tan A must be of the same si^ii. And because ir is the limit both 
of /f and of A, these angles must be both greater or Ixflh less than 
a right angle ; that is, A and a must be of th^ like affection. 

Similarly, from it appears that B and b are of 

the like affection. 


40. If, in a right-angled triangle, an Angle and the Side 
opposite to it he the only (juantities given, the triangle cannot 
he, determined. 


For if the circles AB and AC 
intersect again in A', and C be a a< 
right angle, it is evident that 
ACB and A’CB have the angles C 

A, A' equal, and CB, the sicJe opposite to tliese angles, is the 
same in both triangles. It is therefore ambiguous whether ABC 
or ABC be the triangle sought. 


This ambiguity will also be found to exist, if it be attempted 
to determine the triangje by 37, (3). For it cannot be deter- 
mined from the equation Sin = tan C/? cot whether the 
angle AC is to be taken, or its supplement A'C. 


41. The solutions of the other cases of a right-angled 
triangle from two given parts are not ambiguous, if attention 
be paid to these two principles ; 

(1) The greater side is opposite to the greater angle, 

(2) An angle and the side opposite to it are of the like 
affection. 
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[For example : Let c and A be given, to find a, If, b. 

Now Sin a = sin A sine; and since a and A are of the like affection (39), 
the greater or lesser angle which satisfies this equation is to taken for a, 
according as A is greater or less than 

Again, Cos c — cot A cot B ; Tan B — cot A sec n. And 7? is < OO'’, 
or > 90", according as the second member of the equation is positive or negative; 
that is, as Af and c are of like or unlike affection. 

Again, f os r = cos a cos b ; .*, Cos h — cos r sec «. And 6 is < 90", or 
> 90*^, according as the second member of the equation is positive or negative; 
that is, as a and c are of like or unlike affection.] 


42. In selecting a formula, attention must be paid to the 
principles laid down in Appendix ii. to PI. Trig. The following 
formulap may be used with advantage, when the side or angle 
required is small, or nearly equal to one right angle, or to two. 


Cos 0 = cot A cotB ; whence c cannot be accurately determined, if it be either 
a very small angle or nearly equal to two right angles. 

, cos A cos B 

Now 2 sin^ c = 1 — cos c = 1 - cot .4 cot ^ - 1 ; ^ ; 

sin A hinB 

c- 1 /- cos(A + B) , 

^2 ^2 sin A sin B 

^ 1 r.'/, /cos (A - /?) 

So, Cos J 0 = -4 (I + = V 2 -—^-—^ • 

In like manner there is obtained from Cosa = '”— ^ = 'I? 

8111 B sin B 

Co. in = 2 

b:_ 1 . . /S'" lk(B + A)-^ir\ cos{\(B-A) + \ir} 

fern ^ o = V 


• Since (21), + jB + C > w, ifC«^ir, ^ + ,B>^‘7r, 

and since (20, Cor. 4), A + B - C <ir, .* A + B < ; 

wherefore, Cos {A + B) is necessarily a negative quantity here. * 

Also since (20, Cor. 4), A + C - B A - B and Cos (i4 - B) 

is positive. 
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So from Cos A = cot c tan fi, ^ 

f «. 1 . /I — i — /sin(r--A’) 

S.nJ.4-^/^(l-cotctan6) = v /2 ,i„cco»i’ 

1 n — ; TT / sin ('r + A ) 

Cos A = a/ J ( I + cot 0 tan 6) = V - - . . 

v/v/. ^ V y V ' ^ 2 sin V cos b 

When c and A are given, if a be nearly a right angle it cannot be accurate! v 
determined from its sine. In this case Cot B = cos c tan A determines and 
a mdy be found from the formula for Sin or from that for Cos ^ a, ( 32 .) 

# 

43. Def. a triangle Is called Quadrantal, if any one of 
its sides be a quadrant. 

A Quadrantal Triangle may he sohed by applying 
to its Polar Triangle tlie formulae employed for solving a 
Right-angled Triangle. 


A Collection of Examples for practice is added at the end of 
this Treatise. 



CHAPTER IV. 


ON THE SOLUTION OF OBLIQUE-ANGLED TRIANGLES. 


44, Let the three Sides he (jiimi. (a, b, c.) 

M 

The Angles may be determined from one of the form nice (vii.), 
(viii.), (ix.), (x.). 


45. Let the three Angles he given. (A, B, C.) 

The Sides may be determined from one of the formulae (xi.), 
(xii.), (xiii.), (xiv.). 


46. Let tv)o Sides and the included Angle he given, (a, C, b.) 
By Napier's first and second Analogies, (xv.) and (xvi.). 


Tan \ {A + B) - 


co'i? ^ (a — h) 
cos I (a + /;) ' 


cot ^ C, 


ran^l(A-B) = ~fl'' -j.cot^C, 
^ ^ sin 4 (« + h) 


(A B), and ^ (A - B), are determined ; 

U = ^(A + B) + -^(A-B),l 
[B^:^(A-<-B)-i(A-li)J 

And A and B being known, c is found from 




are known. 


. sin C 
Sin c = sin a .-7 — 
sin A 


• The easiest practical method of solvini; this case is by letting fall from A 
a perpendicular {AD) on BC or BC produced either way, and then determining 
the right-angled triangles ABD and A CD. Supposing D lies between B and C, 
then 

Tan CD s cos C tan 6, which gives CD. 

And DBy =: a - CX), is known. 

Also Cos c ss cos DB cos AD = cos DB . • 

CO& CD 
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47. To determine c mdependently of ^ and B, hy forms 
adapted to logarithmic computation, 

Cos c — cos a cos & + sin at sin h cos C 

= cos h (cos a + sin a tan h cos C). 

Let 6 be an angle such that Tan 0 = tan h cos C (1), 

Then Cos c = cos h (cos a 4 sin « 

\ cos 6/ 

cos h 


cos d 


. cos (n -6) . 


( 2 ). 


From ( 1), L tan 6 = L tan h + LcosC- 10; which gives 0. 

(2), L cos c = L cos b + L cos (a — 0) — L cos 6 ; which gives c. 

[On comparing this ;5olation with that given in the foot-note 
to Art. 46, it will be found to be identically the same, if CD be 
represented by 0.] 


48. Let two Angles and the included Side he given. 
(A, c, B.) 

From Napier’s third and fourth Analogies, (xvii.), (xviii.), 

cos h (A — L) 

Tan J {a + /j) = — . tan i c, 

/ cos ^ {A + li) ^ 

Tanj(«-6) = ri[^-g .tan^c, 

.1 (a+h) and 5 {u — h) are determined; 

. f» “ + *) + - *)>'! „ known 

And a and h being known, C is found from 

Sin C = sin ^ — . 

sin a 
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49. To find Q independently of 2 , and\l^ hy forms adapted 
to logarithmic computation, 

Cos C— cos c sin A sin B — cos A cos B\ 

2 cos*^ C -1 -(1 - 2 sm* 4 <^)sin 4 sinJB-cos J cos 

= - cos(/4 + J5)- 2 sin®4<? sin^ sin B\ 

2 cos*4 C = 1 - cos (4 + - 2 sin*4c sin A sin B; 

cos’* 46 "= sin*4 +B)- sin* 4 c sin J sin B. 

Now Sin^gc sin A sin B is necessarily positive, and less than 
unity; wherefore there is an angle 6 such that 

Sin*0 = sin*4 c sin A sin B (1); 

Cos4C=8in*4(.4 + B)~sin*a 

« sin [4 (4 + i?) + sin {4 (4 + ~ 0}. PI. Trig. Art. 54 ( 2 ). 

From ( 1 ), L sin ^ = 4 (L sin A + L sin J?) + 2> sin 4 c - 1 0 ; which 
gives 

From ( 2 ), jLcos.J C = 4[Lsin{4(4+J5) + 0}+Lsin{4(^ + 
which gives C. 


50. Let two Angles and a Side opposite to one of them he 
given, (A, 13, a.) 


from (xv.), 
from (xvii.), 


Sin 6 sin a . 


sin B ^ 
sin A * 


Tan i C = • cot + B)i 

* cos 4 (.4 - i?) * ^ 


And 5 having been determined from the first of these equations, * 
C and c may be found from the other two. 
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51. To determine C and c independently of b, hy fo'i 
adapted to logarithmic computation. (A, B, a.) 

Cos ^ - cos a sin BsmC— cos B cos C 

— cos B (cos a tan B sin C - cos C)> 

Let d be an angle such that Cot 6 — cos a tan B t 


Cos A — cos B ^ . sin C ~ cos C 
\sin d , 

= .since- 0 ) 

Sin d ' 


From (1), Lcot0 = Lcosa4- Ltan^- 10; which gives 

(2), Zv sin (C— 0) = Z. cos A + L sin d — L cos B ; which 
gives C—Q, and thence C. 

Again, from (v.), Sin B cot A = cot a sin c - cos c cos B 

= cot a (sin c - cos B tan a cos c), 

and, if </> be such that Tan ^ = cos B tana, (1), 

Sin B cot A - • sin (c - <p); 

•cos(p ^ 

sin(c-^) 1 . _ . 1 

^ . = sin B cot A tan a , , 

cos ip tan (/) cos tan a’ 

sin (c — ip) tan B 

/-kt- ' . JLJ — f a\ 


From (1), L tan</) = L cos i?4- Z/tan 10; which gives 0. 

(2), L sin (c - <^) = L sin ^ + L tan B - L tan A ; which 

gives c — ip, and thence c.* 

[^The method used in Art. 49 might have been employed 
here.] 


• If from C an arc CD be drawn cutting AB, or AB produced either 
way, at right angles in the point D, the solution in the text is the same as 
determining the right-angled triangles CBD and CD, the angle HCi) being 
represented by Q, and the arc BD by <p. 
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52. Let two S/des and an Angle opposite to one of them hs 
given, (a, b, A.) 

Sin B = sin A . - — » 
sin a 


Tan 1 C = 


cos — l^) 
cos cj {a + h) 


cot 4 (^ + B); 


Tan ^3 


cos 4 + -®) 
cos — B) 


tan 4 (a + b). 


And B having been determined from the first equation, C and c 
are found from the other two. 


53. To deierniine C and c independently of B, by forms 
adapted to logarithmic computation. 

From (v.) Cot a sin 6 = cos h cos C 4* * ^in C cot A 

. , ^ cot A . 

= cos 6 (cos C + . sin C) : 

cob b ' 

Whence, if 0 be such that Cot 0-- (l), 

’ « cos b ^ ' 

there is got. Sin (C -t- 6) - cot a tan b sin 0 (2) ; 

from which two equations d and C can be found. 

Again, Cos a = cos b cos c -f- sin b sin c cos A 

= cos b (cos A tan b sin c + cos c ) ; 

Whence, if (p be such that Cot <p = cos A tan b (l), 

, . , N cos a sin 0 , . 

there is got. Sin (c + 0) = — - ^ (2), 

and from these two equations 0 and c can be found '\ 

• If 0 = I'jT - 0', tan 0' = and 0' and (C-0') are the segments of the 

cosA ’ ' ' 

angle C made by a perpendicular let fall from C on AB, Also if 0 = 4'*** - 0', 
0' and (c ~ 0' j will be the segments of AB. 
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54. In (50) the triangle has apparently »been solved when 
two angles and a side opposite to one of them are given ; and in 
(52) the triangle has apparently been solved from two sides and 
the angle opposite to one of them. 

It is, however, doubtful in some cases, in determining one of 

the quantities A, B, a, h from the equation when 

sin IS sin b 

the other three are given, whether the angle to be talfen should 
be less or greater than ^ tt. The ambiguous ^ases wnll now be 
distinguished from those which are not so. 

(1) Given A, 13, b, to determine in xoliat cases a may he 
found from the equation^ 

8in a sin A 
Sin b sill 13 * 

I. Let A + B he gre.Jter than two right angles, or tt. 

Then since, (34), (a + h) and {A + B) are of like affection, 
/. « + 5 is > TT. 

If therefore h he < a must be > ^ tt. In this case, there- 
fore, a may be determined, and fhe triangle may be solved. 

But if 6 be > ^ TT, the condition a + h> w affords no means of 
determining whether a be > or < ^ tt. 

II. If A 4 - jB be < TTp then a+h is ctt; and a is therefore 
< J TT if 5 be > ^TT, but cannot be determined if 5 be < ^ 

III. If A + B = ir; then, (by XV.), a + 5 = tt, and therefore 
a = TT — b. 

Whence it appears that, (A, B, b being given), 

(1 ) , when A + B >w, and 5 < ^ ir ; then a is greater than ^ tt, 

(2) , A + B < TT, and 5 > tt ; then a is less than ^ tt, 

(3) , , A+B = w ; then a = tt - 5 ; 

and in no other case can a be found, and the triangle determined, 
from these data. 


13 
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(2) Given two Sides, and an Angle opposite to one of 
them, to determine ivhen the remaining parts of the triangle 
may he determined, (a, b, B.) * 

> > > 

If + /> = TT ; then, as before, ^ B = tt, and 

< < < 

Whence it' is collected, as in the last proposition, that 

(1) , when a -f TT, and l^r; then A is greater than -^tt, 

(2) , a + lx TT, and I > tt ; then A is less than ^ tt, 

(3) , 4- i = TT ; then A-tt—B; 

and in no other case can A be determined. 


Tio. By letting fall a perpendicular from any angle upon the 
side op])osite, an oblique-angled triangle may be divided into 
two right-angled triangles, which in most cases ma}^ be solved 
by Napier's Rules with not less facility than by the methods just 
given. The very same ambiguities, however, will arise (40) when 
tliis construction is used for the determination of the triangle as 
have been pointed out in (54). 

5G. Prop. To find the radius of the small dreJe described 
about a given triangle in terms of the Angles of the triangle. 

Let A BO he the triangle ; bisect CA and 
CB in D and E, and draw from those points 
at right angles to AC and to CB arcs inter- 
secting in P. Join PA, PB, and PC, 

Then, from the right-angled triangles 
PCD and PAD, 

Cos PC =a COS PD cos DC='Cos PD cos DA = cos PA ; 

PA = PC. Similarly, PB = PC. 

Therefore P is the pole of the circumscribing circle. 
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Now Cos PBE = cot PB tan BE = co'i PB tan ^ a. 
Cot PA, = cot PB, = cos PBE cot ^ a ; 

and since PA C, PCB, PBA are isosceles triangles, 

2 -: PAC+^i PAB + 2^ PBE = A + B + C=2S’; 

B 

^ PBE=S’-{^ PAC+^ PAB)^S'-A. 


M I /'•••'( Pfi /cos(,S"-/?)cos(.S’'-C). 

Also, by (xu..), Cot ia=^ _ e„s^coHi/ -A) ’ 


/. Cot PA = 


fcos {S'- A) cos {S' - B) co^ {S' - C) 


— cos S' 


57. Pkob. To determine the radius of the circumscrihing 
circle in terms of the Hides of the triangle. 

As in (56), Cot PA = cot ^ a cos PBE ; 

And as before. 


Cos PBE = cos {S' ~ A) - cos {{B 4 C7) - A} 

= cos 1 (7? 4 C) cos I A 4 sin ^ (7? 4 C) sin ^ A 

^ . rpos ^ (6 + c) + cos ^ (6 + c)}, by (xx.) and (xix.). 


cos^a 


. cos ^ b cos ^ c ; 


Tan PA = 


tan ^ a 


sin ^ b 


cos PBE cos ^ 6 cos ^ c sin A 


2 sin ^ ^ sin ^ h sin \ c . v 

’ ^{sin S sin (5 — a) sin (S — 6) sin (S — c)} * 

13—2 
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58. Prob. To find the radius of the circle inscribed in a 
given triangle in terms of the Sides of the triangle. 


Let ABC be the triangle; bisect z. A and z C 
by AP and 67’, arcs of great circles meeting in P; 
and from P draw the arcs PP, PP, PF perpen- 
dicular to the sides. 

Then it* may be proved that PE = PD — PF ; 
and therefore P is f^ie pole of the inscribed circle. 
Also it may be shewn that CE - S — {AF + FB) 
- S— 6‘, and thence that 



Tan PE = sin CP' tan PCE - sin (S^c) tan i C 

sin (P - a) sin {S - b) sin (S - c) 
sin /S' 




59. Prob. To determine the radius of the inscribed circle 
in terms of the Angles of the triangle. 

As in (58), Tan PP = sin CP . tan | C, 

and Sin CP = sin IS -c) « sin {(a + 5) - C} 

~ sin ^ (a + 5) cos cos sin| c; 

Whence, by means of Gauss' Theorem, (xxii.) and (xx.), it 
may be proved that 

2 cos ^ A cos ^ B cos ^C 

cos S' cos (6'' - A) cos (6 ' - B) cos {S — C)} * 


Cot PP= 



CIIArTEE V. 


ON THE AREAS OF SPHERICAL TRIANGLES, AND THE SOLUTION 
OF TRIANGLRS WHOSE SIDES ARE SMALL COMPARED 
AVITIl THE RADIUS OF THE SPHERE. 


GO. Def. The portion of the surface of a sph*ere which is 
contained within two gi;eat semicircles is called a tune. 


61 . To find the Area of a Lune, 

If ACBDA, ABBE A, AEBFA be 
lunes each having the same ^ngle at A, 
any one may be placed on another so as to 
coincide, and therefore be equal with it. 

Thus if the angle CAD be repeated any 
number of times, the area ACBDA will 
be repeated the same Yiumber of times. 

Wherefore the Area of a Lune varies as 
its angle. 

Area of the lune whose angle is A° A 
Area of the sphere (whose angle is 360®) ” 360 ^ 



And Area of a sphere = 47rr*, if r = radius of the sphere; 

(See Hymers' Integral Calculus.) 

A A 

.*. Area of the Lune whose angle is A° = —a— . 47rr* = - — , Swr*. 

3oO 180 



198 


SrnEEICAL TEIGONOMETKY. 


G2. To find tie Area ofi a Spherical Triangle. 

Let ABC be a triangle upon a hemi- 
sphere ABDEGA (14, Cor. 2); and let 
AC, BC be produced until they meet again 
in ¥, which is a point on the side of the 
sphere turned from the spectator. 

Then sipce CDF = a semicircle — A CD, 

BF=-AC; 

Similarly, FE — CB; and a DFE= ^ ACB; 
A DFE=- A ACB in every respect. 



Now 3: (= area of a ABC) 

= surface of hemisphere — BlIDC — A GEC — DCE 
^ (lune AllDA - 3) - (lunc BGECB-^'I.) 

- (lune CDFEC- 2) 

O') 


2 = (.l + 2? + C-180). 


180 


J80 


Def. The quantity .4® + + C®— 1 80”, by which the sum 

of the de^jrees in the an<i^les of the spherical triangle exceeds 180®, 
is called the Spherical Excess of the triangle. 

The Spherical Excess is generally written thus, E=.4 4- ^ + 6'^— 1 80®. 


Coil. 1. Hence for all triangles described on the same sphere, 
2 oc Z>®+ 6'"®— 180®, and on this account the Spherical Excess 
has been taken as the measure of the surface of a triangle. 

Coil. 2. To find the Area of a Spherical Polygon, Divide the Polygon 
into as many triangles as it has sides, by means of arcs of great circles drawn troni 
each of the angular points to any point within the polygon. Let n be the num- 
ber of the sides of the polygon. 

Then Area = area of the n triangles = x (number of degrees in the angles 
of the triangles - n . 180) 

«= {number of degrees in the angles of the polygon - (n - 2) 180}. 
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63. Caonoli’s Theorem. To shew^ that if E he iho 
Spherical Excess, 

then Sini£= ^^os^acosTbZ^ ’ 

Sill = sin ^2 (A + Ji+C- iaO«) = sin {}^(A + B)^}^ (180« - C)\ 

= sin y (A + B) sill — cos ^ (A + B) cos ^ C. 

And by (xix.), i {A + B) = • cos {a - h\ 

(XX.), Cos } 2 {A + B) - . cos 2 {a + 0), 


1 ^ j, sin cos ,’.r sin), « sin ),/> . ^ 

hin = {cos 2 {a-o)~ cos 2 (“ + ^)i • - -- == ^ 

cos ^ c cos 0 

= i_ . - , . ViSin S sin {S- a) sin (A - i) sin (S- c){ 

cos A 6* sin « sin 6 

■^{sin S sin ( S—a) sin ( S—b) sin («S— c)} 

**' . 2 cos i a cos i 6 cos d 0 

64. Llhuilliek’s Tue6rem. To shew that 

Tan ^ = ^yitaii .1 S tan (<S — a) tan ^{S — b") tan (_S— c)}. 

By PI. Trig. (51), 

Sin4M + B)-sin^n80»-r)^siii A(^ + 7i + C-180")_^^^, ^ 
C^lcl'i + li) + cosT^iuO''^') cosi(^ + /<+C’-l«0")~ * 

.-. Tai. A£ = *“ k^+B}-cos |C ^^(a-6)-coB cos ,• , 

cos .4+i^)+sin ^ C cos l(a+^»)+cos sin ^ C 

^ sin + — sin j:(c + ^— a) / sin S sin (S-c) ^ 

cos^(a + 6 + (;) cos^(a + 6 — c) sin (A’— a) sin (.S’— 6) 

1 = V{tan tan i(*S’ - a) tan - b) tan ^(*5'- c)}, 

by expressing the sines under the root in terms of tlie sines and cosines of 
half the angles. 
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(15, [There are some other values of the Spherical Excess, which are 
symmetrical functions of the sides of the triangle ; but not being adapted to loga- 
rithmic computation, the demonstrations of them will not be given. The expres- 
sions will be found among the Examples which are given at the eivl of the book, 
and may be proved without much trouble by Gauss’ formulae.] 

C6. In the following Articles d?, y, z will generally be taken 
to represent the lengths of the arcs opposite to the angles A , B, C 
of the spherical triangle ABC whose sides are small compared 
with the radius of the sphere on which it is described. Also, the 
angles of the ylane Triangle whose sides are x, ?/, z, will be repre- 
sented by A', B\ C^\ and the angles which are, in practice, 
observed for the angles of the spherical triangle ABC, by A,, 

Cl , — the errors a, /J, 7 being made at the respective observations ; 
so that A = Ai4-a, B = B^ + C — Ci-^ 7* 


67. The Area of a triangle lohose sides are small com- 
pared loith the radius of the sphere being ap'proximafely known ^ 
regnired the number of seconds in the "Spherical Excchs of the 
triangle. 


Let the triangle be described on the surface of the Earth, and 
let the Earth be supposed to be a sphere. 

Let r = number of linear feet in the Earth’s radius, 

E 

n = square feet in the area of the triangle = 7-7- . 7rr®, (62) ; 

I bO 


71 = JE . 60 . 60 . 


180 . 60. 60* 


Now 180 X length of an arc of 1”= semi-circumference of the 
circle = tt;-; 


= length of 1®, in feet, 

1 80 

= 60859’ 1 X 6 feet, by actual measurement ; 


.’. r 


180 

X 

TT 


60859-1 X 6; 
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» 

1 o(\ 

■■■ 

S-1415()^ 

lj(,(J5;.60.60) = li„n-(]i„180 + 2.1iofi085-91 -li<,S-14,1592) 

= *i«w- 9-3267736 (I), 

whence E ,60> 60 , the number of seconds in the Spherical Excess, 
may be found. 

[Note. This reasoning being general, if the radius (r) of fhe sphere be 
known, the number of seconds in the Spherical Excess may always be deter- 
mined from 


68. The number n may be determined approximately in the 
following manner. 


n = area of the spherical triangle, in square feet. 

= area (nearly) of the plape triangle whose sides are y, 2, 
and whose angles are the observed angles /I , , J5, , Ci- 


= iy.j3.sin Ji, 


or 


sin Bi sin Cy ^ 
sin + C\) 


PI. Trig. (91). 


69. Ex. If the observed a?igles (f the spherical triangle ABC 
he A, = 42«, 2', 32", Bi = 67®, 55', 39", Ci= 70 ®, T, 48", and the 
side opposite to the angle A be 27404*2 required the number of 
seconds in the sum of the errors made in observing the angles. 

Here the apparent Spherical Excess is 

A + B+ C-180°*179% 59', 59"- 180®=- 1". 


• General Roy, in the Trigonometrical Survey of England, approximately 
determined the area of the triangle to a sufficient degree of accuracy, by laying 
down on paper the base and the observed angles at the base, and measuring the 
perpendicular from the vertex to the base by the compasses on a scale. 
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Now representing the given side by 


n = 


sin j9, sin C, 

sm(/^j + 6',)^ 


and lio(^ • do 



sin sin C,'| 
sin (Z^.+ C,)} 


9-3267730 


. 14,1 (=,««,. 


Add, 2 X l,„27't04-2 = 2 x 4-4378172 = 8-8756344 
L sin 67", 55', 39" = 9’9C69434 

L sin 70", 1', 48" = 9’<)730685 


28- 81561 63 

Subtract, l„j2 -SOI 0300 

Lsin 137'’,57'.27", 
or I sin 42", 2', 33", = 9-8258684 
10 - 

9-3267736 

29- 4536720 
T 3619743 

= l,o(-23), nearly; 

and therefore the computed Spherical Excess (which, for all prac- 
tical purposes, may be supposed to be the real Spherical Excess), 
is -23". 

Hence it appears that the whole error of observation, viz. 
real Spherical Excess — «/;pa/e7t/ Spherical Excess, is *23"“(— 1"), 
or l"*23, which the observer must add to the three observed 
angles, J,, Zi,, in such proportions as his judgment may 
direct. (See the next Article.) 

70. To shew how the observed angles of a Spherical Triangle 
whose sides are small compared with the radius (f the sphere map 
be best freed from the errors of observation » 
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Let A, B, C, 6e the real angles of the triangle, 

B„ C„ the observed angles, 

% 

a, ft, 7, the errors made in observing A, B, C, 
respectively. 

So that a + ft + 7 = (^A — A^^ Hh (^B — -^i) i 

= (^ + + C - 180 '’) - {A,+ B,+ C,- fSO**) 

* 

= real Spherical Excess — computed Spherical Excess. 


Now if a value of the Spherical Excess which differs very 
slightly from the real value, be found by the method of the last 
Article, the above equation will give the siwi of the errors of 
observation which have been made. The distribution, however, of 
•this sum — (that is, the determining what part of the whole error 
is to be assigned to each angle individually) — must Evidently be 
left to the judgment of the observer, who, from knowing the 
state of the atmosphere at the times of the observations, may be 
able to form an opinion how far his optical observations can be 
depended on, and may then assign to each of the observed angles 
such a portion of the whole error as he thinks will be the most 
likely to lead to a correct solution of the triangle. 

» 

[If a+^ + y (the sum of the errors of observation) be found by means of (f>7), 
and thence the several angles A, U, C be deteniiined by the arbitrary assign- 
ment of the several parts of this whole error to each of the observed angles A^, 
^ij the sum of the errors of observation may be supposed to be got rid of. 
Yet It is highly probable that the judgment of the observer has not been abso- 
luielp correct in tins arbitrary assignment of the parts of the whole error. The 
following tlieoreni will point out what relation the sides of the triangle ought to 
bear to each other, in order that the small quantities by which the corrected 
angles differ from the real angles of the triangle may have the least possible 
effect in producing errors when the other two sides of the triangle have to be de- 
terinined from a measured side and the corrected angles,] 


71 . Having given the Corrected Angles and one Side of a 
Spherical Triangle whose sides are small compared with the 
radius of the sphere, required the relation which the Sides of 
the Tj[iangle ought to hear to each other in order that the other 
sides may he deter mined from these data with the least prohahlo 
amount of error. 
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Let A, Cbe»the real angles of the triangle, and x, y, z the 
sides respectively opposite to them ; a', / 3 ', 7' the errors of the 
corrected angles; therefore A a\ B + C + 7' are tiie corrected 
angles. 

Then, since the Spherical Excess (and therefore the sum of 
the real angles of the triangle) is supposed to be known exactly, 
the sum of the corrected angles is known exactly, and therefore 
the sum of' the separate errors a', /?', 7' must vanish; 

a' + -f 7' = 0, or = - (/ 3 ' + 7'). 

[Throughout this investigation, powers of a', jS', 7' of any order above the 
first will be neglected.] 


Now, considering the spherical triangle to be very nearly a 
plane triangle, 

sin(C+ 7 ')_ _ 

* sill (4 + a') * sin {A ~ (/i' + 7')} 

sin C cos 7' + cos C sin 7' 

~ — . ■ . ... 

* sin A cos (/i' + 7') - cos A sin (/i' + 7') 


sin (7 1 + 7' cot C , ^ 


= ar.— .{1+7'cotCHl 


= ir.5T^^.{l + y'(cot^ +cotC) + /3'cotj<} 

Sin .d ‘ 

sin C I , sin C sin ( A -l- C ) n, cos A sin C ) 
~ * sin >4 ^ ’ sin ’ sin A sin C ^ ‘ sin*y 4 J 


And Sin sin (tt - .B) = sin {A + C) nearly; 


Therefore the error in the value of z, for — is 

\ Sill /I J 

•I r 

{ , sin B r>, cos A sin C) 

<')• 
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Similarly the error in the value of y is 


% 



sin C 
sin*^ 


+ 7'. 


cos A sin 
sin* A J 


( 2 ). 


The question is now reduced to determine what are the values 
of A, B, and C which make both the quantities (1) and (2) the 
least possible. 

Since a' + /3' + 7 ' = 0 , iwo of the three quantities# a', /5', 7 ' 
must be of the same sign and one of the coi^jary sign. Where- 
fore the 'probability is that any particular two, as ft' and 7 ', are of 
different signs. If then ft' and 7 ' be of different signs, the expres- 
sions ( 1 ) and ( 2 ) are diminished in magnitude by giving Cos A 
a positive value*; that is, by supposing A to be less than a right 
angle. 


And if it is further supposed, — that the errors ft' and 7 ', 
though different in sign, are yet nearly equal in magnitude, — it 
is clear that (1) and (2) satisfy this hypothesis if B be nearly 
equal to C. * , 

This conclusion is therefore arrived at, — that there is the greaU 
est probability of a small spherical triangle having been correctly 
solved from three observed angles and a measured side, if the 
angle opposite to the known side be less than a right angle and 
the other two sides be nearly e^ual. And these conditions will 
be best fulfilled for a series of triangles if each triangle be nearly 
equilateral. 


72. [It may be as well to recount the gratuitous suppositions made in the 
last Article. 

I. The Spherical Excess has been accurately determined. 

II. The Errors /3 and 7' are of difterent signs. 

III. These errors are of the same magnitude. 


* It is evidently more advantageous in determining a series of triangles from 
one another, that the errors should be inconsiderable and equally diffused through 
all, than that anv one calculated side, by differing muen from its real value, 
should affect with considerable errors all the triangles successively determined 
from it. If, and y' being of different signs, cos A become negative^ the errors 
(1) and (2) are increased, and considerable inaccuracies might so be introduced 
into the calculations. 
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Now for any partin^lar trianf^le it is very probable that some of these suppo- 
sitions may not be fue. It may happen that none of them may be correct. In 
very few cases indeed will they all be fulfilled. 

With respect to the Spherical Excess, it may generally be supposed to be 
known accurately. 

With respect to the signs of (3" and y', since two of the quantities /?', y\ 
are of the same, and the third is of the contrary sign, the prohahility of fi' and y' 
being or different signs is twice as great as the probability that they are of the 
same sign. And if they he of diftcrtnt signs, then (1 ) and (2) of (70 shew that 
the errors wil.! not be so great if Cos .4 be positive, as if it be negative. This 
consideration renders it advisable that each of the angles of the triangle should 
be less than a right aii^ie; which will be the case if the triangle be nearly equi- 
lateral. 

r.ut if the third hypothesis be admitted, since a vanishes in this case, the 
ancle A is supposed (which is highly improbable) to have been determined with 
mathematical exactness. Besides, it is very unlikely that an observer after 
niak'ng an error + /3' in observing an angle, should make an error — ft' (for y 
— ft') in observing, with the same instrument, an angle C which is nearly of the 
same magnitude as 7i; and again, using still the same instrument, and observing 
a third angle (nearly equal to B or to C), that he should make no error at all.J 

r 

73. Leoendee’s Theoeem. If, each of the angles of o 
Spherical Triangle VjJwse sides are small when compared with 
the radius of the sphere he diminished hy one third of the 
Spherical Excess^ the triangle may he solved as a Plane Tri^ 
anqlc^ whose sides are equal to the sides of the Spherical Triangle^ 
and whose angles are these reduqed angles. 

Let a*, 7 /, 2 be the lengths of the sides respectively opposite to 
the angles .B, C of a small spherical triangle, and A\ B\ C the 
angles of that plane triangle {A’FC) whose sides are x, y, s. 

l-S. J • sin a * X . yyf 

Then Sm A -r-sm A- . — j - . sin B + - . sin B 
sin 6 y 

. (sin B + sin B') nearly ; 

2 sin |(v4 + A) cos ^{A - A') =^.2 sin E) cos ; 

cos ^ (Jl - ^0 = I cos i (5 - B), nearly; 

COS ^ (J. — ./i') ** 008 ^ (B-B), or ii— il'-B — F. 

Similarly A — A—C--C. 



SPriEiaCAL TRIGONOMETRY. 


207 


Now ji:==A + n-hO-i8o\ 
and 0- i?'+6^-180®; 

IE = A^A\ or = C-C'. 

Hence if BC (x) be measured, and one third of the computed 
iSphericnl Excess be subtracted from each of the observed angles 
of tlie triangle A, B, C, the other two sides (;/ and z) of that 
triangle can be determined by solving the triangle ABC' 

whose angles are ^ ^ .E, B (7- ^ and whose sides are 

X, ?y, £r. 

Note. It may here be remarked that the determination of 
7: is a matter of considerable importance when triangles h^ve to 
be solved whose sides are small compared with the radius of the 
sphere on which they are described. The observed angles have 
to be corrected by means of it (70), and this Articlg shews that 
it is employed in Legendre’s approximate method of solution. 
How it may be ‘deterryined from three measured or observed 
parts of the triangle is given in (68). 


74. To find the anejle contained between the chords of two 
spherical arcs which subtend given angles at the center of the 
sphere, the angle between the arcs themselves being also given. 

Let AB and AC be the arcs, O the center of the sphere. Let 
the straight lines AO, AB, AC meet the surface of a sphere which 
is described with center A and any radius AT), in the points 
jD, E, F respectively. Then the angle EDF the inclination of 
the planes BAG and CAO, i. e. the angle contained between the 
arcs AB and AC, or 

A 

- ^ Arc AB Arc AC , 

Now 

So z BA 0 = ^ (tt — c). 

And from the triangle EDFj 

Cos EF *= cos DF cos DE + sin DFsin BE cos EDF; 

Or Cos EAF = sin ^ 6 sin J c + cos | & cos ^ c cos A 



.( 1 ). 



208 


SPHERICAL TRIGONOMETRY. 


75 . Two fornujilap will now be deduced from (74), which are 
convenient for determining the angle EAF practically. 

c 

Let z EA 0; 

Then 

Cos (.4 — 0) -• cos .4 = sin sin 7 ^ c + (cos | h cos - 1) cos A ; 
And since, PI. Trig. (54), 

( Sin I h sin c = sili^-j (5 + c) — sin*i (5 ~ c), 

Cos I b cos A c = cos^ 1 {1) + c) — sill® A (5 - c) 

= 1 -sin® J- (5 + c) - sin®i {h - c); 

2 &in {A — 10) sin 1 0 « (5 + c) - sin® ^ (b - c)} 

- {sin®;^ (& + c) -f sin® j (b - c)} cos A 
= {l -^cosA} sin® I (5 + c*) -{l + cos A} sin®i (b — c). 

For an approximation to the value of *0, take Sin J 0 - 0, and 
Sin (A — ^ 0) = sin A ; then, since 

1 - cos A , , . , 1 + cos A . . 

— 7 . = tan V, A, and - . — = cot A A, 

sin A ~ sm A ^ 

the above equation becomes ^ 

0 = tan lA sin®^(/i+c)-cot eJA sin®^ (b-c). 

0 

The number of seconds in this angle is = — -7, 

® sin 1" 


and by determining the two terms of the second member of this 
equation separately by means of tables of logarithms, the number 
of seconds in 0 is obtained, and the angle A — 0, contained by the 
straight lines BA and CA, may then be found. 

Cor. If 2 be the measured lengths of the arcs AC, AB^ 

. h^c . y^z y^z , 

sin — 7 - = sm — , nearly. 

4 4r 4r 
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the number of seconds in Q 

= ^ r ^ ^ ^]’ 

If then the radius of the Earth and the sides of the spheri- 
cal triangle be approximately known, the chordal triangle can 
be determined; since its sides can be found by the expression. 

Chord = 2r . sin , and its angles can be determiAed by one 

of the last two Articles- 


76. Another method is to solve the triangle by the rules 
laid down for the solution of spherical triangles whose sides are 
iioi small ill comparison with the radius of the sphere. In-^his 
case the logarithms of the sines and tangents of the sides, which 
are very small, must be found by the methods pointed out in 
Appendix iii. to PI. Trig. 


14 



CHAPTER VI. 


ON GEODETIC IWEASUREMENTS. 


77. The object of Geodetic Measurements is to obtain a cor- 
rect representation of a part of the Earth's surface which is too 
larg^ in extent to be considered as lying in one plane. 

A horizontal line of considerable length is first measured, 
which is called a base. 

Next an object is fixed upon, so situated that it forms with 
the extremities of the base a triangle wllich is nearly equilateral 
(Arts. 71, 72). The angles of this triangle are then measured by 
a Theodolite, (an instrument described hereafter in Art. 84), and 
the remaining parts of the triangle computed by some one of 
these three methods: 

1. By the common processes of Spherical Trigonometry, 
Chap. IV. 

2. By the Chordal Triangle (74), (75.) 

3. By diminishing each of the observed angles by one third 
of the Spherical Excess, and then treating the figure as a plane 
triangle*. (78.) 

78. The use of Geodetic Measurements, 

The form and position of the polygon being thus determined, 
it may be represented on paper according to any projection of 
the sphere (See Hymers* Astronomy^ Appendix i.), and a map of a 

• The first of these methods was preferred by Delambre, the second was em- 
ployed in the £ng 1 i>h Survey, and the third in the French Survey, 
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country obtained. If the object in view l^e to determine the 
figure and dimensions of the Earth with 
great acciirgicy, the length of an arc rww, 
which passes through two given points of 
the polygon, may be found by calcula- 
tion. If these points, m and «, be situated 
on the same meridian, and the difference of 
the zenith distances of the same fixed star 
wheft on the meridian be noted by obser- 
vers at m and the Earth’s radius of cur- 
vature at themiddlepoint of thecalculated 
arc may be approximately found. From 
arcs thus measured in different latitudes 
the figure of the Earth has been determined 
witli great exactness. (Jlij7tier,s Aslronoviy, 

2nd Edit. Chap. ii. Arts. 123 — 142.)* 

Next, one of the computed sides is taken as the»base of ano- 
ther triangle, whose angles are observed and sides computed ; 
and thus, by a series of' triangles, the figure and dimensions of a 
polygonal area on the Earth’s surface are determined. The form 
of the Earth is, in fact, spheroidal, but it is so nearly spherical, 
that each triangle may individually be supposed, without appreci- 
able error, to be described on the same sphere. If the triangu- 
lation be carried over a very, extensive tract of country, it will 
become necessary to take into consideration the alteration which 
a change of latitude produces in the Earth’s radius. (^Hymers* 
Astronomy, Art. 125.) 

79. Base of Verification. 

A side of the last triangle of the series, after being computed 
in this manner, is carefully measured. The degree of exactness 
with which the measured coincides with the computed length tests 
the accuracy of the survey. Any considerable error is easily de- 
tected in the course of the calculations, in the following manner. 
(Fig. Art. 78.) If the value of 6, as calculated from the original 

* The student will find this part of the subject treated clearly and concisely 
in the Articles on “ Trigonometry ” and “ The Figure of the Earth,” written by 
the i^tronomer Royal for the Encyclopaedia Metropolitana. From Section 179 of 
the former of these Articles, 71 of this treatise has been taken. 

For a more particular description of the details of Geodetic operations any of 
the published accounts of the English Survey may be consulted. 



14—2 
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base a through the, triangles A, C, 7), E, be found to agree 
closely with its ^alue as computed from the same base through a 
different set of triangles, as A, B\ C, E, it may be p»’esumed to 
have been accurately determined*. 


80. Correciions of Measvrcmcntf:,— There are several causes 
productive of error in Geodetic IMeasuremeuts. (1) The refi action 
of light is affected by the perpetual variations of the atmospliere 
in density and temperature, and thus tlie observed angles cannot 
always be relied on. (2) It is almost impossible to find a line 
])erfectly straight and perfectly horizontal, to measure for a base. 
(8) Neither can a portion of the Earth be found which is altoge- 
ther free from inequalities of surface. To get rid of the errors 
thus ••in trod need several corrections are used. Some of these, 
which do not depend on experiment but arc capable of mathema- 
tical investigation, will now be given. 

< 

(1) If there he a slight rise in the line, of the hase, to ddermine 
the reduction to the horizon. 


Let CB be horizontal, CE the line 
of the base, ED the small rise, — which 
is obtained by levelling with a spirit- 
level (8.9). Describe a circle Vith 
center C and radius CE. 

Then BD=CB-CD^CE--CD 
= the Reduction to the horizon."' 



And 


BD = 


BEd 

AB 


BE^ 

9.CE 


BTE^ 

2CE 


t, nearly; 


the formula made use of in the English Survey of 1784. 


* In the English Trigonometrical Survfey of 1784 and succeeding years, the 
original base on Hounslow Heath was by admeasurement 27404*2 feet; and the 
base of verification on Salisbury Plain was, as measured, 38574*4 feet, and as 
computed through three different series of triangles, 3(1574*3, 38674*8, and 36574*9; 
any one of which is an approximation sufficiently near for all practical purposes. 

•|* If BD = ar, CE = a, DE = 5, a? = * and neglecting 

powers of x above the first, a? = r- , nearly. 
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(2) Let the measured hase^ instead of being one straight line^ 
consist of two straight lines, a and b, enclosing an angle ir — 6, 
where 0 is vj^ry small. Required the correction to find c. 



ah 


,e\ 


Correction = (« + 6) - c = — ^ 

Or if d be an angle containing n\ where n is very small, 

. , 1 (w sin I")* a^w®sinl" 

the Correction, m. seconds, . ="^77 — 77 

' , ^ sml 2 (a +6) 2 (a + 6) 

[^In practice it is seldom necessary to apply this correction.] 


(3) From observations made at a point D which is at a small 
known distance from a signal C, required to find the angle which 
A and B subtend at C. 

w 

Let the angles EDA and ADC he observed at D, The dis- 
tances CB and CA are known approximately from the base AB 
and the observed angles BAC, ABC> 


Then z BDA + z DBE 

= exterior angle BE A * z BCA + z CAD, 

The reduction, Viz. z BCA — z BDAy 

= iDBE-^CAD 

= sin z DBE— sin z CAD, nearly, 

CD , CD .' 

= • sm BDC- — r • sin ADC 

i ^ i< i A 


A B 



or 


^j^\sin BDC sin A DC\ 

" {~CB CT^ f * 

CDjsinBDC sin A DC\ 
“sinrl CB CA i’ 


when expressed in seconds. 
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(4) The angles of elevation or depression^ being small quan- 
tities, of two ohja'^Ad having been observed, and also the angle the 
objects subtend at a certain point, to find the horizont^ angle ilmf 
subtend- (Encycl. Metrop.) 


Let Z be the Observer's zenith, CDRO his horizon, J and B 
the two objects ; z BOA — B;z DOC^ 
its reduction to the horizon, — 6 -h 

CA = h, = h\ 

From the a AZid, 

cos Q — cos ZA cos ZB 


CosCZD = 


sin ZA sin 7jB 

cos 0 — sin h sin h' 
cos h cos li * 



Making Sin h Cos h = 1 - &c., and neglecting powers of 

the angles above the second, this becomes 


Cos CZD = 


cos 0 — hit 

T-fOi^VP) 


= (cos 6 - hh') {1 + ‘2 {h^ h'^)}, nearly, 

= cos 0- hh' + 1 (A* + k'‘) cos 0. 


But Cos CZD = cos (0 + j*) = cos 6 cos jr — sin i) sin x 

= cos 0 — a? sin 6, nearly. 


And from these two equations, 


X 


hh' _i 
sin 6 ^ 


( 4 * + ^'*) 


cos 9 
sin 6 * 


Now ifp^h^li, and q=h-li; then 




cos 9 I 
sin 9 J 



1 - cos 9 5 1 + cos 0 ) 

sin 0 ^ * sin 0 j 


~ i {P* i 0 — 5 * cot i 0}. 
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In seconds^ this correction 

- _ . [(p' sin 1")® tan ^ 0 - (q' sin 1")* cot | 0}, where 

't 4? sin 1 

p\ q' are the seconds in the angles p and q, 

- 1 sin 1 " {p'^ tan i 0 — 9 '® cot I 0}. 

Note. This reduction is not required when a Theodolite is 
used.* 


INSTRUMENTS USED IN SURVEYING. 

81. Def. The Vernier is a contrivance for subdividing 
equal graduations that have been made on a straight line or a circle. 



AB is a portidn of a,straight line, or a circle, which is divided 
by straight lines at right angles to it into any number of equal 
parts. CD, the Vernier, is another scale, which slides along AB 
when AB is a straight line, and revolves round the center of AB 
when it is a circular arc. 

If it be required to subdivide each of the divisions of AB 
into n equal parts, take QM^n-l of these parts, and divide 
QM into n equal parts by straight lines at right angles to it ; if a 
be the length of a division of AB, the magnitude of each of these 
, n-\ 

parts will be ~ ^ . a. 


Let B, the division from Q, coincide with a division on 

AB: then PQ=P-R- QE = ra-r - - — and the 

' n n 

length of PQ is known. 


Ex. If each of the original divisions were an inch, and nine 
inches were divided into 10 parts on the Vernier, then, supposing 
that the extremity of a line A Q which it was wanted to measure 
came to Q, and that the inches marked at P were p, if the third 
diviiiion of the Vernier coincided with a* division on the scale, the 


length required would be 



inches. 
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82 . The Spirit Level is a glass tube DABE of circular 
bore, which is grou'nd into the form of a circular arc of very large 
radius — sometimes 800 feet. It is then nearly fillec^ with some 
fluid, and the ends are closed. 

Tf the instrument be placed in a 
vertical plane, and the extremities Z) 
and K rest on a horizontal surface, the 
bubble (AB) of air left in the tube will be at the highest part of 
it; and if JS be gradually raised the bubble will continually keep 
moving towards 

If there be a plane of an instrument (such as a Theodolite) 
which it is necessary to bring into a horizontal position, it is pro- 
vided with two levels, as nearly equal to one another in every 
resptct as possible, which are placed at right angles to each other 
and perinanentl)'^ attached to the plane. The instrument-maker 
marks the positions of the bubbles when the plane is horizontal, 
and therefore if the bubbles occupy these positions on any occa- 
sion, the plane to which the levels are ^attaclred must then be 
horizontal. 

If the plane be inclined at any angle to the vertical and the 
positions ot' the bubbles be noted, then if at a second observation 
they occupy the same positions, the plane will have the same 
inclination to the vertical which it^had before. 

83 . To level heticeen two points. 

For the purpose of finding the altitude of one point above 
another point, a spirit-level is attached to a telescope, and so 

* The grinding the bore of a Spirit-level is done with a plug of metal covered 
with emery. The elasticity of the glass, assisted probably by that of the metal 
of the plug, enables the workman, by means of pressure on the outside, to wear 
away any particular portion of the interior surface he chooses. If, after the grind- 
ing is finished, the bubble be found to move through equal lengths of the tube for 
equal increments of inclination, and to be always of the same length, the bore of 
the tube must be uniform, and the form of the tube a truly circular arc. 

If / be the length through which the bubble moves in consequence of an 
increase of n'^ in the inclination (n being a small quantity), the radius of the 

circular arc = — — — x 206265. 
nsinl" n 

0 

Ether is the best fluid with which spirit-levels can be filled ; because in ether 
the bubble is found to come into a state of rest in the shortest time after a sudden 
displacement. 




SPHERICAL TRIGONOMETRY. 217 

\ 

adjusted that the optical axis of the telescope is horizontal when 
the bubble is at the middle of the level. ^ j 

Let tht?re be two Staffs set up verti- ^ E 

cally, AB, CD; and when the instni- ^ *1 
ment is at B and its axis is horizontal, A L: =rr^ jp 


let the point C be seen on the cross wires; and when the instru- 
ment is placed at 1) with its axis horizontal let D be seen on the 
cross wires ; then, by measuring AB and CD, ]JF, the altitude of 
E above the horizontal line AF passing through A, is found. The 
operation can be repeated as often as it may te necessary. 


84. Tub Theodolite. This is an instrument for measuring 
the angles of elevation of objects above a horizontal plane ^ and 
also the horizontal angle which two objects subtend at the obser- 
ver’s eye. 

• 

The accompanying figure is an elevation (or projection on a 
vertical plane by fines perpendicular to the plane) of a Theodolite. 

The two circles I and K fit close 
to each other, the lower one having 
attached to it three horizontal bars, 
making angles of 120'’ with each other, 
on which the instrument restjjt The 
feet of the instrument are three screws, 

M, iVf, iVf, working in these bars; 
and by moving the screws in one 
direction or the other, the planes of 
the circles I and which are parallel 
to each other, can be brought into a 
horizontal position. 

The upper circle I is graduated, 
and revolves with the utmost possible 
nicety upon the lower circle by means of an axis attached to the 
upper circle, and working within the collar L which forms a part 
of the frame of the instrument. The circle K has two Verniers 
engraved upon it, and in the best instruments the divisions are 
read off by microscopes attached to the Verniers. 

To the revolving circle /, which is called ^^the limb’* of the 
Theodolite, two levels at right angles to each other are attached. 
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To this circle also two stands are fixed diametrically opposite 
to each other (one* ot which, DOE, is here represented) support- 
inp: an axis parallel to the revolving circle I. To this axis a circle 
ABC \% permanently attached at right angles to it; and a telescope 
{GH) is fastened to the circle, with its line of collimation perpen- 
dicular to the axis of the circle. The circle and attached telescope 
revolve along with the axis in such a manner that the whole can 
turn completely round without touching ‘Hhe limb’’ of the instru- 
ment. Thetrim BB of the circle is graduated ; and there are two 
Verniers, A and C,|.i«nconnected with the axis, but carried by a 
support which is seen to enter the circle I (but not the circle K) 
at F, 

85 . To explain how the Theodolite is used. 

The two circles / and K are first rendered horizontal by length- 
ening or shortening the screw-feet. The limb is then turned 
round upon the lower circle until the plane of the vertical circle 
})asses through the object whose altitude it is required to find, 
and the axis carrying the vertical circle is made to revolve until 
the observer, on looking through tlie telescope, perceives the 
object on the cross wires wdth which the telescope is furnished. 
The graduations at the points of the rim of the vertical circle 
which are opposite to the beginning of the scales engraved on the 
Vernier plates are then read off. # 

Next, without touching the axis to which the telescope is 
attached, the limb is made to revolve through 180^. The plane of 
the vertical circle again passes through the object, but the direc- 
tion of the telescope {A^B') is now as much de- 
pressed below the horizon as it was before {AB) 
elevated above it. Let the vertical circle and its 
axis be turned in the direction A'AB' until the 
object is again seen on the cross wires of the tele- 
scope; the telescope A'B' is therefore now brought 
into the same direction (^AB) that it had at the 
first observation. The graduations are again read off at the Ver- 
niers, and the number of degrees marked on the arcs AA\ BB' 
of the instrument, (which are the arcs that have passed between 
the two Verniers), is four times the zenith distance of the object. 

[For let O be the real center of the graduated circle; then twice the zenith 
distance is BPB\ or A PA'; join BA\ AB'\ 
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4 X zenith distance = BPS' + APA'= (PAB' + PB'A) + {PBA'-^ PA'B) 
= BAB> + AirA + ABA + BAB^ 

= 2BAB’ +-2ABA ^ BOB' + AO A ; Euclid, in. 20 

= sum of the differences of readings at the Verniers at 

the two observations. 

It appears, therefore, that any errors arising from the axis of rotation of 
the circle not coinciding exactly with the center of its graduation are wholly 
Hvoidad by using the instrument in this manner. {IJymers' Astronomy, Art. 

117 .)] 

To observe the horizontal angle between two objects, the limb 
of the Theodolite is made horizontal, and the angle is noted (by 
four readings off, as in the last case) through which the limb 
revolves to bring the two objects successively on the cross wires 
of the telescope. ' 

86. The Repeating Circle was the instrument used in the 
French Surveys for observing the angles. The observations, how- 
ever, which are made by it, are of questionable value for tins 
reason, that although the errors of imperfect graduation (which 
are but slight, if the instrument be a good one) may possibly be 
destroyed, as they probably are, by repeating the observations 
and taking the mean of them, yet, for anything that can be known 
to the contrary, the errors arising from the inability of the obser- 
ver to distinguish the position W a point with perfect exactness, 
may have been accumulating all the while. 

Also, from the construction of the Repeating Circle, it is 
scarcely possible to avoid errors arising from the instability of the 
instrument. 



CHAPTER VII. 


ox (l.) THE SMALL CORRESPONDING VARIATIONS OP^ THE PARTS OF 
A SPILftRICAL TRIANGLE; AND (ll.) THE CONNEXION EXISTING 
BETWEEN SOME #l?ORMULyE IN SPHERICAL TRIGONOMETRY AND 
ANALOGOUS L^OIIMUL.E IN PLANE TRIGONOMETRY. 

’ T.^ The process of Differentiation can be applied to deter- 
mine the errors introduced in determining the other parts of a 
Splierical Triangle from three given parts, when one of the given 
parts is affeclipd by a small known error. 

87. If C and c remain constant^ tlie correspondimj small 
variations Sa and 8b of the sides a and b are connected hij the 
equation^ 

8b . cos A + 8a . cos B = 0. 

Considering C and c constant, atid differentiating with respect 
to a, tile formula Cos C sin « sin b — cos c — cos a cos 8, 

Cos C {cos « sin ^ + djb . cos h sin «} = sin a cos h + dj) . sin h cos a ; 

Cos C (ofl . cos a sin h ■\-lb , cos b sin a} 

= . sin a cos h + lb , sin h cos a, nearly ; 8a and Ih being 

small corresponding increments of a and h ; 

0 = Ba . {sin a cos b — cos O sin b cos a} 

+ lb . {sin b cos a — cos C sin a cos 8} 

= 8a . cos j? sin c + 86 . cos A sin c; by (iv.) 

.*. 0 = 8a . cos B + lb • cos A . 

This method is always applicable. A small spherical triangle, 
however, is frequently treated as a plane triangle after the follow- 
ing manner; particularly in establishing formulae for calculating 
the corrections used in Astronomical investigations. 
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88. If c, the side opjwsite the right angle in a right’- 
angled spherical triangle^ receive a small known increment^ to 
determine the corresponding increments of the sides enclosing the 
right angle. 


Let AB BD = Ic, l BAC= to. Draw 
BE perpendicular to AE^ and let BF be an arc 
of a small circle which has the same ))(>le as 
ACE*; is therefore parallel to AE^ and per- 
jDendicular to BE, ' - 



Now, considering BBF as a small plane, triangle, 
BF 

- = cos BBF = sin ABC, 

cc 


for zCBF^go^ and z ABC ^ 90 ^- ^BBF; 


,-, BF^cc, 


cos BC^ 


i>y (37). 


.-.HAO. or (1). 

Again, 3 (BC) = FB = dc , sin BBF 

= 3c . cos A BC = cc , sin to cos AC (2). 


[Cor. If* u) be constant, 

(6 {AC) has its greatest value, when RC is the greatest. 

\^(AC) least , when BC * 0”. 

has its greatest value, when AC = 0^, or ISO*'. 

\d(BC) least , when AC 90®. 

This result shews, that if the Sun's daily motion (6c) in longitude be nearly 
constant (as it is in fact), his greatest daily change in Right Ascension, 6 (AC), 
is at the Solstices, and his greatest daily change in Declination, 6 ( CJ5), is at the 
Equinoxes ; and his least daily changes in Right Ascension and in Declination, 
aie at the Equinoxes and Solstices respectively. 

Also; since when BC and AC Bite small angles the variation in magnitude of 
their cosines is then the least, it appears from ( 1 ) and (2) that the daily change, 
both ia Right Ascension and in Declination, is more nearly proportional to the 
change in longitude, (that is, to the time), when the Sun is near the Equinoxes, 
than when he is in any other part of his apparent orbit. (Ilymers* Astronomy, 

Art. 171.)] 
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II. 89. Frof,i the formula, ^ , which is true 

iSm E sin b 

fur a Spherical Trianfjle, to deduce the analogous formula in 
the case of a Plane Triangle. 


Let a\ V be the lengths of the arcs subtending the angles A 
and B ; r the radius of the sphere. 


Then 


Sin^ 

JSin B 


. a' 
Sin 



r 2.3* r* ^ a 

~ U 

r 2.3 ' 


1 ~ 


1 - 


_L 

2.3* r“ ^ 
1 

2.3’ 7-3 


• And if and ^'be indefinitely small compared with the radius 
of the sphere, the formula becomes 


Sin A __ 
Sill B 


af 

b' 


; a property of Plane triangles. 


90. And^ in like manner as in the last Article, from the formnloc 

^ . cos a - cos cos c ™ sin }, (n-h) ^ ^ 

CosA= ... ,andTan4(yf~j5)= r : , - ,(.cot^(7, 
sin 0 sin c ^ ' sin (a + b) ^ 

there may he deduced these analojrous formula: of Plane Trigo^ 
nomeiry. 

rp \ f A r>\ d -U ^ //* 4* c'* — a'* 

Tan ^ {A’^B)- , , . cot C, and Cos A = — — . 


91. Prob. Jf two arcs of great circles intersect each other 
in a small circle, the product of the tangents of the serni-segmenis 
of the one is equal to that (f the tangents of' the scmi-segmenls 
of the other. 

Let AB, CD be the arcs of great circles intersecting in 
a point E within the small circle whose pole is P ; FEPG 
an arc of the great circle through E and P; PQ perpendi> 
cular to AB. 


Then AB is bisected in Q, and APQ, BPQ are tri- 
angles equal in every respect. 

Also PA^PB^PF^PG. 
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By (37), 

1 

Cos PE = cos cos PQ, and Cos PA = cos A Q cos PQ ; 

Cos EQ - cos AQ _ cos PE - cos PA 
Cos EQ + cos AQ ~ cos PE + cos P^i ’ 

Tani(^Q + EQ)tan -1(^Q - £C) = tan ilPA + JWq Ua 1 - P£), 

or Tan A BP tan ^PA — tan -^GP tan iPP 

4 £ ^ ^ 

— tan icE t tv^^ED, in like manner. 

Con. If a', ^/represent the lengths of the segments of the arc AB, and c\ 
represent the lengths of the segments of the arc CD ; and these quantities be 
indefinitely small compared with the radius of the sphere, this formula becomes, 
in the case where the radius of the small circle vanishes with respect to the radius 
of the sphere, = c'rf'; which agrees with Euclid, in. 35. 



CHAPTER VITI. 


ON TUE RISOULAR SOLIDS, 


02. Defs. (I) A Polyhedron is a solid bounded by plane 
rectilinear figures. 

Jf the bounding surface be composed of any similar and equal regular recti- 
linear figures, th" polyhedron is called a Ifeyular Polyhedron, 

(2) A Tetrahedron is bounded by four equal and equilateral 
triangles. 

(5) A Hexahedron, or Cuhe^ is bounded by six equal squares. 

(4) An Octahedron is bounded by eight equal and equilateral 
triangles. 

(5) A Dodecahedron is bounded by twelve equal and equi- 
lateral pentagons. 

(6) An Icosahedron is bounded by twenty equal and equi- 
lateral triangles. 

It will be proved hereafter that no more Regular Polyhedrons exist than these 
five. 


93. In any regular Polyhedron, if 
F = number of Faces, S = number of Solid Angles, 

E =■ number of Edges, m = number of Sides in each Face; 

then 2E » mF, and S + F * E + 2. 
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(1) Since every edge is made by two sid^s, the whole num- 
ber of sides in the polyhedron is and this 

= humber of faces x number of sides in a face, 

9.E = mF. 

(2) Take any point within the polyhedron as the center of a 
sphere whose radius is r, and join it with each of the angular points 
of the polyhedron. Let the points in which these lineS meet the 
surface of the sphere be joined by arcs of gHat circles; the sur- 
face of the sphere will then be divided into as many polygons as 
the polyhedron has faces, and the Area of one of these polygons 

Trr® ^number of degrees in the angles of the polygon) 

180’ (— (number of sides of polygon — 2) . 180 J 

(62, Cor. 2.) 

Area of all these polygons 

, /number of degrees in the angles of all the polygons^ 

= ^ • I sphere I 

I — (number of ajl the sides — 2F) .180 * 

Trr* 

= . {-S' . 360 -(£-F). 360} = 2rrr’. (S-E + F). 

# 

But Area of all the polygonal areas = area of the sphere =47rr®; 
and aS + F = F + 2. 

[[These results are evidently true whether the Polyhedron be 
Regular or Irregular.] 

94. The sum of all the Plane Angles which form the Solul 
Angles of a Regular Polyhedron = (S — 2) . 360®. 

For the Sum of the Plane Angles sum of all the Interior 
Angles of each face. 

F . (m - 2) . 180® Eucl. i. 32, Cor. I. 
-(-S-2) . 860 * j 


15 



CHAPTER VIII. 


\)N THE REGULAR SOLIDS. 


.92. Deps. (1) A Polyhedron h 2L bounded by plane 
rectiHlxear figures. 

If the boundinpf surface be composed of any similar and equal regular recti- 
linear figures, polyhedron is called a licyalar Polyhedron. 

(2) A Tetrahedron is bounded by foilr equal and equilateral 
triangles. 

(3) A Hexahedron, or Cube^ is bounded by six equal squares. 

(4) An Octahedron is boundedtby eight equal and equilateral 
triangles. 

(5) A Dodecahedron is bounded by twelve equal and equi- 
lateral pentagons. 

(6) An .Icosahedron is bounded by twenty equal and equi- 
lataral triangles. 

It will be proved hereafter that no more Regular Polyhedrons exist than these 
five. 


93. In any regular Polyhedron^ if 
F = number of Faces, S = number of Solid Angles, 

E =■ number of Edges, m = number of Sides in each FUce; 

then 2E =*= mF, and S + F ^5= E + 2. 
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(1) Since every edge is made hy two sid.es, the whole num- 
ber of sides in the polyhedron is 9,E^ and this' 

= Aumber of faces x number of sides in a face, 

9.E mF. 


(2) Tak^ any point within the polyhedron as the center of a 
sphere whose radius is r, and join it with each of the angular points 
of the polyhedron. Let the points in which these lines meet the 
surface of the sphere be joined by arcs of gteat circles; the sur- 
face of the sphere will then be divided into as many polygons as 
the polyhedron has faces, and the Area of one of these polygons 

_ irr® fnumber of degrees in the angles of the polygon 'j 
180’ (number of sides of polygon — 2) . 180 /’ 

( 62 , Cor, 2.) 

Area of all these polygons 

^number ofdegre.es in the angles of all the polygons^ 

= • I on the sphere i 

^ — (number of all the sides — 2F) .180 ^ 

TT?'* 

= • {>s . 360 -(E-F). 360 } = 2 .rr*. {S-E + F). 

But Area of all the polygonal areas = area of the sphere = 47 r?**; 

and S F- E-h^. 

[[These results are evidently true whether the Polyhedron be 
Regular or Irregular.]] 


94 . The sum of all the Plane Angles which form the Solid 
Angles of a RegtAar Polyhedron = (S - 2) . 360^ 

For the Sum of the Plane Angles sum of all the Interior 
Angles of each face. 

== JP . (w - 2) . 180® Eucl. I. 32, Cor. 1 . 
» 2 (£-20.180®) , .. 


15 
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95. To prove that in a Regular Polyhedron 

s= E= r= 

2(m + n) — mn’ 2(m + n)~ma’ 2(m+n)— mn* 

where ni and n are respectively the number of Sides in every 
Face and the number ^ Plane Angles in every Solid Angle. 

Since e^'ery face has m plane angles, 

number of the PLne Angles which form all the Solid Angles 
^mP^ and = Sn. 

Hence, (93,) Sn - mF = 9,E; and since S F = E + 2, 

\ VI 2 / ’ 

• S- • £ ^ p 4» 

2 (w 4 ~ mn ’ 2 (w 2 4 - «) — mn^ 2 ( w 4 w) — vin ' 

96. There can he but five Regular Polyhedrons. 

In any regular polyhedron, w, w, S, E, F must each be a 
positive integer. 

In order that the values of S, E, F obtained in the last 
Article may be positive, 2(m + w)^must be greater than mn\ and 
that each of them may be integral, 47w, 2mn, and 4/i must be 
severally divisible by 2(7w + «) - mn. 

Now if 2(7 w + «) be greater than mn^ 

111 111 

_ 4 .-> or — > - — ; 

m n SI m 9. n 

but w cannot be less than S, 

— cannot be so small as ^ ^ , or ^ : 

m 2 3 6 

Therefore, since m must be an integer, and cannot be less than 
3, it can only be 3, 4, or 5. 

Similarly, since - > ^ and m cannot be less than 3: 

n 2 m * 

the values of n can only be 3, 4, and 5, 
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It will be found, on trial, that the only values of m and n which 
satisfy all the required conditions are the following. Each regular 
solid takep»its name from the number of its plane faces. 


m. n. 

S. 

E. 

— 

Name of the Regular Solid. 

3 i 

4 

6 

4 

Tetrahedron. (Regular Pyramid.) 

4 3 

8 

12 

6 

Hexahedron. (Cube.) 

3 4 

6 

12 

8 

1 

1 Octahedron. » 

5 3 

20 

30 

12 

Dodecahedron. 

3 3 

12 

30 

20 

Icosahedron. 


Cor. If 2(w + w) = miiy Sf, and F become infinite quanti- 
ties, and the solid itself becomes a sphere. 


97. If I hj the inclination of two contiguous faces of a 
Regular Rolyhedrony 

. cos — cos ^ . 90® 

theuy Sin ^ I = ; "'" T80® ’ ~ y • 

gin sin 77.90® 

m L 

xf 

Let C and E be the centers of the circles 
inscribed in two adjacent faces whose com- 
mon edge is AB\ bisect AB in Z), and join 
A^ By and 1) with the points C and E; CD 
and ED are manifestly .perpendicular to AB, 
and z CDE - L 

In the plane CDE draw CO and EO at 
right angles to CD and ED respectively ; let 
these lines meet in O; join OA, OB, OD. 

About O as center describe a spherical 
surface which is cut by the planes AOD, 

DOCy CO A in ad, dc, ca. 

Now since AB is perpendicular to CD 
and to ED, it is perpendicular to the plane 
CDE, and therefore the plane AOB, in which 
AB lies, is perpendicular to the plane COE; nadc is a right 
angle; 
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ISO" 

"“/I ^ 


And, z cad 

= 5 . 360 ” -f- number of edges which meet in a solid angle 
= 1 80® -t- number of plane angles which meet in a solid angle = 

Also i acd 

which each side of a plane face subtends) _ 1 SOO® _ 1 80° 
at the center of the circle inscribed in the face ) 2 m m 

Now by (37)j Cos l cad = cos dc sin ^ acd, 

^180® , . 180® 
n m 

And Cos dc — ccs DOC = cos | COE = cos |(1 80®— CDE) - sin \ /; 

1800 
cos — 

Sin ^ /=— . 


-{ 


sin 


Again, 


^E 2E 

Since n=-- ..*(95), and w = — ...(93), 


Sin^/ = 


ing'.OOo) 


cos 

sin 


98. To find the Radius of the Sphere wh ioh may he mscrihi d 
in a Regular Polyhedron. (Fig. Art. 97.) 

OC = OE, (= r), is this radius. Let AB = 2a. 

1 orjo 

Then CD=: AD . cot ACD = a . cot ACD == a . cot 

in 

And r = CD . tan CDO - CD . tan i/ = a . tan i /cot . 

^ m 

99. To find the Radius of the Sphere described about a 
Regular Polyhedron. (Fig. Art. 97.) 

OA « OBj (ss R)^ is this radius. 



SFHEBICAL TRIGONOMETRT. 


229 


„ , . „ 180" 180“ 

A 11(1 r= It . cos ac ^ R . cot acd cot cad = io . cot cot — 

* vn nn 


R^r , tan - tan = a . tan ^7 tan^^, by (98). 
m n n 


100. If a Hfwnlipdron and an Octahedron le described 
nboift a ffixen sjihcrc^ the sphere described about those Polyhe- 
drons will he the same; and conversely. 


Let R and r, R' and r\ be the radii of the inscribed and 
circumscribed spheres for a hexahedron and an octahedron re- 
sj)ectively. 


Then 


n 180® , 180® 

— = tan --—.tan ^ 

r 3 4 


R 

r * 


Wherefore, if K bp equal to Ry r is equal to r; or if r be 
equal to r, R is equal to R, That is, if a hexahedron and an 
octahedron be described about the same sphere, the spheres 
circumscribing them Vill also be the same; and conversely. 


In like manner it may be proved that if a dodecahedron and 
an icosahedron be described ii! a given sphere, they will have the 
same circumscribing sphere; and conversely. 


101. To find the Volume of a regular Polyhedron. 

From O in fig. Art. 97, draw OAy OB, &c. to all the angles of 
the polyhedron. The solid will thus be divided into F pyramids, 
whose common altitude is r, and common base, being the area 

of a face, CD^m.a .CD = m.a. r.cot^I; (98). 

Whole Volume .a •P. cot ^ I 

1 80 ® 

- J . F. «i . tan ^7. cot*-^. «*, by (98). 
Cor. Therefore in similar Polyhedrons, Volume ec a*. 
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102 . In CL Parallelopiped, given the three Edges which 
meet^ and the Angles between them^ to find the Altitude^ Sur- 
face, and Volume of the solid. 

Let AO, BO, CO be the three 
edges meeting in the point 0; and 
let 

z BOC=A, f,COA=B, zAOB^C; o. 

OA=a, ' OB=Ik, OC^c; 

.V=1 + 

CD perpendicular to the plane AOB, Join OD, BD, DA, 

About 0 describe a spherical surface, and let it be cut by the 
planes AOB, BOC, COA, DOC in ab, be, ca, dc. 

Then, the angles at d being right angles, 

Sin dc = sin ac sin cad, or Sin DOC =■- sin B sin cad; 



And, by (x.), 


Sin carf = 


2 


sin B sin C 


. ^{sin S^\n{S- A) sin {S- B) sin {S - C)} ; 


DC= c . sin DOC = J{sm Ssm(S^A) sin (S- B) sin (/S'- C)}. 

The Surface = 2 {he sin A + ac sin D + ah sin C}. 

I Volume of rectangular^ parellelopiped on the 
e o ume — | g^nie base, and of the same altitude. 

= area of base x altitude. Euclid, xi. 31. 

= ^ahe ^{sin /S' sin (-S'- A) sin {S - B) sin (-S' - C)}. 


103 . The same things being given, to determine the Dia- 
gonal which passes through the Solid angle 0 of the Parallelo- 
piped. 

Let D be the diagonal required; and now suppose OdD in^the 
fig. Art. 102, to be in the direction of the diagonal of the face AOD. 
Let this diagonal s d. 
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Then = a* + 6* + kah cos C, 
and ^ = c® + d®- 2cd cos (180®-* DOC) 

= + d* -f 2cd cos DOC, 

, = a* -f + 2cd cos DOC + 9.ab cos 0. 

Now Cos DOC — cos cd = cos ac cos ad + sin ac sin ad cos bac 

* » 

r, , . „ . **COS ^ —cos D COS C 

= cos B cos ad + sin B sin ad . ; — •— >, 

sm B sin C 


^ . {cos B sin C cos ad - cos B cos C sin ad + cos A sin ad} 


= -7 — 7:,. {cos D sin (0 — ad) + cos A sin ad\ 
sm C 


sin C 


. {cos 'B sin DOD + cos A sinAOD], 


a __ sin BOD' 
d sin C 


But and ^ = 


h sin A OD 
d 


Cos D0C = 


sin C ^ 

*a cos B + b cos A 


And D® = fl* -f 6 * + + 26 c cos A 2 ac cos B + 2ab cos C. 

D = ^{a* -f -f c® - 1 - 26 c cos A -h 2ac cos B + 2a6 cos C}. 


CoR. 1 . At the solid angle (7, 

The Cosine of the angle between c and 6 = - cos COB — - cos A, 

c and a = - cos D, 

a and b = cos C; 

Therefore the square of the diagonal through C 

= -I- 6*+ c* - 26c cos A ~ 2ac cos D + 2ah cos C. 
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Similarly, the squares of the diagonals through the other solid 
angles, B and ^are, 

-f + c* — 2hc cos A + 2ac cos B— 2ah cos C,. 

+ c^ + 2hc cos A — 2ac cos B — 2ah cos C. 


CoR. 2. Hence it appears that the sum of the squares of the 
four diagonals 





L*XAMPLES FOR PRACTICE. 


Note. In the following Examples, unless it be expressly stated otherwise, 
the word “ Triangle” is to be understood to mean a Spherical Triangle, whose 
sides are arcs of great circles. 


1. Two arcs of great circles intersect at right angles in a 
])oint in the circumference of a small circle. If one of them 
touch the small circle, the other bisects it. 

2. On the surface of a sphere draw a* great circle passing 
through a given point, and touching a given small circle. 

IN A RldllT-ANPLED SPHERICAL TRIANGLE, C BEING 
THE RIGHT ANGLE. 

3. 2 cos c = COS (a + b)-^ cos (a — b). 

4. Tan ^(c + a) tan l (c - cr) = tan® ^ b. 

» 

5. Sin® ^ c = sin* | a cos® ^ 6 + cos® ^ a sin* ^ b. 

6 . Sin*6 co8*a-sin(c + a)sin (c — fl). 

7. Sin a tan ^ .4 - sin 6 tan J .B = sin (a ~ b). 

8. If Cosil =cos®a, shew that ^ + c is equal to or fw, 
according as b and c are both less or both greater than ir, 

9. OAAi is a spherical triangle, Aj being a right angle; 
AiAg is an arc perpendicular to OA cutting it in Ag, AgAg an arc 
perpendicular to OAi, A 3 A 4 an arc perpendicular to OAg^ and so 
on; prove that A„A^^y ultimately vanishes when n becomes in- 
finite, and shew that Cos A Ai. cos AiAg , cos AgAg,,, (ad injinilum) 
= cos OA. 

10. Deduce the property of a plane right-angled triangle 
which corresponds to the formula Cos c = cos a cos b. 

Ans. c* = a* + b\ 
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11. If there be two right-angled spherical triangles ABC, 
ARC, having theon^le A common to both, 

Tan ^ (a + a) tan ^ (c - c) = tan ^ - a) tan \ (c* -i» c). 

12. If a, P be the arcs drawn from C, respectively perpen- 
dicular to c and bisecting c; 

cos a + cos b 


Cot a = J(cot*a + cot® A) ; Cot /? = 


^(sin^ a + sin’* b) ’ 


o- 1 sin /9 

® ^ /s/(^ + sin*a) 


13. Through the vertical angle A of an isosceles triangle 
there is drawn an arc of a great circle meeting the base in D ; 
shew that 

Tan *^ \ BD . tan ^ CD = tan ^ {BA + AD ) . tan ^ {BA - AD). 

14. If A = a, and B = h, then C - 180® - c. 


IN SPHERICAL TRIANGLES NOT RIGHT-ANGLED. 

t 

15. If each of the three sides be quadrants, and a, /3, y be 
the distances of a point within the triangle from the angular 
points; 

Cos®a + cos* /3 + cos® 7 = 1. 

16. If d be the length of the«arc which bisects C and is 
terminated by the opposite side. 

Tan d sin (a + 5) = 2 sin a sin 5 cos ^ C. ^ 

17. If « and b be nearly equal, 

a = ^ (a + 6) + tan + 6) tan ^ {A - B) cot* J {A + B), very nearly. 

18. If one angle of a triangle, plane or spherical, be equal to 
the sum of the other two angles, the greatest side is double of the 
distance of its middle point from the opposite angle. 

19 . If 0 be any point in which arcs of great circles drawn 
through the angular points of ABC intersect, then 

Sin A sin B sin C 
sin flr ~ sin 5 sin c 

sin AO 9in BO &\n CO t ^ ^ 4 

* ; ; — Y—. . {cot AO sin B0C-\' cot j^Osin COA 

sin a sin 6 sin c; ^ 

+ cot CO sin AOB}. 
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• • 

20. Find the locus of the vertices of all right-angled spheri- 
cal triangles which have the same hypothefiuge; and from the 
equation p^ove that the locus is a circle when the radius of the 
sphere is infinite. 

21. Divide, by drawing an arc from an angle to the side 
opposite, a 'given triangle into two others whose areas are in a 
given ratio. 

22. The sides of a spherical triangle are each 28'; fihd 

its angles, and shew that its area = ^ surfac<?^f the sphere. 

{lir, 28' - 2 X (55", 44'), and Tan ^ (55", 44') = ^2}. 


23. If C be a right angle, E (the Spherical Excess) 

= 2 tan~^ (tan ^ a tan |6).^ 

24. If E be\he Spherical Excess, 

n 4 ^ \ jr 2 ^ + cos C 

Cot \ = 

^ • sm (7 

1 + cos a + cos h 4- cos c 


Also Sin 4 £ = and Cos A £ = 

cos 4 c ’ * . cos ^ c 


2^/ {sill S ^n (*S - a) sin (S ~6) sin {S - c)} * 

1 + cos a + cos h + cos c 
4 cos 4 O' cos 4 b cos 4 c * 

In seconds i ^ ^ b tain ^ c sin A tan®4^ tan® 4 c sin 2^4 


Cos 4 E = 


sm r 


^ tan^ 4 ^ tan^ 4 sin 3 A 
sin 3'' 


25. If P be the Perimeter and E the Spherical Excess of the 
triangle ABC^ then 

2 sin 4 P sin 4 ^ sin 4 P sin 4 C 

= {sin 4 -S' sin (^ - 4 sin (P - 4 S) sin (C - 4 

26. Determine the area of a spherical triangle from the data 
a, C] and shew that if a and h be constant, and also a + 6 be 
less than nr, the area admits of a maximum value. 
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27. The angles of a spherical triangle, of which the area is 
— irr®, where r is the radius of the sphere, form an arithmetic 

progression of which the common difference is 45®. Find them. 

28. If the sides AC^ BC of a triangle be produced to 7) and 
E, points such that Tan ^AC • tan ^ llC — tan ^DC , tan ^ EC, and 
DE be joined by an arc of a great circle, the triangles ABC, CDE 
are of equal area. 

29. If /S' be the surface of a spherical triangle whose angles 
are each 120®, and S' that of its polar triangle, 

TanJ.9 : Tsm^S' = 6 Jz + Js : zjz-js. 

30. If a be one of the n sides of a regular spherical polygon, 
its surface (<S) may be found from the equation 

^ ^ — S/S' TT , 

Cos — = cos - sec Aa. 

n n ^ 

31. The Spherical Excess of a triangle is l"^5. Find its area, 
the radius of the Earth being taken to be 7757 miles. 

32. If the three sides of a spherical triangle measured on the 
Earth’s surface be 12, l6, and 18 miles, find the Spherical Excess. 

33. A plane triangle whose sides are a, h, c, is placed in a 
sphere of radius r. Prove that the«angle between tlie arcs of the 
great circles of which a and b are the chords is a right angle, 
if 9.rJ(^a^+b^—c^)=^ah, 

34. If P be the pole of the small circle circumscribing a 
triangle ABC, prove that i APB is double of the angle between 
the chords of AC and BC> 

35. The middle points of the sides AB and AC of a triangle 
are D and E respectively, and P is the pole of DE; shew that 
z BPC is double of l DPE. 

36. If an arc of a great circle be bisected, its segments will 
subtend equal angles at any point on the great circle of which its 
middle point is the pole. 

37. A lune is formed by two great circles which intersect at 
a right angle; prove that from any point in one of the circles 
two arcs of great circles can be drawn to the other cutting k at 
equal angles, and find the least value of these angles. [The 
points are equidistant from the extremities of the lune.] 
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38. ABC and A'B'C' are equal triangles; prove that arcs 
drawn at the middle points of the arcs of the gfeat circles^-^', BB', 
CC\ and right angles to those lines, meet in a point at which 
AA\ BB', CO' subtend equal angles. What limitation is there 
to this proposition ? [|The triangles ABC, A'B'C' must be such 
that if placed one upon the other they would coincide.] 

39. There is a great circle ABC, and AA\ BB', CC' are 
arcs at right angles to it, which are reckoned positive on one side 
and negative on the other : prove that the condition *ef A', B',*C' 
lying in a great circle is 

Tan A A' sin BC + tan BB' sin CA + tan C C' sin ^ Z? = 0. 

40. I'wo quadrants (^OA, OB) of great circles include a 
right angle ; a great circle meets them in C, D respectively, and 
through P, any point in it, arcs of great circles APY^ BFX are 
drawn meeting OB^ OA respectively in F, X; if 0X= d, OY = cp, 
0C= a, 01) = /3, shew that 

Tan 6 tan d> 

- H =1. 

, tan a tan 

41. Two great circles, inclined at an angle 00, intersect at 0, 
NN' and MM' are eqpal arcs on the two circles respectively, and 
NM and N'M' are arcs perpendicular to OMM' ; if NM = 8, 
N'M' = h', shew that Cos 3 cos ^ = cos w ; also that 

Cos MM = , Cos ^^N’^sin ON. sin ON'. (I +cos <«). 

42. P is the pole pf a small circle; SiSgS 2 ,.,S^ a series of 
points in this circle equidistant from one another ; if Z be any 
other point and ZSi, Z*S'a...be joined, shew that the sum of the 
cosines of Za^,, Z/3'j,..;= ti cos PZ . cos 3, where 8 is the radius 
of the small circle. 

43. Three small circles are inscribed in a spherical triangle 
whose angles are each 120®, in such a manner that each circle 
touches each of the other circles and also two sides of the triangle ; 
prove that the radius of each circle is SO®, and that the centers 
of the circles coincide with the angular points of the polar triangle. 

44. Three small circles, whose radii are p„ pa, p^, touch one 
another in P, Q, E. If A, B, C be the degrees in the angles 
of a spherical triangle formed by joining their centers, prove that 

Area PQR = (A cos pi + B cos pt+ C cos - 180) r*, 
r being the radius of the sphere. 



238 


SPHERICAL TRIGONOMETRY. 


45. If in a triangle, i?, r be the radii of the small circum- 
scribing and inscribed circles, and r„ the radii of the 

circles touching one side of the triangle and the oth^jir two sides 
produced, prove that Cot r, + cot + cot Tj - cot r = 2 tan R, and 
shew from this result that the corresponding property in a plane 
triangle is 



46. Determine points in the sides of a triangle at which 
tangents being drawn, they will meet two and two and form a 
triangle. If B', C be the angles of this triangle, prove that 

Tan A - cos {S— d) tan \ A. 

47 . ’^ Prove that the square of the area of the triangle formed 
by the tangents as in the last question is equal to 

r^{tan (/S'-«) + ^^an (AS'-6) + tan {S-c)} tan (-S'-fl)tan (*9-5) tan (-S'- c), 

r being the radius of the sphere. 

48. If the vertical angle of a triangle be equal to the sum of 
the angles at the base, the locus of the vertex, while the base 
remains fixed, will be the small circle described with the middle 
point of the base as pole and the base as diameter. 

ft 

49. A BCD is a quadrilateral whose sides are arcs of great 
circles, .Band F the middle points of AC and BD; prove that 

CosAB+cosBC+cosCD + cosDA =4cos^ . cos| BD, cos EF, 

50. If A BCD be a spherical quadrilateral, P the intersection 
of A B and DC, Q that of AD and BC, R that of AC and BD, 
shew that 

Sin AB . sin CD . cos P- sm AD , sin BC • cos Q 
= cos AD, cos BC— cos AB . cos CD=^ sin AC , sin BD. cos R. 

51. If a, /3, y be the angles which three diameters of a sphere 

of radius a make with one another, prove that the volume of 
the parallelepiped formed by tangent planes at their extremities, 
(2<r being = o + + y), is 

4a* 

^{sin or sin (<r — o) sin (<r - (3) sin (or — 7 )} 
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52. If i be the inclination of a plane to the horizon, and 
a the inclination of a line in it to the inttrsgction of the plane 
with the horizontal plane, the inclination 6 of the line to the 
horizon be found from the equation. Sin 6 = sin i sin a, 

53. The shadow of a cloud is observed to fall upon a spot 
at a know;i distanoe on the side of a hill. Given the altitudes 
and the azimuths of the cloud and shadow, and the azimuth 
of the sun, find the distance of the cloud. 

Jns. If bj, ofj, ag be the azimuths of the Surf, cloud, and 
shadow respectively, and a^, the altifiWes of the cloud and 
shadow, d the known distance, the distance of the cloud is 
^ cos . sin (ag— Oj) 

* cos . sin (ao - a,) 

54i. If 7i be the zenith, K the pole of the limb (which is not 
exactly horizontal) of a theodolite, and S be an object whose azi- 
muth is observed, the error is known from the equation, 

z SKZ - z SZK = KZ . cot SK . sin SZK, 

• 

55. If Z be the •zenith, K the pole of the circle of a theo- 
dolite, which is not exactly vertical, and KZ be produced to 
Q till KQ is a quadrant, then if S be an object whose zenith 
distance is to be observed, the error of observation is known 
from the equation, 

SQ-^SZ^ cot SQ . sin I QZ. 

56. Given two sides, a and 5, of a triangle, spherical or 
plane, and the includejd angle C, to find the variation produced 
in A corresponding to a small given variation in C. 

57. If a solid be^ bounded by plane figures, of which some 
have an odd and some have an even number of sides, shew 
that there must be an even number of those faces which have an 
odd number of sides. 

58. In a triangle C and c remain constant, and a, 6 receive 
small increments 3a, 35 respectively; shew that 

Ba ^ 1 . sin C 

+ -jrt g = 0 ; where n « — 

- w* Sima) ^(1 -n sin h) sin c 

59* A solid is formed of an equal number of faces bounded 
by ,3, 4, and 5 sides; find the least number of faces in such a 
solid, and the numbers of its edges and solid angles. 

Ans. F=z6, jB = 12, 
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60. Every solid in which four or more edges meet in each 
solid angle must h^.vet at least eight triangular faces ; and those in 
which fiver or more meet in each angle must have at least twenty 
triangular faces. Also no solid can be formed so that not less than 
six edges meet in each solid angle. 

61. No solid is entirely composed of faces all of which have 
more than five sides; and if there be neither quadrilateral nor 
pentagonal faces, there must be more than four triangular face^, 
unless the facLs be atl triangles. 

62 . The base of i pyramid is an equilateral hexagon whose 

alternate angles are equal and adjacent angles are unequal. Given 
the angles between any face of the pyramid and two adjacent 
faces, find the angle between a normal to any face and the axis of 
the pyramid. J/is. The angle required is equal to that which any 
plane face makes with the base. If a, a' be the given angles, andfi 
be the angle required, then Sin cos ^(a'+ct) . cos j ‘Secc/), 

where <p is known from the equation 


63. If r, R be the radii of the spheres described within 
and about a regular tetrahedron, r\ R' theVadii of the spheres 
to which the edges, and one face and the planes of the three 
others produced, are respectively tangents, prove that 

r' = JrR, and R' = j 2 rR, 

64. Given the six edges of a triangular pyramid, to find its 
volume. 


65. Of all triangular pyramids of given volume, the regular 
tetrahedron has the least surface. 

66. A cube is turned round one of its diagonals through 
180®; shew that 9.J2 is the tangent of the angle at which any 
one of the faces is inclined to its original position. 

67 . The diagonal of a cube is produced until the length of 
the part produced is equal to the diagonal, and from the ex- 
treme point as pole the cube is projected on a plane perpen- 
dicular to the diagonal. Shew that the projection will be an 
equilateral hexagon, in which the alternate angles are equal and 
the adjacent angles are unequal, their sines being in the ratio 
of 8 to 5. 
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WOHKS by the Bev. SABKAIUD SMITH, M.A. 

Fellow of St. Ivtcr’s CoUcjre, Cambridtte. 


1. I 2. Arithmetic 


Arithmetic & Algebra ^ Fo) iht T t(( (/f Schools, 

. 1 Now Edition (1862) 348 pp. 

Ill tlioir 1 nnciplcs Jind Applications. t^tronjilif bound in cloth, 

With uKmcroK^ Examples.^ sijstcmaU ' ‘V* ^ Ques- 

trallt/ (frraftpid. \ ti^ns. 

Eighth Edit. (iOtipp. (1861). (V. 8vo. ' 3. Key to the above, contaiii- 
strongly bound in oioth. lOs. iicL ‘ hig Solutions to nil the Qiu'stions 

in the biti'st Edition. Crown 8vo. 
The first edition oi this work was imbli-hed cloth. 392 pi). Second Edit. 8s. Od. 

in 18,)4. It as jnimanlv intended tor 

the use ot studenl.s at the Universities, Tt» meet a widely expressed wish, the 
and loi Sehools vhieh prepju’e f#r the AllITiniKTIt! was published scpaiately 
Uuiversita-*.. It has however been found Iroiii the hiigei woik in iS.-il, with so 


to meet the leijuireinents of a much 
larper class, and is now extensJA ely used 
in SrhooiH and Cntlrffcs Ix^^.li at humninA 
in the (U)lonift-. It has also been found 
of f?reat service foi students iirepaniif^ 
for the Miniij.r.-(’i,\ss and Civii, and 
Miij'iara’ Smivkk KxAaiiNATioNs, troui 
the care that has been taken to elucidate 
the pnunplrs of all the llules. 'I’esti- 
mony of its exeellence has been home by j 


much altei-atioii as was neccssarv to make 
It quite imle]>endcnt of the ALUEllKA. It 
has now a very lai jre sale in all classes of 
Scli(M)ls at hoine and in the (illumes. A 
copious collection of K\am])les, under 
eacli rule, has been embodied in the tvork 
111 a systematic order, and a Collection ol 
Miscellaneous Papers in all branches of 
Arithmetic is appended to the book. 


some ol the hmhe«t jiractical and theo- 
retical authontii's , of w Inch the follow - 
mf? from the late DEAN PEACOCK may 
be taken as a specimen : 

“Mr. Smith’s Work is a most useful 
publication. The llules are stated with 
(?reat clearness. The Examiiles are well 


4. Exercises in Arith- 

metic. 104 pp. Cr. 8vo. (1860) 
28 , Or with Answers, 2«. %d. 
Also sold separatidy in 2 Parts 
\s. each. Answers, 6^. 


selected and worked out with just suffl- | These EXEIICISES have been published 
cient detail without hemp eiieumbered by m order to give the pupil examples in 
too minute explanations ; and there pre- every rule of Aiithmetic. The greater 
vails throti(;:hoiit it that ju^t ])roportiou of number have been carefully compiled 
theory and practice, wdneh is the crown- from the latest University and School 
^nj^ excellence of an elementary w ork.** Exaimnatiou Papers. 
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WOBES by ISAAC TODHUNTEB, M.A. F.B.S. 

Fellow and Friueipal Matliematical I^turer ot St, Jolin’t, (’ollepc, ('aiiiblidpi*. 


1. Algebra. 

JFor the Z^sv of Cottqfi'S and Srhoota, 

Third Edition. 6V2 yy. (1802). 

Strongly hound in (.‘loth. 7^. (^d. 

This woik coiitiiins all tho i»r(iiK»siti(»iis 
\ihich ai<‘ usually iiK-hulcd j^w't lt'MU'iitaij 
treatises on Alaebia, luul a lame nuinhei 
of IIxii/hjaIca Joi Uxi’t The author 

has soualit to render tlie woi k easily in- 
telligible to students without iinpairinji the 
aecuraei ol lh(* denioiistiatioiis, or con- 
trautiim the liiiiits ol the subji'Ct. 'I he 
Exaniplijs have been selected with a Mew" 
to illustiate e>er\ part iif tlv* subject, and 
as the nuiiiber ot thc'in is about iSixUrn 
httuth'vtl and it is hoped they will 

sup]>ly ample exercise for the student. 
Each set ol Examples has been carclully 
avrantreci, coiiiineiicmer W'ltli verj’ simple 
exercis<*s, and jiroceedinpr praduully to 
thobo which are less obvious. 


2. Plane Trigonometry 

For Schools and Colleges. 

2naEdit. 279 pp. (18G0). Crn. 8vo. 

Strongly bound in cloth. ds. 

The desisni of this work has been to ren- 
der the subject intclhprible to beginners, 
and at the same time to afford the stuileut 
the oiiportunity of obtaining all the infor- 
mation w Inch lie will require on tins branch 
ol Mathematics. Each chapiei is tollowed 
by a set ot Exam])les; those which are 
entitled Mtscvltunfuas JixuwjdcSy together 
with a few in some of the otliei sets, may 
be advantageously reserved by the student 
for exercise after he has made some pro- 
gress m the subject. As the 'J’ext and Ex- 
aniple.'v have been tested by considerable 
experionce m leaching, the hope is enter- I 
lained that they will be suitable for impart- | 
ing a sound and coniiirehcnsive know ledge i 
of J’laiie Tngonometry, together with 
readiiu ss m the application oi this know- 
ledge to the solution of problems. In the 
Hecoiid Edition the hints for the solution 
of the Ex tiiiplcB have been coiibiderably 
increased. 


1 3. Spherical Trigonometry. 

For the f w* of (^\dleges and Schools. 

112 7 )p. Crow n 8v(). (1859). 

Strongly bound in cloth. 4s. Gd. 

I This work iiN eoiistrucled on the same 
])lau as the 'lira fist' on Ptanr Trujono- 
nirtii/, 1 m which it i- iid.eiided as a s<-<iuel. 
t’oii'.uUrable labour has been expended 
on the text in ordi'r to reiidel it conijire- 
hen^ive and accurati-, and the Examples, 
w Inch have been chieliv selected liom liii- 
Aersity and f'ollege Pajiers, have all been 
card 111) y MTitied. 

The Elements of Euclid 

For the Use of Schools atid Colleges. 

' C‘o.MPRihi.vo ’iiii, Eiusr Six Hooks and 
' rolClIONS Ol- '1111. El.lVI.N’lll AM> 

I Twi- 1,1111 Hooks, W’JTII .Notk, Ap- 

PJ.NIMX, AM| ExEIIcA»|.K 

384 i)j). 18mo. bound. (1802). 3v. 

As the Elements ol Euclid an* usually 
placed in the h.m/ls of voting students, it 
is im]M>itaiit to exhibit the work in such 
a foim as wdl assist lliem m overcoming 
the difficullier which they exjieiieiice on 
then first uiti odiiction to jiroeesses of eon- 
tinuotf -> Higumeiit. No mi'tbod ap]ieais to 
Ik* so ust*!ul as that of bn*.ikiiig up Iho 
demonstrations into then coii.-.tituent ])urts, 

! and this plan lias bi*en adojited in the 
jiresimt edilioik E»ich distinct .isserlion in 
the ai guiiienl begins a new lim* *, and at 
the* end ol thi* 1iik*s are iilaced the necf*ssary 
iderences to the preceding iirmeiples on 
which the assirtions di*pc*nd. The longer 
liroiiositions arc distiibulecl into subordi- 
nate paits, which are distinguished by 
bleaks at the h(*ginimig of thr* lines. The 
Notes are intended to nuhCtile and exjduiii 
the jnniiciiial difficulties, and to suiijily the 
most important infeiences which can be 
drawn trom the propositions. The work 
finishes witli a colled lon ol Sis hand ted 
and twenfg-Jii r l.'jet nst's, w’hich have been 
seleetixl principally from ('ambridge Ex- 
amination jiiipers and luive been t<*sted by 
long expel icnee. As far as iiossiblc they 
are urraiiucd in order of ditticully. The 
l*iguie.s will be toimd to be large and dis- 
tinct, and havi* been reiieated when neces- 
sary, HO that tlie> alw'ays occur in iiiim<*di-i 
ute'counexion with the corresponding text. 



FOB SCHOOLS ANT) COIJ.FGES. 

WORKS by ISAAC TODHTJNTER, M.A., F.B.S.-r/.w/i«M,Y/. 


5. 

The Integral Calculus, 

And \U Apphrations. 1 

"With inimorouR Exam j)] os. ! 

Sooond Edition. 34*2 pp. (18G*2). | 
Crown S\o. cloth. 10 .v. Vul. j 

In writinjr the im-soiit Tnnt'nio on the ‘ 
luteffra! (\tleiihi\ the c)t)ioct Inis been to 
produci' a woik at ouci* il'Miioiitarj anil 
coiuplrtf — ad.ipti’il for tiu' um* of lictrihnois, 
and sulIicK'ut toi tlii‘ \\.int.> of suhancoil 
btudonth. In the si'loctioii of the projjo- 
Mtiouh, and in tlio niodo of CNtabLislnna 
them, the author has eiidt avoiirod to ev- 
hilnt fully and clraily the ]lnllcl]ll^^ of 
the subject, and to illustrati’ all then most 
important results. In oidei that the stu- 
dent may find m ^he Milume all that he 
requires, a lai^e eolleitiot^ of r.vaniples 
for exercise has been ajipendi'd to the 
diifeient chapters. 

6 . Anal3rtical'* Statics. 

inth wnnerom Examjih's. 
Second Edition. 330 pp. (ISoS). 
Crown Svo. clotli. lO.v. Gi/. 

In this’VNork will be found all the pro- 
positions which usually ajipe^i 111 tre.iti.ses 
on Theoretical St.itics. 'J’o tlie diflen’iit 
chajiters Kxanqdeh are aiipi'iided, which 
h.ive been seleeti'd priiicipallj from the 
I^iiiversity and ('olle^e Mxipmiiation l*a- 
pers , these will furnish ample exercise in 
the ap])lication of the principles of the 
subject. 

7. EXAMPLES OF 

Anal3rtical Geometry 
of TJbree Dimensions. 

76 pp. (1858). Cm. 8vo. clolli. 4«. 

A collection of examples in illustration 
of Analytical (ieometry of Three Diineii- 
Bions has lon^t been * required both by 
students and teachers, and tlic present 
wwrk IS tiubhshcd with the view of sup- 
plying the want. 


8. The 

Differential Calculus. 

fFith nttmeroHS Hjianqilvs. 

Tliird Edition, 3'J.S pp. (1860). 
Crotyn 8vo. cloti^^lOA. Cf2. 

Tills worli^pis intended to exhibit a eom- 
probeiisiM* viA\ of the Differential Caleu- 
lii'J <»n the method of Limits Tn the more 
elciueiitaiy poi lions, exidanatioiis Innc 
been given in consideiable detail, with 
the hope that a reader who is without the 
assistance of a tut.»r may be enabled to ai - 
quire a eomiieteiit aequamtance i^'itli the 
subject. More., than one investigation of 
a theorem ii.is bein frequently given, 
because it is believed that the student de- 
irncN advant.iue from Mewing the same 
, jiropusition under different aspects, and 
, that in Older to succeed m the examiiui- 
! turns which he nmy have to undergo, he 
should he prepared lor a considei able va- 
iietv in the order of arranging the several 
hranehes of the sub]ect, and lor a corres- 
ponding \ unety in the iiioilc of demonstra- 
tiou. 

9. Plane Co-Ordinate 
Geometry 

AS ArriTEll TO THE STKAIfilIT LINE 
AND THE CONIO SECTIONS. 

With nmnerous Exanqilcs, 

Third and Choaiicr Edition. 

Cm. 8vo. d. 326 pp. (1862). 7«. 6/f. 

This Treatise exhibits the subject in a 
1 simple manner lor the benefit of Ix'giimers, 

. and at the same time includes in one 
I volume all that students usually require. 
The Examples at the end of each chapter 
I w’lll, It IS hoped, funiish sufficient exercise, 

; as they have been carefully selected with 
: the view’ of illustrating tlic most impor- 
tiuit points, and have been tested by re- 
[ peated exi»eriencc witli pujnls. In'con- 
I sequence of the demand for the work 
I proving much greater than had been 
1 ongiiiully anticipated, a large number of 
co]iieK of the Thinf Edition has been 
I printed, and a considerable reduction 
I effected in the price. 



r, CAMUTtmaE 

By ISAAC TOimrXTElt, M.A. 

\N ELE1IE}(T.U!Y TREATISE OS THE 

Theory of Equations: 

jyith a OoUvctlon of Hxamjjles. 

Crown 8vo. cloth. 279 i)p. (18G1). 
i/Ta. (Sd. 

Tliis troati^p contains ]>ropoHi- 

lioiis V Inch me n‘-iiallv included in rle- 
inciitary treatises on the Theory ol Kqiia- 
tioii", toirether with a collection t»t Kv- 
ain]jJes for e.\erci*'e. This nork iiia^ in 
fact ho renal ded as a sequel to that oil 
Algebra In the same nnter, and accoid- 
inuly tf.e student has occasioutillj been 
r 'leiTed to the treatise on Alffi bra tor pre- 
liminary information on some topics here 
diNCU''‘'ed 'riie work includes three 
ehupteis on Detejfiuinauls. 

H, History of the Progress 
of the 

Calculus of Variations 

Iho'ing ilix Nincteenih Cvviurg, 

8 VO. cloth. f532 pp. (18G1). 12#. 

It is of importanee that those who wish 
to cultivate any subject may be able to 
ascertain iivliat results have already been 
obtained, and thus reser\*e llieir streiiirlh 
for difficulties which liave not yet been 
conquered. The Author has endeavoured 
in this work to ascertain distinctly what 
has been effected in the Progress of the 
(’alculus, and to form some estimate of 
the manner in which it has been effected. 


A TREATISK ON 

Mechanics and Hydro 
statics. 

With &olutions of QiH‘sfions 

PKOPOSCD IN THE CAMBRinUK hKNATF, HOUSE ' 

Sy ir. U, aiRVLEl^TONEy M.A, 

Christ’s College. 

8 VO. cloth. 100 pp. 1862. 


CLASS BOOKS, 

' 7 / 1 / J ir. PhATT, M.A. 

Arelideaeon of Calcutta, late *Pellow of 
I (ionville and C.iius Ctdlegc, Cambridge. 

A Treatise on 
Atti^actions, 

La Plants p'lmcfions, avd the Pignre 
of the Earth. 

Soconil K'lition. CrowiS Svo. 12Gpp. 
(ISCl). clolli. Gj«. C/f. 

Ill the present Tieatise tlu‘ author ha «4 
ciuUnnouii'd to >uiq)h the want of a work 
on a subject oi great imjKirtunee and high 
intei(‘sl — La Place’s (ka fficients ami Pune- 
tioii*. and the ealeul ition of the Pigure of 
the Karth In numis of liis reinarkahli' ana- 
hsis. No stuilent of tie* hmlu i bruuehes 
of Physical AstronoiUA should lie ignorant 
ol Tai Place’s analysis and its result — ‘‘u 
ealeiilus^' wijs .Viiy, “ the most singular 
in its nature ami tlu* most powerful in its 
application that has e\er appeared.” 

— ^ X 

By n. Ji. AJJi}\ M.A, 
A‘«trouomer Ihnal. 

1. Mathematical Tracts 

On the Lvnnr and Planetary Theories, 
Figure of the Earth, the Vndnlatory 
Theory of Optics, ^e. 

Fourth Edition. 400 pj). (1858). 

8 VO. 15a’. 

2. Theory of Errors of 

Observations 

And the Combination of Observations. 
103 pp. (18G1). Crown 8vo. 6d. Qd, 

In order to spare astronomers and ob- 
ser^ ers in natural pliilosojiliy the confusion 
and loss of lime which are produced by 
referring to the ordinaiv treatises em- 
braemg both brunclies of I’robabilities, the 
author has thought it desirable* to draw 
up this work, relating only to Errors of 
Observation, tuid to the rules derivable 
from the cemsideration of these Errors, for 
the Combination of the Hesults of Obser- 
vations. The Author has thus also the 
advantage of entering somewhat more 
fully into several points of interest to the 
observer, than can possibly be done in a 
General Theory of Probabilities. ' 



FOR SCHOOLS AND COLLEGES. 


By GEGEGE BOOLE, B.C.L., F.Ti.S. 
ProfessA' of Mathematics in the Queen’s 
University, Ji eland. 

Differential E quations 

468 PI). fl 859). Crtf. 8v(). cloth, ll.v. 

The Author has endeavoured m this 
treatise to cinivey as complete an account 
of the pn^sent sUite of knot\ledire on the 
subject of Differential Kipiatioiis as was 
consistent with tlic‘ idea of a work in- 
tended, jiriinanly, for eleiiientarv instruc- 
tion. Tlie object lias hecii fiist of all to 
meet the wants of those who had no pre- 
vious aKiuaintance with the subject, and 
also not (pate to disajipoiiit others who 
iniplit seek for more advanced informa- 
tion. 'I’lie eailier Mcctious of each chajiti'i 
eoiitain tliat kind of matti'r which has 
usually lag'll thouitht suitable for the 
betnuner, w hile the latter ones aie devoted 
either to an account of ri'ceut disco vi'ry, 
oi to the discussion of such deejier ques- 
tions of jn’incijile .is aie hkel\ to present 
tlKMiiHch es to thjjreflectne student in con- 
nection with the luethoi^s and processes 
of his jirevious course. 

2. The Calculus of 
Finite Differences. 

248 pp. (18G0). (-rown 8vo. cloth. 

10.V. Gt^. • 

In this work particular attention has 
been paid to the connexion of the methods 
with those of the l)iffer<Mit*al Calculus -a 
oonnexiou wducli in some instances in- 
volves far more than a nu'rely foimal 
analop-y The w'ork is in some measure 
desipned as a seipud to the- Author’s Trea- 
tise on Differentia} Equations, and it has 
been composed on the same plan. 


Flemeutary Statics. 

By the Rev. GRORdE RA WLINSOK 
Professor of Applied Sciences, Elphm- 
stoiie Coll., Bombay. 

Edited hy the Rev. E STI RGES. M.A. 

Rector of Kcncott, Oxfordshire. 
(150 pp.) 1860. Cm. 8vo. cl. 4.s. 6d. 

This w'ork is published under the au- 
thority of H. M. Secretary of State for 
India for use in the Government Schools 
and Colle{;es in India. 


By r. a. TAIT, M.A , and 
jr. J. STEELE, B.A. 

Late Fellows of St Peter’s Coll. Camb. 

•Dynamics of a Particle. 

Wiih numerous EtXamples. 
o04 pp. (1856). Cr. 8vo. cl. lO v. %d. 

In this Treatise wilL be found all .the 
ordiimiw proiio^'itioiis "jiiiiectcd with the 
Dynamics^)! Particles which can he con- 
veniently (iPdueed without the use of 
D’ Mombert’s Principles. Throufrbout the 
hook will be found u number of illus- 
trative Examples introduced in the text, 
and for the most part coiii])letely worked 
out; others, with occasional solutions or 
hints to assist the student arc amiendcxl to 
each Chapter. * 

By the Rev. O F. CIIILDE; M.A. 
Mathematical Profesn^ir m the South 
.African College. 

Singular Properties of 
the Fllipsoid 

And Associated Surfaces of the Nth 
Degree. 

152 pp. (1801). 8vo. boards. lO.v. 6<f. 

As the title of this volume indicates, 
its object IS to dovelope peculiarities in 
the Ellipsoid; and further, to establish 
analoj^ous properties in unlimited con- 
{t'cncrie seni^ of which this remarkable 
suifaee is a constituent. 

^ — 

By J. B. TUEAR, M.A. 

Fellow and late Mathematical Lecturer of 
Clare Collcj?e. 

mementary Hydrostatics 

With numerous Examples and 
Solutions, 

Second Edition. 156 pp. (1857). 
Crown 8 VO. cloth. 5«. 6d. 

“ An excellent Intnuiuctory Book. The 
definitions are very clear ; the descriptions 
;m<l exiiliinations arc sufficiently full and 
intollifrible ; the investigations are simple 
and scientific. The examples greatly en- 
hance its value.” — English Jouhnal of 
EnrcATJON. 

This Edition contains 147 Examples, and 
solutions to all these examples are given 
at the end of the book. 
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CAMBHIDGB CLASS BOOKS. 


By Rev. S. FARKINSON, B.B. 

Fellow and Preelector of St. John's Coll. 

Cambridge. 

1. Elementary Treatise 
on Mechanics. 

With a Col\fntio7i of Examples. 

Second Edition. 345 (1861). 

Crown 8vo. cloth. 9s. tSd. 

The Author has endeavoured to render 
the present volume suitable as a Manual 
for til e junior classes in I’ ni vcrsities and 
the highjjy classes m Schools. tVith tliis 
object there have been inelud^ed in it those 
portions oi theoretical IMechanics which 
can be c.oiiveniently investigated without 
the Differential Calculus, and wnth one 
or tw'o short except' on s the student is not 
jiresumed to require a knc»wiedgc of any 
branches of Mathematics beyond the ele- 
ments of Algebra, Cieometry, and Trigo- 
nometry. A collection of Problems and 
Examples has been added, chiefly taken 
from the Senate-House and College Ex- 
amination Papers — wrhich will be found 
useful as an exercise tor the student 
In the Hecond Edition several additional 
propositions have been incorporated in 
the work for the purpose of rendering 
it more complete, and the Collection of 
Examples and Problems has been largely 
increased. 


2. A Treatise on Optics 

304 pp. (1859). Crown 8vo. 106. 6«?. 

A collection of Examples and Problems 
has been appended to this work which 
are sufficiently numerous and varied 
in character to afford useful exercise 
tor the student : for the greater part of 
them recourse has been had to the Ex- 
amination Paiiers set in the University and 
the several Colleges during the last twenty 
years. 

Subjoined to the copious Table of Con- 
tents the author has ventured to indicate 
an elementary course of reading not un- 
suitable for the requirements of the First 
Three Days in the Cambridge Senate 
House Examinations. 


By R J). BEASLEY, Jlf.A. 

Head Master of Granthmn Sc^iooi. 

AN ELEMENTAKY TREATISE ON 

Plane Trigonometry. 

With a oiWYterons Collection of 
Examples. , 

106 pp. (1858), strongly bound in 
cloth. 36’ 6«/. 

This Treatise is specially intended for 
use in School". 'I'he choice of matter has 
been chiefly guided by the re(iuirements 
of the three days’ Examination at Cam- 
bridge, w’lth the excei)tion of pioi>ortiotial 
part" in logarithms, which have been 
omitted. About Four hundt ed Examples 
have been ailded, mainly collected from 
the Examination Papers of the last ten 
yeai's, an<] great jiains have been taken 
to exclude from th.* body of the woik any 
which might d.'shearten a begumer by 
their difficulty. 


By J. BJiOOK SMITH, M.A 
St. John’s College, Cambridge. 

Arithmetic in Theory 
and Practice. 

For Advanced Pupils. 

Part I. Crewn 8vo. cloth. 3s. 6<?. 

This work forms the first part of a Trea- 
tise on Arithmetic, in which the Author 
has endeavoured, from very simple prin- 
ciples, to exjilain in a full and satisfactory 
manner all the important processes in that 
subject. 

The proofs have in all cases been given 
in a form entirely arithmetical : for the 
author does not think that recourse ought 
to be had to Algebra until the arithmetical 
proof has become hopelessly long and per- 
plexmg. 

At the end of every chapter several ex- 
amples have been w'orked out at length, 
in which the best practical methods o^’ 
operation have been carefully pointed out. 
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By G, Jl. rrCKLE, M.A. 

Principal of Wiiideriiiorc College. 

Conic Sections and 
Algebraic Geometry. 

With numernuff I'asy Ljawplcs Pro- 
ff)‘fsstre/y ar^'anged. 

Second Edition. 204 pp. (1850). 
CroAvu 8 VO. 7.^. 6^. 

Tins booli has bocii written m ith spcei.'il 
refercii(i(‘ to those' ditticiilties and misa]>- 
preht'iisions which coinnumly besot th<‘ 
student when he coninienees.' With this 
obiect in view, tlie t'ailiei* jiart of the 
subject has been dwelt on at lentrtb, ami 
geometrical and nuim'neal illustrations ol 
the anahsis have been introduced. The 
Examples apjiended to eadi section are 
mostly ot an elenu'iitart description. The 
vork will, It IS ho])ed, be iound to con- 
tain all that IS reijuiK'd by tin* ujiper 
classes of sche^ils and by tlie f»cnerahty 
of students at the Univw'sities. 


By EDWAIW JOllN BOUTJT, 3I.A. 

Fellow and Assistant Tutor of St. Peteris 
C’ollege, Cambridge. 

D3aiamics of a S3^tem 
of Rigid Bodies. 

With numerous *ErampUs. 

336 pp. (18G0). Crown 8vo. clotli. 
10s. M. 

CoNTKNTS : Chap. I. Of Moments of 
Inertia. — II. D’Alembert’s Prineijile. — 
III. Motion about a Fixed Axis.— IV. 
Motion in Two Dimensions. — V. Motion 
of a Rigid Body in Three Dimensions. — 
VI. Motion of a Flexible Strint’. — VII. 
Motion of a System of Rigid Bodies. — 
VIll. Of Impulsive Forces. — IX. Miscel- 
laneous Examples. 

The numerous Examples whieh will be 
found at the end of each chapter \mxe 
been chiefly selected from the Examina- 
tion Papers set in the University and 
Colleges of Cambridge during the last few 
years. 


• The 

Cambridge Year Book 

AND UNIVERSITY ALMANACK 

For 1863. 

Crown 8 VO. 228 pp. price 25. Gd. 

The specific features of this annual pub- 
lication will be obvious at a glance, and 
its A alue to teachers eiftifiged in propifting 
students j|>r, and to parents who are send- 
ing tbeir 41ns to. the I’niversity, and to 
the public generally, will be clear 

1 liie whole mode of proceeding in 
entering a student at the University and 
at any paiticular College is stated- 

2. The course of the st utiies as regulated 
hy the l’ni^ ersity examinations, tbe'man- 
ner of thes^ examinations, imd^he specific 
subjects ami times for the year 18bli, are 
gi\en 

A comjdete account of all Scholar- 
ships and Exhibitions at the several Col- 
leges, tbeir value, and the moans by which 
they .are gamed. 

4. A brief summary of all Graces of the 
Senate, Degrees conferred during the j ear 
isfil, and University news generally are 
given. 

5. The Regulations for the Locvl Ex- 
AMiNVTiON of those who are not members 
of the University, to be held this year, 
w itb tlio names of the books on which the 
Examination will be based, and the date 
on wliich the Examination will be held 

By N. M. FEliliERS, M.A. 

I’ellow and Mathematical Lecturer of 
Gonville and Caius College, Cambridge. 

AN ELEMENTARY TREATISE ON 

Trilineax Co-Ordinates 

The Method of Reciprocal Tolars, 
and the Theory of Trojections, 

154 pp. (1861). Cr. 8vo. cl. 65. Gd. 

The object of the Author in writing 
on this subject has mainly been to place 
it on a basis altogether independent of the 
ordinary f’arti-sian System, instead of re- 
garding it as only a special form of abridged 
Notation. A short chapter on Determi- 
nants has been introduced. 
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CAMBBIBGE CLASS BOOKS 


By J. C. SXOWBl^Lh, M.A. 

Late Fellow of St. John’s ('oil. Canibritl}?e. 

Plane and Spherical 
Trigonometry. 

the Comfruetion and Use of 
2'ahh‘s of J^ogarithms. 

Nirth Edition. 2-10 pp. (1857). 
Crown 8vo. 7 a’. (W 

In preparing a iiow edition, the proofs 
of some ot the iiiort* important proi>osifnms i 
have been rendi^red more strict and g(‘- ' 
neral ; and a considerable addition <»f more 
than 'Ptt'o humfnii Bra tuples., taken prin- 
cipally from the (piestionsinthe Kxaiiuna- 
tions ot C(^Ueges and the Ihiiversity, has 
been made to the collection cl Examples 
and rrobleiub lor practice. 

By TT. IT. BREW, M.A. 

Second Master of Blacklieath School. 

Geometrical Treatise 
on Conic Sections. 

With a copiom Collection of Examples. 

Second Edition. Crown 8vo. doth. 
45. Qd. 

In this work the subject of Conic Sec- 
tions has been placed before the student 
in such a form that, it is liojied, aftei 
mastering the elements of Euclid, he may 
find it an easy and interesting continuation 
of his geometrical studies. With a ^uew 
also ol rendeniig the w'ork a complete 
Manual of what is reijiiited at the Uni- 
versities, there have been either embodied 
into the text, or inserted among the ex- 
amples, every book work question, prob- 
lem, and rider, which has been proposed 
in the (’ambridge examinations up to the 
present time. 

Solutions to the Pro- 
blems in Drew’s Co- 
nic Sections. 


Senate-House Mathe- 
matical Problems. 

With Solutions. 

IHlS-.'il. liy Ekrui-vus and J vcK.sox. 8vo. 
l.'i.s. (ir/ 

18IH-.*)1. (lllDT-.ns) ]}y JAM1.SON, 8vo. 
Is. i^^1. 

l.S.'il. r.v Walton and Mackenzie. 
10.V Cy(1. 

lS.'i7. C^MPifiN and Walton. Hvo. 
S. Vul 

ISLO iJv llouTH and AV \tson. Crown 
Svo. 7,v. Gf/. 

The aho\ e books contain Problems and 
Examides Avhicli have been set m the 
Cambridge Sonate-hoube Examinations at 
various jienods during tlie last tuelve 
years, together with .Solutions of the same. 
The Solutions are in all cases given by 
the Examiners themseh cs or under their 
sanction. 

- 

By 77. A. Mono 4 X. M.A. 
Fellow of Jesur f’(dlege, ('ambridge. 

A Collection of Mathe- 
matical Problems and 
Examples. 

Ans^vers. 

190 pp'. (1858). Crown Svo. O-v. 6(f. 

This book contains a number of prob- 
lems, chiefly elemontarv, m the Mathe- 
matical subjects usually read at ('am- 
bridge They have been selected from 
the papers set during late years at Jesus 
College. A"(*ry few of them are to he met 
with in oilier collections, and by far the 
larger number are due to some of the most 
distinguished Mathematicians in the Uni- 
versity. 

Cambridge University 
Examination Papers. 

Crown 8vo. 184 pp. 2s. 6d. 

A Collection of all the l^apcrs set at the 
Examinations for the Degrees, the 
various Triposes, and the Theological 
Ccrtiflcatcs in the University, with List 
of Candidates Examined and of those 
Approved, and an Index to the Subjects. 
1860-61. 


Crown Svo. cloth. 45. 6(1. 
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FOB ,SCir00L8 
A Treatise on 

Solid Geometry. 

Jij/ l\K7{rJVAL FliOST, 

St. .Tulin's Colli'tro, sincl 
JOSEPH iVOl.STEXnOLHE, H.A., 
C’lirist's Coll. Canibridure. 

472 pp. Svo. cloth. 18s. 1863. 

The author-. ' .iTfondoavourodlo i>r<*si'nt 
hetoif* stuilfiil*. .is coiupifhfiisivc a \ low ol 
tlif subject .is jiossible. liUemiiiift as they 
lia\e doin' to iM.iUe the siibiect .leeessible, 
•It least in the earlier ))OitioiL, to all classes 
ot students, the> have endi'av timed to ex- 
plam tulh all the processes which aie 
most usetul in tle.ilmjf with oidinarj theo- 
lems and ]noblenis, thus diieetriff the 
stiulent to the seleelion of methods which 
are best atlapled t<i the evmeinies ot each 
problem. In the more ditticull portions ot 
the subject, tlft'v have eoii-udered thein- 
sehes to be adtlressm/P a hip'her class ol 
Students, theie tiiej have tiled to lay 
a ^00(1 louinlatKin on w Inch to build, d 
any readei should ]^ish to imrsiie tlie 
beienee hevond the hunts to whieh the 
work extends. 


AN ELKAIENTAllY TllEATTSE ON 

The Planetary Theory. 

AVITII A COLLKCTIOX* OP PROULTSMS. 

By C. U. IT. CTIFYXE, B.A. 
Scholar of St. .1 ohii’a Collejfe, Ciainbridge. 
148 pp. 1862. Cm. 8vo. cloth. 6s. G(7. 

In this volume, an attomiit lias luH-n I 
made to jiroduce a Treatise on the Planetary 
Theory, which bcinjr elenieiitery in clia- 
racterj should be so tar eonijilete, as to 
eonlam all that is usually required by 
Rtudents in the University. A collection 
of Problems has been added, taken chiefly 
from Cambrid^'o Examinutiou papers of 
the last twenty years. 


AJVJ) COLLFGES. 

By JOjm^. B. ATArOB, M.A. 
Fellow' and Classical Lecturer of St Jolm’s 
Colletfc, Cambridge. 

1. Juvenal. 

IFttJt Futjlish Kofe’i. 

4G4 pp. (1854). Orow’n 8vo. cloth. 

: IOa'. 6d. 

“A School cditiou^f Juv'cnal, which, 
lor really iipc scliolarship, extensive ac- 
quaiiitanci^vitb Latin liteiatuie, and fa- 
! iniluir kiiowlcdRe of Continental criti- 
cism, ancient and modem, is unsui passed, 
, w c* do not s.iy amomr Knjfhsh School-books, 
I but amoiiK Enurhsh cditioub ffcucrally ’* — 
! EUINIIUIU.H KtVIfW, 

' 

j 2. Cicero’s. 

! Second Jfhilippic. 

' IVifh lingliKh Kates. 

I 168 pp. (1861). i\*p. 8vo. cloth. 5s. 

1 The Text is that of Halm’s 2nd edition, 
I (Leipxm, Weidmanii, 1858), with some 
' coi rections fiom Madvijifs 4th Edition 
',Copenhaj?en, 18,'>8). Hahn’s Introduction 
ha- been closely tianslated, with some 
additions. His notes have been curtailed, 
omitted, or cnlarpetl, at discretion; pas- 
sanes to which he stives a bai-e retercnce, 
are for the most pai t printed at leu^^th ; 

I lor the (Ireek extracts an Eii{rlish version 
has been substituted. A larire body of 
I notes, eUieflv frrammatical and historical, 

I has been added troin vuiious sources. A 
[ h-t of books useful to the student of 
I Cicero, a coinous Ai'fnmient, and an Index 
to the introduction and notes, complete the 
book. 

- — 

By P. FROST, Jnn., M.A. 

Late Fellow of Ht. John’s Coll. Cambridge. 

Thucydides. Book VI. 

JFith E-nglish Notes, Map a/nd Index. 
8vo. cloth. \s. Qd. 

It has been attempted m this work to 
facilitiitc the attainment of accuracy in 
trimslation. With this end in view the 
Text has been treated grammatically. 
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CAMBRIDGE CLASS BOOKS 


By li. DItAKK M A 

Lute Follow of Knit's Coll. Cnniliiid^'e. 

1. Demosthenes on the 

Crown. 

With English Kotrs. 

Second Edition. To which is pre- 
fixed JhlsOHINES AOAINST Cti:S1- 
rnox. AVith Enji:lish Notes. 

287 pp. (1800). Fciip. 8|joi cl. 5 n 
The fii.xt edition of the late Mi. DrakeV 
edition ol l)emo'*tliene.s de Corona liavnifr 
met with eoiiMdorable acee]ita.nce in vari- 
ous Heliools, and a nt'w edition biaim called 
for, the Oration of JCsehines afraiiist Ctesi- 
plionj m accordance with the Avishes of 
many tea-^liers, ha^ been ajiiieiidi'd with 
useful notes by a competent sCaolar. 

2. .Sibchyli SSumenides 

With EugViah Ternc Transit thu, 
Copiom Introduction^ and NoUh. 
8vo. 144. pp. (1853). 7«. 6^. 

** Mr. Drake’s ability us a critical Scho- 
lar is known and admitted. In the edition 
of the Kuinenides befoi e us we meet with 
him also in the capacity of a Poet and 
Historical Essayist. Tile translation is 
flowing and niciodious, elepaiit and scho- 
lurlike. The (Ireek Text is w’cll pi inted : 
the notes are clear and useful ” — Guau- 
niAK. 


By C. MERTVALE, B.D. 
Author of “Uistory of Home,” &c. 

Sallust. 

Ktih Enghsti Rotes. 

Second Edition. 172 pp. (1858). 
Fcap. 8vo. 4». 6d. 

“ This School edition of Sallust is pre- 
cisely what the School edition of a l.atin 
author ouftht to be. No useless words 
are spent in it, and no w-ords that could 
be of use are spared. The text has been 
carefully collated with the best editions. 
With th‘c work is j?iven a full current of 
extremely w'ell-sclected annotations.” — 
Thk Examiner, 

The “ Catilina” and “ .Tuouktha” may 
be had separately^ price 28 . Qd. each^ 
bound %n cloth. 


By J. Wit TOUT, M.A. 

Head Master of Sutton Coldfield* School 

1 . Help to Latin 
Grammar. 

With Easy Ever rises, a ltd Vocahulary 
Crow'll Svo. cloth, -itv. 0 /'/. 

Never w.i" there a bi’tter aid offered 
alike to teacher and scholar in that ai du- 
ou*- pas*. The •.t^le i> at once familiar 
and .-ti iknifflv simple and lucid ; and the 
ex])lanations pieciselv hit the difficulties, 
Hiid thorouirhlv exjilain them.” — I^ nc.lisii 
. louiisAL. or Elll ( \T10N. 

2. Hellenica. 

A FIRST r.HFlOK UEADlXCi UOtIK. 
Second Edit. Ecu]). Svo. cl. Ss. Gd. 

In the* last luentv chajiters of this 
volume*, Thucx dides sketches tlie rise and 
progress of the Athenian Empire in so 
deal a style and in such sfiiiple language, 
that the uutlio) d*]^»M)ts wdn ilier anv easier 
or more instructs e fiassages ean h< 
selected for the use of the pupil who is 
coniineucing Gi oek.^ 

3. The Seven Kings of 

Kome. 

a 'fint Zatiu ICeiidiiiff Iloot. 
Second Edit. Ftaip. Svo. cloth. Ss. 

This work is, intended to supply the 
pupil w ith an easy t'onstruing-hook, w hieh 
may, at the same time, he made the 
vehicle lor instructing him in the rules of 
grammar and imnciples of composition, 
llere Javy tells his ow'n iileusant stories 
111 his ow’h pheasant words. Let Livy be 
the nittsler to teaeli u boy Latin, not some 
English collector ol sentences, and he will 
not be found a dull one. 

4. Vocabulary and Ex- 
ercises on “ The Seven 
Kings of Rome.” 

FciJ. 8vo. cloth. 2«. 6d. 

\* The Vocahulary and Exercises may 
also he had hound up with ** The 
Beven Kings of Rome.'* hs. cloth. 
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f}>E 


SCHOOLS 


AND COLLEGES. 


By LTiWAItD TIIltlNG, ^I^A. 
Iletu^Mabtor of Uppingluira Scliool. 

Elements of Grammar 
. Taught in English. 

Wiih Quesilons. 

Third Edition. 136 pp. (1860). 
Demy 18mo. 2«. 

2. The Child’s English 
Grammar. 

X<’W Edition. 86 jip. (1859). Domy 
18mo. l.s. 


I By ET)%'AiiT) THllING, M.A, 

1 4. A First Eatin Con- 
struing Book. 

"I 104 pp. (1855). Ecap. 8vo. 2s. Qd. 

This Construing Hook i** drawn U]) on 
the* same sort ot giaduated scale as the 
Author’s Efiffhsh Grammar. Passages 
out ol the be-;t Latin Hoots are gradimlly 
huilt up into then perfect shape. The 
word#^ered, or iiihcrted as the pass- 
age's go on» are printed in Italics. It is 
h<iped bj this plan that the learner, hilst 
acquiring the rudiments of language, may 
store his mind -with good poetry and a 
good vocabulary. 


The Author’s effort in these two books 
has been to point out the broad, beaten, 
ever) -day path, carelull) avoiding digres- 
sions into the byeway s and ecec'ntrieities 
of language. This >\oik took Us rise 
troni questionings m National Schools, 
and the vvh<ile of the first ])art is merely 
the wilting out m order the answers to 
questions hicff hav e bi'cn used alreatly 
withsueccHs. The study* of (irammai m 
ihiglisli has been much iioglocted, nay hy 
some put oil one side as an impossibility. 
There was perhaps in ^eh giouiid for this 
opinion. 111 the medley of arbitrurj rules 
thrown before the student, which apphed 
iinleed to a certain number of matuuees, 
but w'ould not work at all in many others, 
as must alwajs be the ease w’hei»iJiinci- 
ples are in»t jnit lorwurd in a language 
lull of ambiguities. The present w»)rk 
does not, therefore, jiretend to be a c<im- 
peiifliuin of iilionis, or a uJiilologieal tiea- 
tise, but a (Iramiuar. t)i in other words, 
its intention is to teach the learner how to 
speak and write correctly, and to undei- 
stand and explain the spaeeh and writings 
of others. Its siieeess, not only in National 
Schools, from practical work in w Inch it 
took Its rise, but also in classical hcIicmiIs, 
is lull of eiicouragemeiit. 

3. School Songs. 

A Ct)LLECTK)N OF SON(.W FOH 
SCHOOLS. 

WITH THE Ml’SIC ARIIANGKU FOK 
FOUll VOICfS. 

Edited hy liei\ E. TlIlilEG and 

H. Jiiccirs. 

Music Size. 7«. 6«?. 


By c. J rAiaiiAy, b.b 

Head Master of* Harrow School. 

St. Paul’s Epistle to 
the Romans. 

T7ic Greek Text tviih English Notes, 

Second Edition. Crown 8vo. cloth. 
(1861). 5^-. 

By dedicating this work to his elder 
Pupib* at Harrow, the Author hopes that 
lie ^ut^icu'nlly indicates what is and w hat 
is not to be looked for in it. He desires 
to record his impression, derived from the 
experience of many years, that the Kpis- 
tles of the New Testament, no less than, 
the (ios])els, are capable of furnishing 
useful and solid instruction to the liighest 
(kisses of our rublic Schools. If they are 
taught accurately, not controversially ; 
positively, not negatively ; authorita- 
tively, yet not dogmatically ; taught with 
close and constant reference to their literal 
meaning, to the connexion of their parts, 
to the sequence of their argument, as well 
as to their moral and spiritual instruc- 
tion ; the) will interest, they will inform, 
they w ill elevate ; they will inspire a re- 
verence for Scri])ture nevei to he dis- 
carded, they will *iw*aken a uesire to drink 
iiioio deeply of the Word of God, certain 
hereafter to be gratified and fulfilled. 
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1. • ‘ [ FOETIICOMIKG ROOKS. 


By C. J. VAI GHAK, D.D. 

Notes for | 

liecturei^ on Confirmation. ! An Elementary Treatise on 


With Suitable* Prayers. 

4th Edition. 70 up. (18G2). Fcp. 

8vo. Is. G(f. 

This work, originally iireparecl for tlip 
UBP ol Han ow School, is puh’-siiod in tin* 
bclu’f that It may assist the la boms ot 
those* who are enfrajred m preparinp ean- 
didates tor Coutirination, and i\ho tind it 
ditfieult to hiy their hand upon any one 
book ol suitable instnietion at oiiee siilii- 
ciently full to turnish a synopsis of the 
subject, a*' d suffieiently el.istic to pive tree 
seope to the indiiidual jiidaaient in the 
use of It. It w'lll aKo he toiind a hand- 
hook for those who are beniK prepiu’wl, as 
prc'sontin^ in a eonipaet form the lerj 
points which a lecturer •would i^'ish his 
hearers to remember. 

2 . 

The Church Catechism Illus- 
trated and Explained. By 
AHTUUli KAMSAY, M.A. 


Natural Philosophy. 

By WILLIAM THOMSON, LL.T)., 
I'Ml S., late ri'llo-w ot St. Peter’s Coll 
Canll)I^d^''e, Professor ot Natmal Phi- 
losophx in the I ni\ei*>it.» ol Olasaow 
and I'lOTEK (iUTllltlE FAIT, M.A., 
kite l-'ellou ol St. Peter’s Collejn*, 
Carnhndifo, I’rolessOr ot Natural Phi- 
losophy in the I’niversity ot E»lni- 
bui j*h.’ W xth numerous Hliistr.itions 
[In the Prvhi- 


2 , 

The Narrative of Odysseus. 

Iloinei’s Odyssey, Books ix — \n. The 
(.reek Text witli* Ihiuhsli Nr»tes. Kin- 
Schools and Colloffct*. Hi JOHN 
E. IL MAYOtll, M A., Keilow and 
Principal Classical Lecturer ot St. 
John’s College, Cambrnlue. 

i?>vurly Rcatly. 


18mo. clutli. 2s, 


3 . 


3. 

Hand-Book to Butler’s Ana- 
logy. By C. A. SWAINSON, 
M.A. 55 pp. (185G). Cfomti 8vo. 
Is. 6d. 

4. 

History of the Christian 
Church during the First 
Three Centuries, and the 
Beformation in England. 
By W. SIMPSON, M.A. Fourth 
Edition. Fcp. 8vo. cloth. 3«. 6d. 

5. 

Analysis of Paley’s Eviden- 
ces of Christianity. By 
CHARLES H. CROSSE, M.A. 
115 pp. (1855). 18mo. 3«. 6d, j 


FirstTvBook of Alegbra. For 

Schools. Bv J. C. W. ELLIS, M.A . , 
and I’. M. CLARKE, M A., Sidnej 
Sussex College, C’uinbndge. 

[Prrpartny 


. 4. 

Axistotelis de Bhetorica. 

With Notes and Introduction. R\' 
K. M. CORE, M.A., Fellou and Assist- 
ant Tutor of Trinity College, (’am- 
hridge. 


The New Testament in the 

Original Greek. Text revised by 
«. f. WESTCOTT, M.A., and F. J 
HOKT, M.A., formerly Fellows of 
Trinity College. 
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CAMBEIDGE MANUALS 

FOR THEOROGhieAR 8TTJOENTS. 


1. History of tlie Christian 
Church* during^ the Middle 
Ages. 5y Aucjideacon HARD- 
AVICK. Rcoond Edition. 4S2 pp. 
(1801). AVitb Mapa. Crown 8vo. 
clotli. 10.9. Or/. 

This Volume claims to be re^^anled as 
an integral and independent treatif'e on 
the Medi«‘val ( hurch 'I’ho History tom- 
mences with tlio time of Greyor\ the Great, 
to the year 1520,-- the yeai when Luther, 
ha\ mg been extruded from those t’hurches 
that iwlhered to the Gommumoii ot the 
I’ope, established a jiroMKionai form of 
government ami opened a Iresh ora in the 
history of Europe. 

• 

2. History of thfe Christian 
Church during the Refor- 
mation. Ry Auchiin. IIAKD- 
WICK. 4d9 pp.*(1856). Crown 
8vo. cloth. 10.S. 6rf. 

This Work forms a Sequel to the Au- 
thor’s Book on The IMiddle Ages^ The 
‘ Author’s wish has been to give thc^e.'uler 
a trustworthy voision of tlioso stirring 
incidents which mark the lloformation 
period. ^ 

3. History of the Book o**" Com- 
mon Prayer. With a Rationale 
of its Offices. By FRANCIS 
PROCTER, M.A. Fifth Edition. 
4G4 pp. (18G0). Crown 8vo. cloth. 
10a- 

In the course of the last twenty years 
tlic whole question of liturgical knowdedge 


has been reopened with great learning and 
jui(!urate research, and it is mainly with 
the view of eintomizing tlieir exten^ve 
publications, and corre^ng hy their help 
the orrors^nd misconceptions which hail 
obtsdned t^h*iency, that the jiresent 
A olume has been jmt together. 

4. History of the Canon of 
the New Testament during 
the First Four Centuries. 

By BROOKE FOSS •WEST- 
COTT, 1VI.A. 694 pp. (1865). 
Crown 8vo. cloth. 12.9. Hie/. 

Tlic Author has encl^avoured to connect 
t)ie history of the New Testament Canon 
with the growth and consolidation of the 
Church, and to point out the relation 
existing between the amount of evidence 
f<n the authenticity of its component parts 
and thcAvliole mass of Christum literature. 
Such a im-tiiod of inquiry will convey both 
the truest notion ot the connexion of the 
written Word wuth the hvine Body of 
Clirist, and the surest coiiMction of its 
divine authority . 

5. Introduction to the Study 
of the GOSPELS. ByBROOKE 
FOSS WESTCOTT, M.A. 458 
pp. (18GI)). Crown 8vo. cloth. 
10.9. 6^?. 

Tliis hook is intended to be an Intro- 
duction to the Madif of the Gospels. In 
a subject wliioVi invoh es so vast a literature 
much must) have been overlooked ; but the 
Author bus made it a point at least to 
study tlie researches of the great writers, 
and consciously to neglect none. 


This Series of Theological Manuals has been published with 
the aim of supplying Books concise, comprehensive, and accurate ; 
convenient for the Student, and yet interesting to the genera] 
reader. 



Unifoimly printed in 18mo. 
with Vi{?nette Titles by 
T. Woolner, W. IIolin~n 
Hunt, &c. 


ff' ^ 

1. THE GOLDEK TBEASTJRY 

OF THE BEST SONGS AND LYRICAL POEMS IN THE eS^GLISH 
^ LANGUAGE. 

■ Selected and arran^e^, with Notes, by F. T. PALGEAVE. 

Twjelfth Thousand, with a Vijiqiettc by T. Woolnkk. 

“ There is no book in the Kngrlish language which will make a more delightful 
companion than this . . . which must not only be read, but possessed, in order to 

be adequately valued.” — Spkctatok. 

^ 2^^ THE CHILDREN’S GARLAND. 

mOM THE BEST POETS. 

Selected and Arranged by COVENTliY PATMORE. 

Fouhth Thousand, with Vignette by T. Woolneh. 

“Mr. Patmore deseiwes our gratitude for having searched through the wide field 
of English poetry for these flowers which youth and age can equifily enjoy, and 
woven them into ‘The Children’s Garland.*” — L ondon Re/iew. 

3. THE PILGBIM’S PEOGi^ESS. 

By JOHN BUNYAN. 

With Vignette hy W. Holman Hunt. 

Large paper copies, crown 8vo. cloth, 7«. 6d., half morocco, 10#. 6d, 

“ A prettier and better edition and one more exactly suited for use as an elegant 
and inexpensive Gift Book is not to be found.” — Examiner. 

4. THE BOOK OF PR^^ISE. 

FROM THE BEST ENGLISH HYMN WRITERS. 

Selected and arranged by IlOUNDELL PALMER. 

Eighth Thousand, with Vignette by T. W oolner. 

“ Comprehending nearly all that is excellent in the hymnology of the language. 
.... In the details of editorial labours the most exquisite flnish is manifest.’* — The 
Freeman. 

6. BACON’S ESSAYS AND COLOURS OF GOOD 
AND EVIL. 

With Notes and Glossarial Index, by W. ALDIS WRIGHT, M.A., 
Trinity College, Cambridge. 

And a Vignette of Woolner’s Statue of Lord Bacon. 

Large Paper Copies, Crown 8vo. cloth, 7s. 6d., half-morocco, lOif. Gd. 

“ Edited in a manner worthy of their merit and fame, as an English classic ought 
be fitted.” — D aily News. 

gonatl^an jjpalmir, printer, C^mbnbst. 








